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Abstract

In the work by W. Takahashi and M. Toyoda (2003) it was es-
tablished the weak convergence of an iteration process of solving a
variational inequality problem. This variational inequality is associated
with an inverse strongly-monotone mapping. In our recent research
we showed that most of exact iterates of the same iterative process
are approximate solutions of the variational inequality. In this paper
we apply the dynamic string-averaging algorithm in order to find a
common solution of a finite family of variational inequality problems,
generated by inverse strongly-monotone mappings, and a finite family
of fixed point problems.
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1 Introduction

W. Takahashi and M. Toyoda [11] introduced and analyzed a method which
finds a fixed point of a nonexpansive mapping which is also a solution of a
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variational inequality problem generated by an inverse strongly-monotone
map. The authors of [11] established the weak convergence of their algorithm.
It should be mentioned that in practice only a finite number of iterates can be
done. Thus it is important to know that the method generates approximate
solutions and the number of iterations, which should be done needed in order
to reach such approximate solutions. This goal was achieved in [12]. We
showed in that work that for the method of [11] most of its exact iterates
are approximate common solutions of a variational inequality associated
with an inverse strongly-monotone operator. In the present paper we study,
in the setting of a Hilbert space, the behavior of the sequences generated
by the dynamic string-averaging algorithm for finding a common solution
of a finite family of variational inequality problems and a finite family of
fixed point problems. We show that most exact iterates of our algorithm are
approximate common solutions of the family of variational inequalities and
approximate common fixed points for the family of mappings.

Assume that (H,(-,-)) is a real Hilbert space equipped with an inner
product which induces the complete Euclidean norm

|z| = (z,z)'/?, = € H,
U C H is a nonempty, convex and closed. For each z € H and each r > 0 set
B(z,r)={ue H: |u—z| <r}.
Set I(§) =&, £ € H. For each set D C H and each € H put
d(z,D) =inf{||lx —y| : y € D}.
In the sequel we use the following auxiliary result [1,6-8].

Lemma 1. Suppose that D C H is a nonempty, convezx and closed set. Then
for each & € H there exists a unique element Pp(§) € D satisfying

1€ = Po(&)ll = nf{[|€ —nl| - ne D}

and the following assertions are valid true.
1.

|Pp(x1) — Pp(z1)|| < ||lx1 — x2]| for each pair of points x1,x9 € H
and for any £ € H and every z € D,

(z = Pp(£),§ — Pp(§)) <0,
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Iz = Pp(&)|I> + 1€ = Po(&)I* < |1z — &I
2. Letx € H, £ € D and let for any element z € D, we have
(z—&zxz—¢&) <0.
Then & = Pp(x).
3. For each £,n € H,
1P (&) = Po()||* + [|(I = Pp)(&) = (I = Pp)m)I* < [I€ —nll*,

1Pp(€) — Po(n)|I* < (Pp(€) — Pp(n),& —n).

The operator Pp : H — D is the metric projection on the convex set D.
For each set D C H and x € X, set

d(x, D) = inf{||z — y| : y € D}.

Let £; be a finite set of pairs (F, C') where C' is a nonempty closed convex
subset of U, and F' : U — H and L5 be a finite set of mappings T : U — U.
We suppose that the set £1 U Ly is nonempty. (Note that one of the sets £
or L9 may be empty.)

We suppose that for each (F,C) € £ each u,v € U,

(F(u) = F(v),u—v) > a||F(u) — F(v)|? (1)
and set for each ¢ > 0,
S(F,C)={z€C: (F(z),u—z) >0, ueC}, 2)
S.(F,C)={z €U, B(z,e)NC %0,
(F(2),6 = 2) > —e|¢ — 2l| — e for all € € O}, (3)

If (F, K) € L4, then the operator F' is called a-inverse strongly monotone

[3,5,9,11]. Some examples of inverse strongly-monotone mappings were

considered in [11]. In particular, if K is a closed, convex subset of U and an

operator T': K — K is nonexpansive, then the operator A =1 —T is (1/2)

inverse strongly monotone and S(F, K) is the collection of fixed points of T'.
We suppose that for every mapping T' € Lo the set

Fix(T):={z€U: T(z) =z} #10,

and
Iz —z)|* > ||z = T(2)||* + éllo — T(z)|?
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for all z € U and all z € Fix(T). (4)

Fix
0<a<b<2a. (5)

Set
[ = Card(Ly U Ly). (6)

For every T' € Lo and every € > 0 set
Fix (T):={z € U: |T(2) -zl < ¢} (7)
For each A € [a,b] and each (F,C) € L; set
Prcoy= Pc(I — \F). (8)
where I : H — H is the identity operator. Set
S = [Nrcyec, SF, O)] N [Ny, Fix(T)]. 9)

We apply a dynamic string-averaging method with variable strings and
weights in order to obtain a good approximative solution of the common
fixed point problem. It should be mentioned that string-averaging algorithms
were first introduced by Y. Censor, T. Elfving and G. T. Herman in [4] for
solving a convex feasibility problem, when a given collection of sets is divided
into blocks and the algorithms operate in such a manner that all the blocks
are processed in parallel [2,10].

