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Abstract

In this article, we address the structural stability of the Darcy—
Lapwood—Forchheimer—Brinkman model for a micropolar fluid flowing
through a curved pipe. A rigorous analysis is carried out to prove the
continuous dependence of solutions of the model on several physical
and geometric parameters such as the Reynolds number, curvature
ratio, Forchheimer coefficient, and micropolarity parameter.
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1 Introduction and mathematical model

A central question in mathematical modelling is whether solutions depend
continuously on variations in coefficients, boundary conditions, or the gov-
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erning partial differential equations themselves. This continuous dependence
of the solutions with respect to the model’s structural components is known
as structural stability. For real life problems, variations in coefficients of the
governing partial differential equations correspond to changes in the con-
stitutive parameters, therefore, establishing the continuous dependence is
crucial for validating the mathematical model’s real-world applicability. A
comprehensive treatment of structural stability and related continuous de-
pendence results can be found in the monographs by Ames and Straughan [1]
and Straughan [19]. For Newtonian fluids, structural stability of the flows
through porous media with the Darcy and Brinkman model has been ex-
tensively investigated by Morro and Straughan [13], Ames and Payne [2],
and Payne and Straughan [14-16]. For the Brinkman—Forchheimer model,
related stability results of Newtonian fluid flows were established by Payne
and Straughan [17], Celebi et al. [6,7], and Liu [11]. Lukaszewicz [12] estab-
lished continuous dependence of two-dimensional micropolar fluid flows on
the microrotation viscosity coefficient. To the best knowledge of the authors,
structural stability of the flows in curved pipe is not yet explored. There-
fore, in this paper, we investigate the structural stability of micropolar fluid
flow in a curved pipe with Darcy-Lapwood-Forchheimer-Brinkman model on
the pertinent physical and geometric parameters. The mathematical model
of the flow problem under consideration is presented in Subsection 1.1. A
priori estimates that are required for establishing structural stability are
presented in Section 2. Main theorems establishing the structural stability
of the flow model are presented, along with their proofs, in Section 3.

1.1 Mathematical model

Figure 1: Flow Geometry.

We consider the flow of a micropolar fluid within a stationary curved
pipe of arbitrary cross-section of diameter 2a, which is characterized by a
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constant centerline radius R > a. A typical section of the curved pipe
is shown in Figure 1. We assume that the pipe’s cross-section, Q C R2,
is a bounded domain with Lipschitz boundary 9€2. The flow is driven by
a constant pressure gradient along the axis of the pipe and it is assumed
to be axisymmetric. Under these assumptions, using toroidal coordinate
system [3], the partial differential equations governing the flow of micropolar
fluid through porous medium with Darcy-Lapwood-Forchheimer-Brinkman
model are given by [8-10, 18]

V. (Hu) =0, (1)

ReH(u-V)u— Reéu%&Q + Redusuzas
=f — ReHVp+ ReGaz + mHV X v + mdvsa; + (1 + m)V - (HVu)
2 2
—(1+ m)%uﬂg —(1+ m)%ugég —0’Hu — ReoCrHl|ulu, (2)

ReHJ(u-V)v — ReJougvszas + ReJdusraas

(52
=1-2mHv +mHV x u+ mdéuza; + V- (HVv) — nlﬁ(ygég + v3as)

2
+(n2 + n3)HV(V . IJ) -+ (n2 + n3)5VV2 — (TLQ + ng)%Vng (3)
in €,

where, the velocity vector u = (u1,u2,u3) and the microrotation vector
v = (11,19,v3) are independent of x3, Re = pUa/p is the Reynolds num-
ber, § = a/R € [0,1) is the curvature ratio, 0 = a/vK is the porosity
parameter, H = 1 + dxo is the scale factor, G is the constant axial pres-
sure gradient so that the total pressure is p(z1,22) — Gx3, m = % is the
micropolarity parameter, J is the nondimensional gyration parameter, and
ni,n2 and nz are nondimensional gyro-viscosity parameters. We assume
that min{n;,no+mn3} > 0. The constants 1 and k represents the usual New-
tonian viscosity and the microrotation viscosity. p is the density of the fluid,
K is the permeability of the porous medium and CF is Forchheimer coeffi-
cient. The functions f and 1 are the prescribed dimensionless body force and
dimensionless bode couple, respectively, U is the characteristic velocity and
{a1, s, as} is the orthonormal basis of the toroidal coordinate system [3,18].

The differential operators V = (8%1’ 8%2, O) and V- = 8%1 + 8%2.

