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Abstract

We introduce a notion of preordered uniform space which extends
the classical notion of uniform space and uniformizable topological
space. We establish two versions of Ekeland variational principle for
the present setting. The first version is for a real-valued submonotone
map in a general preordered uniform space while the second version
is for a vector-valued map but within an at most countable uniform
structure.
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1 Introduction

Uniform topological spaces appear in general topology in relation with Ty-
chonoff’s separation axiom (731). Specifically, a topological space X is said
2

to satisfy (T41) if for every x € X and every closed subset C' C X with
2
x ¢ C, there is a continuous function f: X — [0, 1] such that f(z) =0 and
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flc = 1. Tt is shown in [1] that this axiom is equivalent to the property of
X to be uniformizable, i.e., the topology of X can be induced by a so-called
uniform structure. A uniform structure consists of a family of écarts, also
called pseudometrics. Endowed with a uniform structure, X is called a uni-
form space. We refer to [1] for the precise definition of uniform structure
and uniform space, or to Section 3.2 below.

The setting of the present paper is in fact more general: we consider a
set P endowed with a preorder < (a binary relation which is reflexive and
transitive). We first extend the notion of uniform structure and uniform
space to the case of a preordered set (P, <), by defining a notion of preordered
uniform space (P, <, D) parametrized by a family D of <-pseudometrics (see
Section 3.2). When the preorder < is trivial (i.e., such that z < y for all
x,y € P), we retrieve the classical notion of uniform space.

Instead of focussing on purely topological properties, our aim in this
paper is to do variational analysis on preordered uniform spaces. Our main
results are two versions of the classical Ekeland variational principle (which
is usually formulated for metric spaces) valid for a preordered uniform space
(P,<,D):

e The first result (Theorem 1) is a version of Ekeland variational princi-
ple for an arbitrary complete preordered uniform space (P, <,D) and
concerns a map f : P — RU {400} with a submonotonicity property
(it is not assumed continuous and not even lower semicontinuous).

e The second result (Theorem 2) is a version of Ekeland’s principle for a
family of maps F = { fq}dep with fg: P — RU{+o0}, instead of just a
map f, but with the assumption that the family D of <-pseudometrics
is (at most) countable.

For showing these results, the main ingredient is a version of Ekeland
variational principle over preordered monoids; see [3]. For the first theorem
(Theorem 1), we apply this result to the monoid K = R U {4o00}; for the
second theorem (Theorem 2), we use the monoid K = (R U {+oc})N. In
order to be able to apply the general result in [3], we rely on a thorough
analysis of preordered uniform spaces and their properties: key lemmas in
this respect are Lemmas 1 (b), 4, and 5.

The paper is organized as follows. In Section 2, we introduce a general
notion of preordered topological space. In Section 3, we first introduce
the notions of <-pseudometric and preordered pseudometric space (Section
3.1); then we introduce the more general notion of preordered uniform space
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(Section 3.2). Our main results are stated in Section 4 and the proofs are
given in Section 5.

2 Preordered topological space

Throughout this paper, we fix a nonempty set P endowed with a preorder
<, i.e., a binary relation on P which is reflexive and transitive (but not
necessarily antisymmetric).

A sequence (z,,) C P is said to be <-ascending if it satisfies z,, < ;11
for all n. Moreover, we say that x is an upper bound of a sequence (x,,) C P
if z,, < x for all n.

Assume that the set P is equipped with a topology 7. We associate to
this topology a second topology 7< which takes the preorder < into account
and is defined in the following way. Hereafter, the notation z, — = means
that x is a limit of (x,) with respect to 7 (the limit is a priori not unique).

e A subset A C P is said to be (<, 7)-closed if
Li<)(A) == {z € P:3(xn) C A <-ascending, z, -z} = A
(note that the inclusion A C L< ;)(4) is always valid).
e We say that U C P is (<, 7)-open if P\ U is (<, 7)-closed.
Then it is straightforward to check that
7<:={U C P:Uis (<, 7)-open}
is indeed a topology on P. We call 7< the <-ascending extension of 7.

Lemma 1. (a) 7 C 7<.
(b) Let (z,,) C P be a <-ascending sequence and let x € P. Then

T< T
Ty =T & Ty —I.