Next we describe the dynamic string-averaging method with variable
strings and weights.

By an mapping vector, we a mean a vector T = (11,...,T,) such that
foralli=1,...,p,

TiEL‘,QU{Pﬂc)\i (F,C)€£1, AE [a,b]}. (10)
For an mapping vector T' = (11, ...,T}) set
p(T) =q. (11)

Denote by M the collection of all pairs (2, w), where Q is a finite set of
mapping vectors and

w: 2 — (0,00) satisfies Z w(T) = 1. (12)
TeQ
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The dynamic string-averaging method with variable strings and variable
weights can now be described by the following algorithm.

Initialization: select an arbitrary point zg € C.
Iterative step: given a current iteration vector xj pick

(Qpy1, Wiy1) €M

calculate the next iteration vector xyyq by

Z wk+1(T)Tp(T) s T1 (ﬂj‘k)

Tp1 =
T=(T4,.... Ty (1)) EQpet1
Fix R
A e (0,17Y), (13)
a natural number N and an integer
= (14)
Denote by M, the set of all (2, w) € M such that
p(T) < q forall T € Q,
(15)

w(T) > A forall T € Q.
Denote by R the set of all sequences {(€2;,w;)}2; C M, such that the
following properties hold:
(Q1) for every integer j > 1 and every mapping S € L there exist an
JH+N—=1}yand T = (Ty, ..., Tyr)) € Q% such that

Se{lr,.... Ty}

integer k € {j,...
0 and every pair (FC) € L; there exist

(Q2) for each integer j >
ke {j....j+N—-1}, T = (Ty,.. ., Tyry) € 2, A € [a,b] such that
PF,Q)\ S {Tl, ce 7Tp(T)}'
We use the following definitions which are needed in order to study our
algorithm.
; Tty()) be an mapping vector. Define

Let x € U and let T' = (11, . ..
Ao(z,T) = {(y,\) € U x R" :

there exist a sequence {yi}fgo) C U such that

Yo =
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and for all i € {1,...,p(T)}, if T; € Lo, then

yi = T;(yi-1)
and if T; = Pp ), where

(F,C) € Ly, € a,b],
then
yi = Po(yi-1), ¥ = Yp(r),
A=max{[ly; —yi—1ll - i=1,...,p(T)}}. (16)
Let z € U and let (Q,w) € M. Define
Az, (Q,w)) = {(y,\) € U x R' : there exist
(yr, A1) € Ao(x,T), T € Q such that

y = Z w(T)yr, A =max{A\p: T € Q}}. (17)
TeR

Our goal is, for a given € > 0, to find a point x which is an e-approximate
common solution of the problems associated with the family of operators
L1 U Ly. We study inexact iterates of this algorithm with summable and
nonsummable errors.

2 Auxiliary results

In the sequel we use the following results of [12].

Proposition 1. Let (A,C) € L1, 7> 0, u € K. Thenu € S(A,C) if and
only if
Pycr(u) = Po(u—1A(u)) = u.

Proposition 2. Let (A,C) € Ly, ui,uz € U and 7 > 0. Then
I(Z =7 A)(u1) — (I = 7A) (u2)|* < JJur —uz]|* +7(7 — 20) || A(ur) — Aua)|*.
If T < 2a, then I — AA is a nonexpansive operator.
Lemma 2. Assume that (A,C) € L4,
xeU 1€ lab], ueK,

u= Po(u—T1A()), y= Po(x — TA(z)).
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Then
ly — ull® < [lz — ul]® + 7(7 — 2a)|| A(u) — A(z)]]?,

ly = ull? < llz = ul® = |y — = + 7(A(z) — Au))|

and
ly — ull® < |lz — ul]* — 47|y — z[|* min{1,b"a(2a — b)}.

Lemma 3. Let (F,K) € L1, 0 >0, x €U, X € [a,b] and let
o — Pz — AF (@) < eo.
Then for every element n € K, we have

(Fa,n—a) > =A"teolln — x| = A7le§ — || F(x) 0.

3 The main result

We prove the following result which shows that most exact iterates of our
algorithm are approximate common solutions of the family of variational
inequalities and approximate common fixed points for the family of mappings
Lo.