Since the curved pipe is stationary, the no-slip and the hyperstick bound-
ary conditions to be satisfied are, respectively,

u;=0 and 1, =0 ondQ fori=1,2,3. (4)
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2 A priorit estimates

The authors have established the existence and uniqueness of a solutions to
the boundary value problem (BVP) (1)-(4) in [18]. More precisely, it was
proved that if £,1 € (L?(2))3 then for sufficiently small values of d, there
exists (u,p,v) € X x L3(Q) x (HS(Q))3 such that the triplet (u, p,v) satisfy
(1)-(4) in the sense of distributions, where

X = {u = (uy,u2,u3) € (H&(Q))3 : O(Hui) + O(Hu,) = 0}_

8.731 (9:132

It was also proved that the solution (u,p,v) is unique for sufficiently small
Re and m. A priori estimates for u and v, which were presented in [18],
can be simplified as

<

u =||Vulls < ——
20 = [Vulh < Gt

(m(+6) w120+ Fll2+Ifl2) = Bu (5)

and

m(1+9
O (1Pl + g1l ) + )

2
[V[12,0 = [VV]2 < (
(ano — @35(712 + n3)>

[ 7]

where €, € and €3 are positive constants depending only on 2, F =
(0,0, Re G) and Hy = iI(lsz.

To derive an estimate for p, we express equation (2) as

ReVp = (1 +m)V*u+3, (7)
in which
f F Res, . 5 du
'3: - E + E - R@(u . V)u + ?(UBCLQ - U2U3a3) + Eai@

2

J
—(1+ m)m(uﬂg + ugaz) — o*u — ReoCrlulu+mV x v + %I/gdl. (8)

From the expression of §, it is clear that § € (H _I(Q))S; therefore, using
Lemma IV.1.9 of [4], we get

Rellpll> < € ((1 +m)|ju

L2+ I317), (9)
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where €4 is a positive constant depending only on Q and || - ||* denotes the
operator norm in (H‘l(Q))?’.
Now, we find ||F||* to get appropriate estimate for p. For v € (H&(Q))3,
f F Red , 5. . § Ou
<S’U>H—17H5 = / (H + T~ Re(u-V)u+ ?(ugag — ugusas) + H oz,
52

—(1 —I—m)H2

)
(ugdy 4 uzis) — o*u — ReoCplulu 4+ mV x v + nglugdl) ‘vdr
(10)

Using Sobolev embedding [5] and Hoélder’s inequality, we obtain

1 0
(529) ] < € | g (8l + 1Fl) + Re (140t - ) [l
, & 5? 5
(o g+ o mig ) [Vl (15 22 ) [90e] [ 90
and hence

1 1)
IS]" < &5 |:]{O(HfH2 + ||F|l2) + Re <1 +0Cp + ) E?

Hy
+(o +i+(1+m)52 Eg+m |1+ — 0 E, (11)
Hy HZ Ho :

where €5 is a positive constant depending only on 2.
Using (11) in (9), we get an estimate for p as

Ipll2 < Ep, (12)

Hy

+1< +5+<1+m>(1 ) PR AT
Re Hy H? Re Hy ’
where €4 is a positive constant depending only on (2.

Using a priori estimates (5), (6) and (12), in the next section, we inves-
tigate the structural stability of the flow problem (1)-(4); particularly, we
establish the continuous dependence of the solution on the key physical and

geometric parameters, namely, the Reynolds number (Re), the curvature ra-
tio (9), the Forchheimer coefficient (Cr), and the micropolarity parameter

(m).

1 5
— & | g (Ul + IFl2) + (14 o+ ) B
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3 Structural stability

We assume that f,1 € (L2(Q))3 and the values of §, Re and m are sufficiently
small to ensure the existence and uniqueness of the weak solutions of the
problem (1)-(4). Throughout this section, we denote € as a generic positive
constant depending only on 2.

The main results of the paper are presented in the following four sub-
sections; indeed, Theorems 1, 2, 3 and 4 present the continuous dependence
of the solution on parameters Re, §, Cr and m, respectively.

3.1 Continuous dependence on the Reynolds number (Re)

Let (u,p,v) and (v, q,n) be the solutions of the BVP (1)-(4) corresponding
to the Reynolds numbers Re; and Reg, respectively. Then the difference
(w,m,¢) :=(u—v,p—q,v—mn) satisfies the BVP

V- (Hw) =0, (13)

RelH((u -V)w + (w - V)v) + ReH(v - V)v — Re16(us + v3)wsas
75@5’0%&2 + R615(MQU3 + UQZUg)ng + }3/651)21;3613

= ReGaz — RetHV T — ReHV g+ mHY x ¢ + mdpsay
2

)
+(1+m)V - (HVw) — (1 + ’m)ﬁ(deg + w3ds) — o2 Hw

—Re10CpH(Julu — |v|v) — ReaCpH|v|v, (14)

RelHJ((u V) + (w V)n) + ReHJ(v - V)1 — Re1Jousdsas
—Re1 Jowsnzag — R~€J5U3U3&2 + ReyJouspaas + ReiJdwsnaas
+RN€J5U3n2d3

52
=-2mH¢ +mHV X w4+ mdwza; + 1V - (HV¢) — 711?(¢2&2 + ¢3d3)

2
+(n2 + ng)HV(V . ¢) + (nz + n3)6V¢ — (ng + ng)%(ﬁzdg (15)

in Q,

and
w =0 = ¢ on 012, (16)
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where w = (w1, wa, w3), ¢ = (P1,P2,$3), wi = u; — vy, ¢ = vy —n; (i =

1,2,3) and Re = Re; — Res.
The main result regarding the continuous dependence on the Reynolds
number (Re) is stated in the following theorem.