Proof. (a) Let A C P be a closed subset for the topology 7 and let us
show that A is also closed for the topology 7<, i.e., that A is (<, 7)-closed.
So let (x,) C A be a <-ascending sequence and let x € P be such that
Zn — x. The latter fact, combined with the assumption that A is closed for
the topology 7, already ensures that z € A, and the claim is established.
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(b) The implication = easily follows from part (a). Let us prove the
reversed implication <=. Arguing by contradiction, assume that there exists
U € 7< such that z € U and

Vng € N, dn > ng, z, ¢ U.

This yields a subsequence (zy, ) of (z,) such that z,, ¢ U for all k. Note that
(zn,) is a <-ascending sequence (since (z,) is <-ascending) and z,, — =
(since ,, = x). The subset A := P\ U is (<, 7)-closed (since U € 7<) and
Zp, € A for all k. Whence x € A = P\ U, a contradiction. O

Remark 1. (a) In Lemma 1 (b), the assumption that (z,,) is <-ascending is
not needed for the implication =, but is required for the reversed implication
<, as shown by the following example. Let P = R be endowed with the
standard topology 7 and standard order <. Let (x,),>1 be the sequence
given by x, = % and let = 0. Thus x, — z. However, (x,) does not
converge to x with respect to 7<. Indeed, it is easy to see that (0, +o00) is
(<, 7)-closed, hence (—o0, 0] is an open neighborhood of x = 0 in 7< which
contains no term of the sequence (z,,).

(b) If we define 0 = 7<, then Lemma 1 implies that 6< = o (= 7<).
Indeed, Lemma 1 (a) already yields the inclusion o C <. For the reversed
inclusion, let A C P be (<, 0)-closed and let us show that A is (<, 7)-closed.
So let (z,) C A be <-ascending and 2 € P such that z,, — z. By Lemma
1(b) we get z, > x, whence z € A (since A is (<,0)-closed), and the
argument is complete.

(c) A subset A C P is sequentially closed with respect to 7 if for every
sequence (x,) C A and z € P such that z,, = x, we have x € A. We say that
U C P is sequentially open with respect to 7 if P\ U is sequentially closed.
The collection 7 of all sequentially open subsets is a topology on P which
contains 7 and differs from 7 in general. The equality 7 = 7 holds if every
x € P has a countable local basis in the topology 7, i.e., the topological
space (P, T) satisfies the axiom of countability (C1).

The inclusion of Lemma 1 (a) can be refined as the chain of inclusions
T C T C 7<. If <is the trivial preorder on P, i.e., such that x < y for all
z,y € P, then 7« = 7.

Remark 2. It can be noted that the <-ascending extension preserves in-
clusions between topologies, in the following sense. If 7 and 7/ are two
topologies on P such that 7 C 7/, then we obtain that 7< C 7. Indeed, if
A C P is (<, 7)-closed, then whenever (z,) C A is a <-ascending sequence

/

such that z,, = x € P, then the inclusion 7 C 7’ yields z,, — x, whence
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x € A (using that A is (<, 7)-closed), and finally we have shown that A is
(<, 7')-closed.

We say that the preorder < is self-closed for the topology 7 if the set
P>z):={yeP: <y}
is closed (in 7) for all z € P.

Lemma 2. (a) If < is self-closed for the topology T, then it is self-closed
for the topology 7<.
(b) The following conditions are equivalent:

(i) < is self-closed for the topology T<;

(ii) for every <-ascending sequence (z,) C P and every z € P such that
Zn, — 2z we have z, < z for all n (i.e., any limit of a <-ascending
sequence is an upper bound of this sequence).

Proof. (a) This follows from Lemma 1 (a).

(b) First we show the implication (ii) = (i). Let € P and let us show
that P(> x) is closed for the topology 7<, i.e., is (<, 7)-closed. Let (z,) C
P(> z) be a <-ascending sequence such that z, — z € P. For any fixed n,
condition (ii) yields z, < z, while we know that = < z, (since z, € P(> z)),
whence z € P(> z), which establishes (i).

Next let us show the implication (i)=-(ii). Let (z,) C P be a <-
ascending sequence such that z, L 2. For every n, the sequence (2 )m>n
is <-ascending, contained in P(> z,), and has limit z. Since P(> z,) is
(<, 7)-closed (by virtue of (1)), we obtain that z € P(> z,); whence z, < z
for all n, and the lemma is established. O

Remark 3. (a) Clearly, < is self-closed for 7< whenever the subset P(> x)
is sequentially closed with respect to the topology 7 for all x € P, i.e., < is
self-closed for the topology 7 (see Remark 1(c)). The latter condition is a
priori weaker than requiring that < is self-closed with respect to 7, though
both notions coincide if for instance (P, 7) satisfies the axiom of countability
(C1).