Theorem 1. Let e € (0,1], My > 1 be such that
{ue SN B(0,My): F(u) € B(0,My), (F,C) e Ly} #0,
€0 > 0 satisfy

co <min{d tae, 47N (Mo +1) (1 +4a ) eg (N 4+ 1)1}

Assume that
{(Qi, wi)}724 € R,

{zi}iZ, C U, {Mi}i2) € [0,00),
xo € B(0, M)
and that for each integer i > 1,
(ziy \i) € A(zi—1, (4, w;),0).

Then
llzs]| < 3My, i=0,1,...
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and
Card({k € {0,1,...}: thereisi € {k,...,N — 1} such that \i11 > ¢o})
<16MENA' ;2 min{e, b 2a(2a —b)} L.
Moreover, if an integer ¢ > 0 and
ANit1<70,i=¢,...,q+N—1,
then for each k € {q,...,q+ N}, for each each T € Ly and each (F,C) € Ly,
d(xy, € Fiz(T)) <,
d(x;, Se(F,C)) < e.
Proof. In view of our assumptions, there exists
ux € B(0,Mp)N S (18)

such that
| F(us)|| < Mo, (F,C) € Ly. (19)

By our assumptions and (18),
|zo — us]] < 2Mp. (20)
Let £ > 0 be an integer. We have
(Tht1, Aet1) € Alzg, (Qpt1, Wet1), 0). (21)

Equations (17) and (21) imply that there exist

(Yr,r, M) € Ao(zg, T), T € Qppa (22)
such that
zrar= Y wiert (T)yrr, (23)
TGQk+1
Ak+1 = max{)\k,T T e Qk+1}. (24)
Let

T = (Tl, R an(T) € Qp41.

By (16) and (28), there exists a sequence {yzgk’T) }fg) C U such that

y(()hT) =Tk, Yk, T = yz(aIZTT)) (25)
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and for each i € {1,...,p(T)},

if T; € Lo, then y§k’T) = Ti(y§k’1T ),

and if T; = Ppc , where

(F,C) € Ly, T € [a,b],

then kT kT kT
g = Poy —rF)),
Aor = max{ ||yl — &0 i =1, (D))

Let k > 0 be an integer, T € Q41,7 € {1,...,p(T)} and
kT
Iy — .l < 205,
Assume that T; € L. By (4), (18) and (26),
kT k,T _ k,T k,T
e =y 2 e = TS + el Ty D) — B2
kT 1 (kT kT
= e = N2+ elly™T - D)2,
Assume that T; = Pr ¢, where
(F,C) € Ly, T € [a,b)].
In view of Proposition 2 and (18), (27),

k,T kT
Iy — | = | Prex (v ) =l < 957w

It follows from (18), (27), Proposition 1 and Lemma 2 applied with

(A,K)=(F,0), 2 =y y=y*D w=u., x=7

11—

that o) o)
1y — w2 < [y —
_ kT kT . _
—47 gD — T2 minf1, b2a(20 - b)}.

In both cases by (30) and (32),
kT kT
Iy = > [y - w.?

iy =y P minfe, 47, 4716 %0(2a — b)}

79
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(31)

(32)

(33)
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Thus we showed that the following property holds:
(a) If £ > 0 is an integer, T € Q41,7 € {1,...,p(T)} and

k,T
lyE — .| < 2My,

then (33) is true.

Applying property (a) by induction we conclude that the following prop-
erty holds:

(b) If k£ > 0 is an integer, T' € ;41 and

Hl'k - u*” S 2M07

then for each ¢ € {1,...,p(T)},

ET
5T — ]| < 2M

and (33) is true.
Lemma 4. Let k > 0 be an integer and
lxx — us|| < 2Mp. (34)
The for each T € Q41
lus =y l® < lluw — 2 ]|? = 47 min{e, b%a(2a = D)} 1,

e = 2pa]|* < fluw — 2> = 47 Amin{e, b~2a(2a — b)}A, .

Proof. Let T € Qp41. Properties (a), (b) and (34) imply that for each
Z.E {]‘7"'7p(T)}7

kT
ly™") = .| < 2M

and (33) is true. It follows from (25), (28) and (33) that

kT kT
s = 2l = fle = e ll? = s = 587N = flue — ) |2
& (k,T) (k,T)
5 2 s 2
=3 (e = 512 = e — &)
=1

p(T)
>4 min{é, b 2a(2a —b)} 3 [y — B2
=1

> 4min{é, b~%a(20 — b)})\%T. (35)
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By the convexity of the function || -[|?, (12), (23), (24) and (35),

s — g |* = lJus — > wppan (T el
TGQk+1
< Y wep (D)l — gzl
TGQk+1
< Y wenr () il — 4minfe, b%a(2a — D} )