Theorem 1. If (w, 7, @) is the solution of (13)-(16), then, for sufficiently
small values of Rei, m and §, w — 0 in X and ¢ — 0 in (H}(Q))? as
R€2 — Rel.

Proof. Taking the L?(Q)-inner product of (14) with w, we get
Rel/ H((u-V)w) -wdz + Rel/ H((w-V)v) -wdzx
Q Q

—i—f?e/ﬂH((v-V)v)wdm—ReuS/

v3wswsg dx — Reé/ v%wg dx
Q

Q
+R615/ Ugw§ d:v—i—ffeé/ v9U3Ww3 dx
Q Q
:}/%JGG/ wgdx—Rel/ HVT["WdI—RVG/ HVq-wdx
Q Q Q
+m/ H(V x ¢) -wdw—i—mé/ p3wy dx
Q Q
1
+(1 —I—m)/ V.- (HVw) -wdz — (1 —|—m)52/ E(w% + w3) dx
Q Q
—02/ Hw-wdx — RelaCF/ H(lulu—|v|v) -wdx
Q Q
—]?eaCF/ H|v|v-wdzx. (17)
Q
Since (|uju; — |v|v;)w; = %(]u| + |V|)wl2 + %(|u| — v)2(Ju| + |v]) and H is a
positive function, we have [, H(Julu — |v|v)-wdz > 0. Also, considering

the nonnegativity of [, 7 (w3 + w3) da together with (13) and the fact that
JoH((u-V)w) - wdz =0, the equality (17) becomes

(1 +m)Ho||Vw||3 4+ o> Hy||w|3 < ‘Rel/ H((w-V)v) - -wdz
Q

- + -

Relé/ v3wsws dx
Q

Re1d / vgwg dx
Q

Re/QH((V-V)v) -wdz

-I-‘Eéé/vgua dx +
Q

+ ’}/%/6(5 VoU3W3 dT
Q

}%G/wgd:r
Q
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+ ’}?eUCF/ H|v|v - -wdx
Q

+‘m/H(V><¢)-wdx
Q

+ ’mé/ ¢swi dx
Q
(18)

Using Holder’s inequality, Sobolev inequality and the bound (5), the terms
of the right hand side of (18) can be estimated as follows:

Rel/QH((W-V)V) -wdzx

< RerHy||w||4]| V]2 w]la

< €R61EVIIVW||§7

‘Reﬂs / vgwsws dz| < Rerd|v|a|[w?
Q

< CRe10Ey ||Vw]|3,

Re [ H((v-V)v) - wda| < [Reli][v]a| 9v]alwls
Q

< C|Re| B2||Vw|2,

< |Reld|[v]§lwll2

}%5/ vawy da
Q

< C|Re|§E2||Vwl|2,

< [Rel|G|2[[wl|

‘}/%EG/ wg dx
Q

< €|Ref| Vw2,

’REUCF/Hyvv.wdx < |Re|loCrHy||[v|v]2|w|2
Q

< €|ReloCr||VV[3[ Vw2 (see [18])
< C|ReloCrEY| VWi,

'm/ H(V x @) - wdz| < mH|[V x ¢l wl)»
Q

< &m|[Vello[[Vwllz,
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and

< mé||g|l2][wll2

'mé/ ¢zw1 dx
Q

The preceding estimates transform the inequality (18) into

< €md||Vell2[[Vwlla-

(1+ m)Ho| Vwlf3 < @{Rel(l +6)Ey || Vwl|3
+Rel ((1+ 8+ 0Cp)E2 +1) [Vwllo + m(1 + 8) [Vl Vwlla b (19)
Taking the L?(Q)-inner product of (15) with @, we get
R€1J/ H((u-V)9) - ¢pdx+ R61J/ H((w-V)n) - ¢dz
Q Q
—I—}?ej/ H((v-V)n)-¢dz — Rele/ w3n3¢o dr — }?eJ(S/ v3N3 P2 dr
Q Q Q
—|—R€1J5/ w3N203 d.’E—FRNeJ(;/ v3N203 dz
Q Q
< —2m/ H¢-¢dw+m/ H(V x w) '¢dx—|—m5/ w3 ¢ dx
Q Q Q
1
b [V (0198) s —md? [ L+ R ds
Q oH
+(n2+n3)/ HY(V - ) -¢dx+(n2+n3)5/(v¢) pdx
Q Q

—(n2+n3)52/§211{¢%dx. (20)