(b) Another sufficient condition for having that < is self-closed with
respect to 7< is that P(< z):={y € P: y <z} € 7 for all z € P. Indeed,
if (z,) C P is a <-ascending sequence such that z,, — z, then we obtain
that x,, € P(< z) for all large enough n, and in fact z, < z for all n, since
(xy) is <-ascending. The desired conclusion now comes from Lemma 2 (b).
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(c¢) The implication in Lemma 2 (a) is not an equivalence even if (P, )
satisfies axiom (C1) (see part (a)). Take for instance P = [0, 1]U{2} endowed
with the standard metric topology 7 and the total order < whose restriction
to (0, 1] is the standard total order and such that 0 < 2 < z for all z € (0, 1].
Then < is not self-closed with respect to 7 since P(> 2) = (0,1]U{2} is not
closed for the metric topology. However, P(> 2) is (<, 7)-closed, as well as
P(> ) for all z € [0,1], hence < is self-closed with respect to 7<.

3 Preordered uniform space

In this section, we still consider a nonempty set P endowed with a preorder
<. First, we apply the definitions and results of Section 2 to the case where
the topology of P is induced by a pseudometric — in fact, a <-pseudometric.
Then we replace the single <-pseudometric by a family of <-pseudometrics.

3.1 Preordered pseudometric space

We call <-pseudometric on P a map
d: P2 :={(z,y) € Px P:ax <y} — 0,4+
such that
e d(xz,x) =0 for all x € P,
o d(z,z) <d(z,y) + d(y, z) for all z,y,z € P such that z <y < 2.

Then, we say that (P, <,d) is a preordered pseudometric space.
For every n € RY and z € P, we set

d _ .
Pi(£z)={yeP:y<w= dyz) <n}

The subsets Pg(g x), for all n and x, form the basis of a topology 745 on P.

Given a sequence (x,) C P, we write z, 4 g if 2 is a limit (possibly
not unique) of (z,) with respect to the topology 74. Note that this implies
that z, € P#O(g x) for all n large enough, for any fixed 79 € R*, whence in
particular z,, <z for all n large. If (z,,) is <-ascending, then it follows that

xn < z for all n, i.e., any limit of (z,) in the topology 74 is also an upper
bound of this sequence.
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The <-pseudometric d allows us to define two notions of distance from
a point x € P to a subset A C P, namely

distg(< x, A) = inf{d(y,z) :y € A, y < x}
and distg(> x, A) := inf{d(z,y) :y € A, y > z}.

The former one is more closely related to the topology 74, as pointed out by
the following lemma.

Lemma 3. The closure of a subset A C P with respect to 14 is

Si<ay(A) = {x € P : distq(< x, A) = 0}.

Proof. Let A% denote the closure of A with respect to 74 and first let us
show that A” ¢ S<.aq)(A). Let z € 4%, For every n € R%, the set P;j(g x)
is an open neighborhood of = with respect to 73. Hence there exists y €
AN P;;l(g x), soy <z and d(y,z) <n. We deduce that disty(< z, A) <7
for all n € R*, whence disty(< @, A) = 0 and so z € Si< 4)(4).

Conversely, let z € S(< 4)(A). For showing that = € Zd, it is sufficient
to show that any neighborhood V of x with respect to 7; intersects A. By
definition of 74, there is 7 € R” such that Pgl (<) C V. On the other hand,
since distq(< x, A) = 0, we can find y € A such that y < z and d(y,z) <.
Thus y € AN P#(S x) C ANV, sothat ANV # 0, and the proof of the

lemma is complete. O

Remark 4. (a) The topology 74 satisfies the axiom (C1) (see Remark 1 (c)).

(b) In view of Lemma 3, the topology 74 actually coincides with the
S<-topology considered in [2, §2] (with the slight difference that in [2], d
is assumed to be defined on P x P instead of P2, with values in [0, +00)
instead of [0, +o0]). -

Now let us denote by 7(< 4y the <-ascending extension of 74, in the sense
of Section 2. The closed subsets for the topology 7(< ) are the so-called
(<, 7q)-closed subsets of Section 2; here, for simplicity, we will call them
(<,d)-closed subsets. Also recall that 74 C (< gy, hence Pg(g T) € T(<.q)
for alln € R}, x € P.