TEQ 41
< luy — 2|2 = 4" A min{é, b %a(2a — b) I AR 1-
Lemma 4 is proved. O
By (199), (20) and Lemma 4 applied by induction, we have
|z — usl| < 2Mo, [Jzg]| < 3Mo, k=0,1,.... (36)
Let n be a natural number, In view of (36) and Lemma 4,

AMG > ||z — well* = [lzo — wa| — [l — w®

n—1
=D (lzi = wl” = flwirr —us]?)
=0

n—1
> 47" Amin{c, b a0 —b)} Y Ay,
=0

>47'A min{¢, b~ 2a(2a — b)}eaCard({i € {0,...,n — 1} : Ait1 > €0}).

Since the relation above holds for any natural number n we conclude that

Card({t € {0,1,...}: Nis1 > €0}) < 16M02ﬁ_1 min{¢, b~ 2a(2a —b)} ey 2
(37)
Set

E={ke{0,1,...}: thereisi € {k,...,N — 1} such that \i11 > ¢}
(38)
By (37) and (38),

Card(F) < 16M02NA_1 min{¢, b~ 2a(2a — b)} e 2.
Assume that ¢ > 0 is an integer and

Xit1 <€, i=¢q,...,q—1+N. (39)
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Let j € {¢,....q + N -1}, T = (T1, ..., Tyry) € Q41 and each i €
{1,....p(T)}. By (24), (28) and (29),

N < eo, 190 — 4P < e (40)
If T; € Ly, then in view of (26) and (40),
1) i T )T T
e > Iy — g9 = 1397 = T D)),

y9T) € Fix (T). (41)

Assume that
T € [a,b] (F,C) € L1, T; = Prc,r,. (42)
Equations (14.120) and (14.122) imply that
0> Iy =yl = Iy - Peu) PN (43)
It follows from (1), (18), (19) and (36) imply that
IEGED < 1P @l + 1FEE) - Fu)]

< Mo+ o Yy — || < My + 4Moa ™. (44)
By (15), (43), (44), Proposition 1 and Lemma 3 applied with z = yl(] f),
A=, (A K)=(FC), for each £ € C,
(FyPT), € —yPD) > —m7Yelle — 9| — 7716 — eoMo(1 + 4a™h)

_ T _ _
> —a g€ - yz(fl)H —a ' —egMp(1 +4a™h)

T
—elle = yP7 N — e,

%REMFQ

Thus we showed that the following property holds:
(c) if T; € Lo, then y(J’ ) e Fix.(T;) and if

€ [CL, b]a (Fa C) € ‘Cla T’l = PF,C,T,a

then
y7) € Se(F,0).
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By (25) and (40), for each i,i1.i2 € {1,...,p(T)},

(4,7)

ly?™ = 49| < eoq,

i\ _ _
Iz — 597 < e0q, ll2; — yir|l < €0
By (12), (23), (46) and the convexity of the norm,

2y — zjall =l — D wip(D)y;rll
TEQ]+1

< Z wj+1(T)[|x; — yjrll < geo
TEQ]+1

It follows from (47) that for each ji,jo € {q,...,q+ N},

”le - sz” < 605.7]\7-

83

(45)

(46)

(48)

Let S € L. Property (Q1) implies that there exist j € {¢,...,q+ N — 1},

T = (Ty,...,Tyr)) € 2j4+1 such that
Se{nh,....,Tym}
There exists ¢ € {1,...,p(T)} such that
S="T,.
Property (c) implies that
uly) € Fix(Ty).

In view (46),
d(zj, Fixe(S)) < [l — 97| < Zeo.
It follows from (15), (48), (49) that for each k € {q,...,q+ N},

d(a}k,FiXE(S)) < Ha;k — ij + d(a:j,Fixe(S)) < 60(]\7 +1)g<e

Thus
d(zk, Fix(S)) < e

for each S € Lo.

Let (F,C) € L,. Property (Q2) implies that there exist j € {q,...

N -1}, 7 €la,bl and T = (T, ..., Tyr)) € 541 such that

PF,C,T € {Tl) s 7Tp(T)}'

q+
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There exists ¢ € {1,...,p(T)} such that

T, = Prc.r. (50)

Property (c) and (50) imply that

v e s.(F,0)). (51)

By (46) and (51),

d(zj, 5(F,C)) < |l — 7|l < Geo. (52)

In view of (48) and (52), for each k € {q,...,q+ N},

d(xy, Se(F, C)) < [lag — x| + d(zj, Se(F, C))

< eNGg+ e <e.

Theorem 1 is proved. ]
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