Integration by parts allows us to replace the integral (np + n3) [, HV(V -
}) - ddx by —(n2 + ng3) [o H(V - $)? dz — (ng + n3)d [, 92(V - ¢) dz in the
inequality (20); subsequently, using the nonnegativity of [, H(V - ¢)*du,
Jo 7 (63 + ¢3) dz and [, 4¢3 dz and the fact that [, H((u-V)¢)-$dz = 0,
we obtain

n1 Ho|| V|5 + 2mHo|d||5 < R€1J/Q H((w-V)n) - ¢dz

+ RelJé/ ZU37]3¢2 dr
Q

+ ‘R€1J5/ ’LU3’I72§Z53 dx
Q

+

(2 +1)3 [ 92(9 ) o +

(ns + )3 /Q (V) - pdx

+‘J§EJ/QH((V-V)77) - $d

+ ‘E&J&/ v3n3¢2 dx| + ’EEJ(S/ v3ne@s3 dr
Q Q
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—&—‘m/QH(wa)-qux . (21)

+ ‘md/ w31 dx
Q

The terms present in right hand side of (21) can be estimated as

< ReiJH[[wl|al[Vnll2]¢la

RelJ/QH((W-V)n)~¢dx

< CRe1 JEy||Vwl2|| V|2,

< Re1 J6[|wllal[nll2[@]l4

< CRe1 JOEy||Vw||2]| V|2,

‘R€1J5/ w3nzp2 dx
Q

< (n2 +n3)d[|@]l2[|V - Bl

< €(nz +13)8| Vell3,

(g + ng)afgqsz(v . $) da

(na +1)3 [ (V9) 6 da

< (n2 +n3)0([Vll2[4]2

< €(n2 +n3)8(| V43,

’REJ /Q H((v-V)n) - $da| < |Rel JH: |vILa| Vnll2 6

< C|Re|JEyEy|| V|2,

‘ﬁew /Q vsnsds dz| < |RelJ6|v la|mllzlldlla

< €|Re|JSEy By V)2,

‘m/ H(V xw)-¢dx| <mH|V X w||z||@]2
Q

< Em||Vw||2]| V|2,

and

< mé[|wl2[|¢]2

'mé/w3¢1 dx
Q
< Cmd||[Vwll2[| V|2
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Combining all these bounds with (21), we obtain
n1Hol[ VI3 < €{ (1+6)(m + Re1 T Ey) Vw12 V12

+(n2 +13)3| VB3 + | RelJ (1 + 6) By Ey | V9] }. (22)

Adding (19) and (22), we get
(14 m)Hol|Vwl|3 + n1Hol|V|I3
< e{Relu + ) Ey|[ Vw2 + | Re| ((1 Y6+ 0CE)E2 + 1) IVwl
+(140)(m + Re1 JEy)[|[Vw /2] V|2 + (n2 + n3)d]| V|13
+|RelJ(1 + 6)EVE,7HV¢H2}. (23)

By Young’s inequality, we obtain

(1 +m) Ho| | Vwl|3 + n1Hol V|3

1+ m)H n1 H
< (2)0 S2IVSI3 + €(ns + ns)0 [ V43

(1+8)%(m + RerJEy)? ,
+e{Re1(1+0) By + T HIvwi3

IVwl3 +

2
((1+5+O’CF)E‘2,+1> J2(1+5)2E‘2,E2’ 5

¢ Re . 24
+ (1—|—m)H0 ni1Hy ¢ ( )

After simplification, (24) yields

2 E 2
{(1+m)H0 e <R61(1 +8)Ey+ (1+9)°(m + Re1JEy) )} Vw2
2 n1H0

H
{750 el + s} IV0l3

2
((1+(5+O'CF)E‘2,+1) J2(1+5)2E‘2,E2 .
<¢ + 7% Re’.
(1 —|—m)H0 n1Hy

(25)

It follows from inequality (25) that the required result holds whenever Re; <
€1, m < €2 and 0 < e3 for some positive constants €1, €2 and e3. ]

Remark 1. The convergence of v to u in X and i to v in (H&(Q))3 as
Res — 0 follows from the inequality (25) when Re; = 0. Therefore, it can
be concluded that the BVP (1)-(4) admits a regular perturbation with respect
to the Reynolds number Re.
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3.2 Continuous dependence on the curvature ratio ()

Suppose that (u,p,v) and (v, g, n) are the solutions of the BVP (1)-(4) cor-
responding to the curvature ratios d; and d, respectively. Let (w, 7w, @) :=
(u—v,p—q,v—mn). Then (w,r, @) satisfies the BVP

V- (Hs,w) 40V - (z2v) = 0, (26)

ReHs, ((u -V)w + (w - V)v) + dRexy(v - V)V — Redjws(us + v3)és
—SRe'U%dg + Redy (waus + vows)as + S Revovsis
= —ReH;, V1 — §RexyVq+ mHs, YV X ¢ + dmxaV x 14+ mdidziy
+ommzar + (14+m)V - (Hs, Vw) +6(1 4+ m)V - (z2Vv)
2 o1 +0d2 629