By Z(S’d)
ie., Z(S’d) is the smallest (<, d)-closed subset in P which contains A, and
A is itself (<, d)-closed if and only if A=Y _ g,

we denote the closure of A with respect to the topology 7(< 4,
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In the next lemma, we write
Li<a)(A) :== Li<7)(A) ={z € P:3(z,) C A <-ascending with z, 4 x}

(see, again, Section 2) while S(< 4)(A) comes from Lemma 3 above. Recall
that P(z)={ye P:y<z}and P(>z)={ye P:x <y}

Lemma 4. (a) For every x € P, the subset P(< x) is open for the topology

7d, thus also for T(< 4); the subset P(> x) is closed for the topology T4, thus

also for T(< qy. In particular, < is self-closed with respect to 74 and to T(< q).-
(b) For every A C P, we have the inclusions

—(<,d
AC L(§7d) (A) C A(S ) C S(§7d) (A)

(c) The subset A is closed with respect to T(< q) if and only if the first
two inclusions of (b) are equalities. The subset A is closed with respect to
74 if and only if all inclusions of (b) are equalities.

Proof. (a) Let x € P. Let y € P(< x) and choose any 19 € R%. Since <
is transitive, we easily have the inclusion P,;io(g y) C P(< z), which shows
that y is an interior point of P(< x), by the definition of the topology 74;
hence P(< ) € 74 C (< q)-

Next let y € P\ P(> x) and, again, we choose any 19 € R%. For
any z € P,;io(g y), since z £ y and z < y, we must have z £ z, hence
z € P\ P(> z). This shows that P(> x) is closed with respect to 74 as well

as with respect to 7(< 4.

(b) The inclusion A C L< 4)(A) is immediate. Since A C Z(S’d), we

*(S:d)) — Z(S,d)

easily have L(< 4)(4) C L<q)(A
comes from the fact that A7 is (<, d)-closed. Finally, note that S(< 4)(A)
contains A and is closed with respect to 74 (due to Lemma 3) thus with

, where the last equality

respect to T(< 4) (since 74 C T(< g)); this yields A= - S(<,a)(A) as asserted.

(c) The first assertion comes from (b) and the fact that A is closed with
respect to T(< g if and only if A = Z(S’d). The second assertion follows
from (b) and the fact that A is closed with respect to 74 if and only if

A= Si<a(A) (due to Lemma 3). O

Remark 5. (a) All the inclusions in Lemma 4 (b) may be strict in general.
Take for instance P = [0, 1] x [0, 1] equipped with the preorder < given by

r=2'<1 and y<y' <1, or
(z,y) < («',y) if r<2'<1 and ¢y =1, or
=1,
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and the map d : P2 — [0,+0oc) defined as the restriction of the standard

metric on P. If A =1[0,1) x [0,1), then it is easy to see that

(£,d)

|

A C LA =10,1)x[0,1] — (10,1) x [0,1) U {(1,1)}

=

(b) For x € P, note that

Lica({a}) = @15 = Scp({a)) = {y € P2 <y, d(z,y) = 0}

In particular, a singleton {z} is (<,d)-closed if and only if every y €
P(> )\ {z} is such that d(z,y) # 0. Thus the topology 7(< q) satisfies
the separation axiom (77) (that is, singletons are (<, d)-closed in P) if and
only if d is nondegenerate, that is, (z,y) € P2 and x # y imply d(z,y) # 0.

Note also that if  is minimal with respect to the preorder <, which
equivalently means that P(< x) = {z}, then Lemma 4 (a) implies that the
singleton {z} is (<, d)-open whatever d we consider.

3.2 Preordered uniform space

We call <-uniform structure on (P, <) a (nonempty) family D of <-pseudo-
metrics on P, and then we call the triple (P, <,D) a preordered uniform
spagce.

This gives rise to topologies on P:

e Let 7p be the coarsest topology on P which contains 7, for alld € D. In
other words, a basis for this topology is formed by finite intersections
Urn...NUg with Uy,..., Uy € Ugep7a- We will use the notation

Tn Dyorif (z,) C P converges to z with respect to the topology 7p.

e Let 7(< p) denote the <-ascending extension of 7p in the sense of Sec-
tion 2. In other words, the closed subsets for the topology 7(< p) are
the (<, 7p)-closed subsets of P — which we will rather call (<, D)-
closed for simplicity. Recall that A C P is (<, D)-closed if, for every

<-ascending sequence (z,) C A such that z, A x, we get z € A.