5 .
—(1 L Q i3) — 0(1
(1+m) i (waa2 + w3as) (1+m) < i T, 11,

—0?Hs,w — 602x9v — ReoCrHg, (Julu — |v|v) — 6RecCraa|vlv, (27)

) (v2ao + v3a3)

ReH51J<(u V) + (w V)n) + 5ReJao(v - V)1 — ReJdi (uzds + wsns)as
—5R€J’U37}3d2 + ReJ o1 (uspo + w3nz)as + SRer3772d3

= —2mHs ¢ — 25mx2n +mHs; V xw+ Smxgv X vV + mdiwsa + vag&l
- 52 . .
+n1V - (H§1 V¢) + oV - (xQVn) —nq 1 (¢2a2 + ¢3a3)

Hs,
< 91 + 02 632 . .
(P02 ) (e + ) + (a4 ), V(T -9
+0(ng + n3)z2V(V - 1) + (n2 + n3)d1 Vo + d(ng + n3) Vi

2

0 . = 01+0  G5w R
- i - 28
(n2 + ng) H, ¢2a2 — d(na + ng3) ( T, Hy, s, M202 (28)

and
w =0 = ¢ on 09, (29)

where w = (w1, w2, w3), @ = (¢1, P2, P3), wi = wj —vi, ¢ = vy —1; (i =
1,2,3), 6 =61 — 99 and ng =1 +5j$2 (j = 1,2).

The principal result concerning the continuous dependence on the cur-
vature ratio (§) is presented below:
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Theorem 2. Let (w, 7, @) be the solution of the boundary value problem
(26)-(29). Then w — 0 in X and ¢ — 0 in (HL(Q))? as 6o — &1 for
sufficiently small values of Re, m and d7.

Proof. Taking the L?(Q2)-inner product on both sides of (27) with w, we get
Re/QH(gl((u V)w) - wdz +Re/QH51((W V)v) - wdz
+0Re /Q z2(v-V)v) - wdzx — Red; /Q(U3 + v3)wswy dx
—dRe /Q v%wg dx 4+ Red; /Q(wgug + vows)ws dx + dRe /Q VU3 W3 dT
= —Re/QH51V7T -wdzx — SRe/Q:UQVq . wd:v—i—m/QH(gl(V X @) -wdz
+Sm/ﬂa;2(v xn)- wdm—l—mél/ﬂcﬁgwl dxr + Sm/ﬂngwl dz

—i—(l—i—m)/QV~(H51Vw)-wda:—f—g(l—i—m)/gv-(giV)-Wdac

1
Hs,

1 -
—(1+ m)éf/ —— (w3 +w?) dx — (1 +m)(d; + 52)/ (vaws + v3ws) dz
Q H51 9]

+062(1 +m) / (vawa + vaws) dr — 02/ Hs w-wdz
o Hs Hs, Q
—502/ xov - wdx — ReoCrHg, /(]u\u — |vlv) -wdx
Q Q
—SRGUCF/ xa|v|v - wdx. (30)
Q

Using the identity [, Hs, ((u . V)W) -wdzx = 0, and the nonnegativity of the

integrals [, ﬁ(w% + w3)dz and [,(Julu — |v|v) - wdz, the equality (30)
. 1

gives

e [Vt ] e f )

—|—‘6Re/x2(v-V)v) -wdx| +
Q

R651/03w3w2 dr| + ‘SRe/ Ugwg dx
Q Q

+ Reél/ v2w§ dx +
Q

+ 'SR&/ V2U3W3 dx
Q

Re/ Hs; V7 -wdz
Q

+ ’5Re/ zoVq-wdz
Q

+ 'm/ Hs, (V x @) -wdzx
Q

+ Sm/.'L'Q(VXT])'Wd(I}
Q
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+ ‘mdl/ P3wy dx
Q

+ ‘Sm/ n3wy dx
Q

+ ‘5(1 —I-m)/QV (22VV) - wdz

1
Hs,

+ ’5(1 +m) (61 + 02) / (vowg + v3w3) dx
Q

+ ‘553(1 +m) / 2 (vowa + v3ws) dx
o Hs Hs,

_l’_

502/ Tov - Wdx
Q

+ : (31)

5ReaCF/x2\v\v-wdx
Q

By Hélder’s and Sobolev inequalities together with (26), the terms of the
right-hand side of (31) can be estimated as follows:

’Re/ Hj, (W V)v) - wdz| < CReEy||Vw]3,
Q

'SR€/$2(V'V)V) -wdz| < C|6|ReE2||Vw||2,
Q

‘R651/U3w3w2 dz| < €Red1 By || Vw3,
Q

’5R6/U%M2d$ < €|0|ReE%| Vw2,
Q

’Re/ Hs V7 -wdz
Q

= ‘Re/ 7wV - (Hs,w)dz
Q

_ ‘ Re / 7~ 8V - (22v)) da| (by (26))
Q

< [8|Re|72]l22V - v + v

< €[8|Re(|lpll2 + llgll) Vvl
< €|6|Re(E, + E,)Ey,

‘SRe/ xoVq - wdx
Q

= ‘SRe/ qV - (xow) dx
Q

— ‘SRe/ q(x2V - W + wq) dz
Q

< 8| Rellqll2 (lz2]loo |V - Wll2 + [[w]|2)
< €|§|ReE, || Vw2,
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< &m|[Vlla|[ Vw2,

‘m/QHgl(V X @) wdx

< €[3|mEy|[Vwl2,

‘Sm/ zo(V xm) - wdx
Q

'm51 / dywr dz| < Emdy [ V|2 Vwlla,
Q

‘Sm/ngwl dz| < €|8|mEy||[Vw||a,
Q

’51+m/v (xaVv) - wdzx

’ 1+m xQVv:VWd:c

|(1+ m)E Vw2,

- 1 -
’5(1 +m)(d1 + 02) / (v2wa + v3ws) dr| < €[5|(1+m)——F5—Ev|[| Vw2,
o Hs, H51
2
‘&5;(1 + m)/ T2 (wqws + vgws) dz| < €|8](1 + m)%EVHvWHQ,
H51H52 H51H52

< €002 Ey || Vw2,

502/x2v-wdx
Q
and

ISReUCF/xQIVV~wd:C < €|0|ReaCpE2||Vw o,
Q

where Hgl = igf Hs, and ng = igf Hs,.

In view of these, the inequality (31) becomes

(14 m)HS Vw3 < e{Reu 5B, Vw3 + rS|||qu2(Re<1 toCr)E2

E 01+ 92 03 E g
1 1 2

5| Re(E, + By By +m(1 +61>||v¢|12uwu2} (32)
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Taking the L?(Q)-inner product on both sides of (28) with ¢, we get
ReJ/ H;, ((u : V)¢) cpda + ReJ/ Hj, ((w : V)n) - pda
Q Q
+8R6J/ T ((v . V)n) -¢dpdx — ReJdy / wanzp2 dr — SReJ/ v3N3P2 dx
Q Q Q
+R€J§1/ w3Ne¢s dr + SRQJ/ v3N @3 dx
Q Q
= —2m/ Hs ¢ - ¢pdr — 25m/ 1’2?7'¢dl'+m/ Hs, (V xw)-¢dr
Q Q Q
+Sm/ x2(V X V) -¢dx+m51/ wz¢1 dx + Sm/ v3P1 dx
Q Q Q

+n1/Qv.(H51v¢).¢dx+8n1/ﬂv.(a:2vn).¢dx

1
Hs,

s /Q L (631 2) da — 5na (61 + 52) /Q (s + 1363) da

Hs,

~ x
+5n15§/ ﬁ(ﬁ%ﬁz +n3¢3) dr + (n2 + ”3)/ Hs;V(V-¢)-ddx
o Hs Hs, Q

+0(ng + ng3) /Q 2oV(V - m) - ddx + (ny + n3)d /Q Voo - ¢dx

1

2
dx
T, 05

+5(n2 + ng)/ Vo - ¢ dx — (nz + n3)5%/
Q Q

T2
Hs Hs,

n2¢2 dx.
(33)

_ 1 _
—d(ng +n3) (61 + d2) / natha dzx + 6(ng + 13) 83 /
Q Q

Hs,

After simplification, (33) turns out to be

3, 15615+ 21 1018 < e [ Ao (1 ¥m) - g

—&-‘SReJ/ng((v-V)n) -¢dx

+‘R€J§1/w3773(252 dx
Q

+’5R€J/’U3773¢2 dx
Q

+ ‘R&]él/ W3772(Z)3 dx
Q

+‘SR€J/'U3’I72¢3 dx
Q

+ |25m/ Tom - ddx
Q

+ ‘m/ﬂHgl(V X W) - ¢dz

+ ’Sm/QxQ(V X V)-¢dx

+‘m51/w3¢>1 dx +
Q

+ ‘5771/ 1)3¢1 dx
Q

Snl/QV (x2Vn) - ¢pdx




A. Prabal, M. Devakar 401

1

+ Snl ((51 + 52)/ H (772¢2 + 773¢3) dx
Q 415,

_l’_

- x
5“15%/ 1% = (m2g2 + n3¢3) dz
Q 11514159

_.I_

(n2+n3)51/g¢2(v'¢)d$

+ ‘S(m +n3)/9332(v ) (V- &) dx

- +

5(ng + n3) /Q $2(V -m)dx

(n2 + n3)d /Q Vo -¢dx

1
d
s, N2¢2 dx

—i—‘g(ng—l—ng)/Vng-gbd:c
Q

+ ‘5(n2 +n3)(01 + 52)/Q

1)
Q H51 H52

+ ‘S(ng + n3)03 Na¢2 dx

. (34)

The terms appearing on the right-hand side of (34) admit the following
bounds.