Remark 6. (a) We have the inclusion 7p C 7(< p) (see Lemma 1 (a)). More-
over, since | Jyep 74 C 7p, we have Uycp T(<,a) C T(<,p) (due to Remark 2).

(b) The preorder < is self-closed with respect to the topologies m7p and
T(<,p)- Indeed, for every z € P, taking any d € D, we know that P(> x)
is closed for the topologies 74 and 7(< 4y (see Lemma 4 (a)). In view of the



On Ekeland variational principle for preordered uniform space 374

inclusions pointed out in part (a) above, we conclude that P(> x) is also
closed for 7p and for 7(< p).
(c) Part (b) of the present remark tells us that if (z,) C P is <-ascending

and 7, > x, then x,, < z for all n (we apply Lemma 2 (b) with 7 = 7p).

Remark 7. If < is the trivial preorder on P (i.e., z < y for all z,y € P),
then a <-pseudometric d : P2 = P x P — [0, +0oc] is an écart in the sense
of [1, Chapitre IX]. For a family D of écarts on P, the pair (P, D) is called a
uniform space, and 7p is the topology on P considered in [1, Chapitre IX].
Thus we retrieve the classical notion of uniform space when we restrict to
the case of the trivial preorder on P.

Lemma 5. Let (z,) C P be a <-ascending sequence and let v € P. The
following conditions are equivalent:

(i) xy z x;
(ii) @y — @ with respect to the topology T(< p);
(iil) @ 4 for alld € D.

Proof. The equivalence between (i) and (ii) comes from Lemma 1 (b). The
implication (i)=-(iii) is easily implied by the fact that 7; C 7p for all d € D.
It remains to show (iii)=-(i). So assume that z,, — x with respect to 74
for all d € D. Let V C P be a neighborhood of x for the topology . By
definition of that topology, V' contains a subset of the form

UinNn...NnUg

where, for every ¢ € {1,...,k}, there is d; € D such that U; is an open neigh-

borhood of x for the topology 74,. For every ¢, since zy, LY x, there is a rank

n; € N such that z, € U; whenever n > n;. Setting ng = max{ni,...,ng},
we obtain that =z, € Uy nN...NU, C V for all n > ng. This shows that
x, — x with respect to 7p, and (i) is established. O

We need a notion of completeness for the preordered pseudometric spaces
(P, <,d) and the preordered uniform space (P, <,D). Let us present it now.

e A <-ascending sequence (x,) is said to be d-Cauchy if, for every n €
R% , there is a rank mg such that, whenever ng < m < n, we have
(T, Tn) <M.
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e We say that P is (<, d)-complete if every d-Cauchy <-ascending se-
quence (x,) C P is convergent with respect to the topology 74 (or,
equivalently, with respect to 7(< 4); see Lemma 1 (b)).

e A <-ascending sequence (x,) is said to be D-Cauchy if it is d-Cauchy
for all d € D.

e We say that P is (<, D)-complete if every D-Cauchy <-ascending se-
quence is convergent with respect to 7p (or equivalently to T(<,D); See
Lemma 5).

Remark 8. (a) The fact that P is (<, D)-complete does not imply that P is
(<, d)-complete for every or even for some d € D, as shown by the following

example. Let P = (0, +00) be endowed with the trivial preorder < and let
D = {dy,d>} with

1 1
di(z,y) = |r —y| and dz(x,y):b—g’ for all z,y € P.

Thus P is neither (<, dy)-complete nor (<, d2)-complete. However, we claim

that P is (<, D)-complete. Indeed, if (x,,) C P is D-Cauchy, then there must

be ng € N such that |z, — 2y,| < 1 and |-+ — -L| < 1 for all n > ng, which
n ’VLO

easily implies that there must be a,b € (0,400) such that a < x,, < b for
all n. The metrics dy, da are equivalent on the interval [a, b], and we obtain
that there is x € [a,b] with z,, — 2 with respect to both d; and da, thus

also x, 2 by Lemma 5.