‘ReJ/QH(;I ((w : V)n) - pdx

< CReJE, | Vw2 V|2,

‘SReJ/ :Eg((V-V)n) - pdz| < €|5|ReJ By Ey|| V|2,
Q

< CReJ o1 En||[ Vw2 V|2,

R€J51/w3773¢2 dzx
Q

‘SReJ / vanaa dx| < €|8|ReJ By Ey||Vé|la,
Q

'QSm/ zom - ¢ dz| < €|0|mEy| Va2,
Q

\m [ 5,9 x w) - o] < €ml| VeV
Q

‘Sm/ 29(V X v) - pdx| < €|0|mEy || V|2,
Q

'mal / wsr dz| < €ms | Vw2 Vol
9]
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‘Sm/vgqﬁl dz| < €|6|mEy||Ve||2,
Q

< €[d|n1 B[ V|2,

ony /Q V- (22Vn) - ¢ dx

onq / xoVn : Vo dzx
Q

< n1(01 + 0
< elp L% g ivg),

01

. 1
577,1((51 + 52) / H (772¢2 + 773(253) dx
Q 4145,

~ 71152
< €|5IﬁEWIIV¢H2,
1 2

~ x
5”155/ I 2 (n2p2 + M33) dx
Q 41§46,

< €(ng + n3)d1|| V|3,

(n2 + 713)(51 /Q (ﬁg(v . ¢) dx

\5<n2+n3> [ 227 0)(V - 8)di| < (2 -+ 1) [V

\Smg wna) [ 62(V ) di| < [5l(na + 10) Byl V]

< €(ng + n3)d1||Vel[3,

(TLQ + n3)(51 /Q Voo - ¢d:(}

\Smg o) [ V- pida] < €l + ) Bl V8
Q

_ 1 ~ (ng +n3)(01 + 6
)5(n2+n3>(5l+52>/ by dz < F 2T 0 g Gy
Q H§1 H51
and
< 2 T3 < (n2 +n3)03
d(ng + n3)d; QH61H52772¢2d33 < €|5\WE77HV¢H2-
1 2
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Taking into account the preceding estimates, (34) gives

niH3, (| Va3 < C{51(722 +13) [ VO[3 + (1 +61) (m + ReJ Ey)[|Vw]|2[| V|2

5 01 + 02 5%
FIBITla (-4 ) (14 252 5,
H((S)l H((S)lH((S)Q

+mEy, + (m+ ReJEn)EV> } (35)

Adding (32) and (35), we get

(L+m)Hg |[Vw|3 + n Hy |Ve[3 < €{Re(1 + &) Ey | Vw3
+81(n2 + n3) | V|3 + (1 + 61) (m + ReJ Ey) || VW |2l V|12 + [6]D1]| Vw2

+0D2(| V|2 + [6]| Re(E, + Eq) By}, (36)
where
D1 = Re(1+0Cp)E2 + ReE, + mE,
91 + 62 53 2
+(1+m) |1+ + E, +o0°FEy
( HY HY HY
and

01 + 09 5% >

+ E,
Hj  Hj Hj,
+mkE, + (m + ReJE,,)EV.

@2:(n1+n2+n3)<1+

Applying Young’s inequality, (36) yields

’I’LlH

(1+m)H 0
— 5 IVAI3 < € {Re(1 +61) By || Vw3

0
5wl +

(14 61)%(m+ ReJEn)2
(1+m)H},

D2 D32 = <
0 +Re(E, + Ey)Ey|6
i (1+m)H}, * ny Hy, HRe(Ep + By Byl ’}

+01(ng +n3)|| V|3 + INB
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which implies

14+ m)H?
((m — CRe(1+ 51)Ev> Vw2

2
niHY (14 61)%(m + ReJEy,)” 9
+ ( 5 —€01(ng +ng) — ¢ (1—|—m)H§)1 V|3
<¢ o + 25 ) 5 + CRe(E), + Eq)Ey 0| (37)
-\ @+ m)H] " mH] S

The desired result follows from (37) for sufficiently small values of Re, m,
and d7. O

Remark 2. In the particular case when 61 = 0 and §o — 0, inequality
(37) implies that the solution v converges to u in X and n converges to v

mn (H01 (Q))3 Hence, we conclude that the solution of the curved pipe flow
converges to that of the straight pipe flow when 6 — 0.

3.3 Continuous dependence on the Forchheimer coefficient

(Cr)

Let (u,p,v) and (v, q,n) be the solutions of the BVP (1)-(4) correspond-
ing to the Forchheimer coefficients Cr, and Cf,, respectively. Then the
differences (w,m, @) := (u — v,p — q,v — m) solve the problem

V- (Hw) =0, (38)

ReH((u -V)w + (w - V)v) — Reduswsas — Redvswsas + Reduswads

+R65’w31)2 dg

= —ReHV71+mHYV X ¢ + mdpsa; + (1 +m)V - (HVw)
('52
—(1 + ’ITL)E(’LUQCALQ + wgflg) —o’Hw — Rech’FlH(|u\u — |V|V)

—CpRecH|v]|v, (39)
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ReHJ((u V)b + (w V)n) — ReJbusdsis — ReJSwsnsia + ReJSusdois

+ReJ(5w3772d3

52
=—=2mH¢ +mHV x w+ mdwsa; + n1V - (HV¢) — nlﬁ(¢2&2

2
+¢3a3) + (n2 +n3)HV(V - @) + (n2 +n3)0Vea — (ng + n3)%¢2d2 (40)
in €,
and

w =0 = ¢ on 01, (41)

where w = (w1, w2, w3), ¢ = (41,02, ¢3), w; = u; —v;, ¢ = v; —n; (1 =

1,2,3) and CF = CF1 - CFQ.
The following theorem establishes the continuous dependence of the so-
lution on the Forchheimer coefficient (CF).

Theorem 3. Suppose that (w,m, @) solves the BVP (38)-(41). Then, for
sufficiently small values of Re, m and 6, w — 0 in X and ¢ — 0 in (H(Q))3
as CF2 — CF1~

Proof. Taking the L?(Q)-inner product of (39) with w yields the estimate

(1 +m)Hol[ Vw3

< ¢<Re(1 +0)Ey||Vwl[5 4+ m(1 + 6)[| Vel VW2 + @ReaEznvwng).
(42)

Taking the L?(Q)-inner product of (40) with @, we obtain the estimate

n1Ho[[V@|3 < €((1+06)(m + Re By) [Vw 2] V8ll2 + d(nz + o) V83).

(43)
Adding (42) and (43) and using the Young’s inequality, we get
1 H
(H;”)O — CRe(1+ 6)EV> Vw2
(1+8)2(m + ReJ Ey) )
Hy— &6 -
+ (m 0— &i(ng +n3) - € (1 + m)H, Vélz
2,24

<o BBy 52 (44)

= T(+m)Hy T
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The inequality (44) shows that ||[Vwlls — 0 and [|[Vé|l2 — 0 as Cr — 0
for sufficiently small values of Re, m and §. Hence, the required result is
proved. O

Remark 3. For a particular case Cr, = 0, when Cg, — 0, the inequality
(44) implies that the solution to the Darcy—Lapwood —Forchheimer—Brinkman
model for micropolar fluid flow in a curved pipe converges to that of the
Darcy-Lapwood-Brinkman model.

3.4 Continuous dependence on the micropolarity parameter
(m)

Let (u,p,v) and (v, q,n) be the solutions of the BVP (1)-(4) with micropo-
larity parameters m; and ma, respectively. The difference fields (w, 7, ¢) :=
(u—v,p—q,v —n), then satisfy the problem

V- (Hw) =0, (45)

ReH((u V)W + (w - V)v) — Redugwsas — Redvzwsas + Reduswads

+Re5w302&3

=—ReHVrm+m1HYV X ¢ +mHV X 1+ mid¢sza; + mdnsay
_ 82, R
+(14+m)V - (HVw)+mV - (HVv) - (1+ ml)ﬁ(wgag + wsas)
_ &2
—mﬁ(vgdg + v3d3) — 0?Hw — ReoCrH(Julu — |[v|v), (46)

ReHJ((u . V)¢ + (W . V)'I”]) - R6J5U3¢3€L2 — ReJ5w3n3d2 + R€J5U3¢2d3

+ReJowsnoas
==2m1H¢ —2mHn+mHV xw+mHYV X v+ midwsa; + mdvsa,
+m V- (HVé) — n1§(¢2d2 + ¢3a3) + (n2 +n3) HV(V - @)
+(ng2 4+ n3)dVepa — (n2 + n3)§¢2d2 (47)
in €,

and
w =0 = ¢ on 01, (48)
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where w = (w1, w2, w3), ¢ = (d1, P2, P3), wi = wi —vi, ¢ = vy —1; (i =
1,2,3) and m = m; — ma.

Our main result on the continuous dependence on the micropolarity pa-
rameter (m) is formulated below.

Theorem 4. If (w,m, @) is the solution of (45)-(48), then w — 0 in X and
& — 0 in (HL(Q))? as ma — my, provided the values of Re, m1 and § are
sufficiently small.

Proof. Adopting the same line of reasoning from the preceding results, we
infer that

((1 + ma)Ho

5 — CRe(1+ 6)Ev> Vw3

nyH, 14 6)2(my + ReJE,)?
*( o 5y + ) — @O (e ) )uwn%

(1+m1)Hp

(En(1+ )+ By (1+§0))2+ (En+Ev(1+6)>2 o

(1 +’I7’L1)H(] anO

<c

It is clear from (49) that, for sufficiently small values of Re, m; and J, the
required result holds. O

Remark 4. It is well known that in the absence of microrotational effects
the system of micropolar equations reduced to the system of Navier-Stokes
equations; it is also known that when the microrotation viscosity equals to
zero, the linear velocity vector and the microrotation vector are uncoupled
and the global motion is unaffected by the microrotation vector [8]. The
same can be achieved from (49) by taking mi = 0 and allowing ma — 0.
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