(b) The fact that P is (<, d)-complete for all d € D is also not sufficient
for ensuring that P is (<, D)-complete. Take for instance P = [0,1] U {1"}
endowed with the partial order < whose restriction to [0, 1] is the standard
total order and such that x < 1’ for all x € [0,1), and 1,1 are not compa-
rable. Let d,d’ : P2 — [0, +00) be the <-pseudometrics whose restrictions
to [0, 1) are given by the standard metric and such that

diz,1)=d(z,1")=1—2, d(z,1")=d(x,1)=2—2 forallzel0,1).

It is easy to see that every <-ascending sequence (x,) C P converges with
respect to both d and d’, and this guarantees that P is both (<, d)-complete
and (<, d’)-complete. However the sequence (z,,) given by x,, =1 — % is D-
Cauchy (since it is both d-Cauchy and d’-Cauchy) but not convergent with
respect to 7p: this follows from Lemma 5 combined with the observation
that 1 (resp., 1’) is the only limit of (z,,) with respect to d (resp., d') and
1+£1.
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(c) Here we assume that D is directed in the sense that, for all dy,ds € D
there is d3 € D with d; < d3 and dy < d3. We assume also that, for alld € D,
every non-stationary <-ascending sequence (x,) has at most one limit with
respect to d. Then, in this case, the implication

(P is (<,d)-complete for alld € D) = Pis (<,D)-complete (1)

holds. For showing this, let (z,,) C P be a D-Cauchy <-ascending sequence.
If (x,,) is stationary then it is immediately convergent with respect to D, so
we can assume that (z,,) is not stationary. We have that (x,,) is d-Cauchy for
every d € D. Since P is (<, d)-complete, there is z% € P with z, 2. this
limit a priori depends on d, but we claim that z% = z% for all di,dy € D.
The assumption that D is directed yields d3 € D such that d; < d3 and
do < d3. We have z,, 63 2% thus also x, ﬂ x% and x, @, :cd3, due to
the previous inequalities. Since (x,) is not stationary, it has at most one
limit with respect to di, whence 2% = 2%, Similarly, % = 2%, and finally
x4 = 2% our claim is established. That claim yields z € P such that
Tn 2 4 for all d € D and, therefore, x,, B by virtue of Lemma 5. This
proves that P is (<, D)-complete.

Even under the additional assumptions considered in the present part (c),
the converse of (1) is not true. Take for instance (P, <), di, ds as in part (a)
above, and set in addition ds(x,y) = max{d;(z,y),d2(x,y)} for all x,y € P,
and D = {dy,da,ds}. Thus D is directed and every sequence (z,) C P has
at most one limit with respect to dj, ds,ds (since these are metrics). With
the same argument as in part (a), P is (<, D)-complete. However, as shown
in (a), it is neither (<, d;)-complete nor (<, dg)-complete.

4 Statement of main results

Our first main result concerns a map f : P — R U {+oc0}. Let dom(f) =
f~Y(R) denote the domain of f.

e We say that f is (<, D)-submonotone if, for every <-ascending se-

quence (z,) C P and = € P such that z, B 2 and (f(xy)) is nonin-
creasing, we have f(z) < f(x,) for all n.

e We say that f is >-locally bounded from below if, for every = € dom(f),
there is p € R such that

YweP, z<y = [f(y)>pu
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Theorem 1. Let (P,<,D) be a preordered uniform space which is (<,D)-
complete. Let f : P — R U {400} be (<,D)-submonotone and >-locally
bounded from below. Let x € dom(f). Then there is y € dom(f) such that

(a) = <y,
(b) d(z,y) < f(z) — f(y) for all d € D;

(¢) whenever z € dom(f) and 2’ € P are such that y < z < 2/, we have
the implication

Ad € D, d(z,2") >0
= 3deD, (d(y,2) > f(y) = f(z) or d(z2)> f(z) = f(2))
For our second main result, instead of a single map f, we consider a
family F = {fy}aep of maps fq: P = RU {+o0}.

e We say that F is (<, D)-submonotone if, for every <-ascending se-

quence (z,) C P and x € P such that x, B 2 and (fa(xy)) is non-
increasing for all d € D, we have fy(z) < fy(x,) for all n and all
deD.

e We say that F is >-locally bounded from below if, for every x €
dom(F) := (\zep dom(fq), there is a family {41q}qep C R such that

VyeP, <y = (VdeD, foy)> pa)-

Theorem 2. Let (P,<,D) be a preordered uniform space which is (<,D)-
complete. Assume that D is (at most) countable. Let F = {fa}aecp be a
family of maps fg : P — RU {400} which is (<, D)-submonotone and >-
locally bounded from below. Let x € dom(F). Then there is y € dom(F)
such that

(a) x <y;
(b) d(z,y) < fa(z) — fa(y) for all d € D;

(¢) whenever z € dom(F) and 2’ € P are such that y < z < 2/, we have
the implication

Ad € D, d(z,2') >0
= 3deD, (dy,z) > faly) — fa(z) or d(z,2') > fa(z) — fa(')).

The proofs of Theorems 1 and 2 are given in Section 5.
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5 Proofs

5.1 Key tool: Ekeland variational principle over monoids

The key tool for proving our main results is a version of the Ekeland varia-
tional principle over monoids, established in [3]. We give the full statement
here for making this paper as self-contained as possible (also, the result
presented below is slightly rephrased).

o Let (K,+) be a commutative monoid, with neutral element 0 and
we denote by K’ its subset of invertible elements. The set K is also
equipped with a preorder < and a countable collection of subsets V
which is stable under finite intersections and such that

)V ={o}

vey

We will write
K+::{a€K:O§a}, K;Z:KIHK_F.

For (apn)nen C K, we write o, — 0 if every V € V contains «,, for all
but finitely many n. We assume the following;:

A) VaeK, {peK:p<a}lcK.

B) Va,B,7v€K, a<f = a+y<B+7.

C)VWeV, VaecK NV, {feK:0<p<a}CV.

)

D) VW eV, VaeK, 3N >1,VY81,...,8x € K\ \V, Bi+...+8x £
Q.

(E) Va € K, v(ﬁn)neN C Ky, (a < fBn Vn and B, — 0) = a<0.

(
(
(
(

e Let P be a nonempty set endowed with a preorder < and a map
§:P2={(z,y) ePxP:ax<y} - Ky

such that §(x,z) = 0 for all x and 6(z, 2) < §(z,y) + d(y, 2) whenever
r<y< oz
e In this context, a <-ascending sequence (x,) C P is said to be

e 0-convergent to x if x, < z for all n and 6(z,,x) — 0O;

e §-Cauchy if for every V € V there is ng such that 6(x,,z,) € V
whenever ng < m <n.
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Finally P is called (<, 0)-complete if every ¢-Cauchy <-ascending se-
quence (z,,) C P is d-convergent to some x.

e Given amap f: P > K,

e we write dom(f) = f~1(K’);

e we say that f is (<,0)-submonotone if, for every <-ascending
sequence (zy) C dom(f) which is §-convergent to z,

(f(zn) < f(zm) Vm,n with m <n) = f(z) < f(zm) Ym;

e we say that f is locally bounded from below if, for every x €
dom(f), there is p € K’ such that

VyeP, (z<y and f(y)<f(z)) = [f(y)=p

(The latter notion is a special case of the notion of “locally finitely
bounded from below” map considered in [3].)

In this setting, we have (see [3, Theorem 1]):

Theorem 3. Let K, P be as above, assume that P is (<, d)-complete and
let f: P — K be (<,6)-submonotone and locally bounded from below. Then,
for every x € dom(f), there is y € dom(f) such that

(a) v <y;
(b) 6(z,y) < f(z) — f(y):

(c) whenever z,2z" € dom(f) satisfy y < z < 2’ and §(z,2") # 0, we have
0(y,2) £ fly) = f(2) or 6(2,2) £ f(2) = f(&).

Example 1. (a) The typical example of monoid to which the result applies
is K = RU {400} endowed with the standard addition + and total order
<, and with the countable collection of subsets V := {(—r,7)},eqs. Then
conditions (A)—(E) are easily fulfilled. Note also that K' = R, K, = [0, +o0],
and K| = [0, 4+00).

(b) As another example, consider the set of sequences

K = (RU {+00})" = {(@)nen : a € RU{+00}}
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which is a commutative monoid for the standard componentwise addition,
the neutral element is the zero constant sequence. We endow K with the
partial order given by

We consider the countable collection of subsets V = {V;,} parametrized by
pairs (I, r) formed by a nonempty finite subset I C Nand amap r: I — Q% ,
1 — 1;, and with

Vip ={(an) € K: oy € (—r,1;) Vie I}

Here we have K’ = {(a,) : ap, < +o0o ¥n} = RN, K, = [0, 4+oc]Y, and
K/, = [0,+00)N. Again it is straightforward to check that (A)—(C) hold
true. For showing (D), let V' = Vi, € V, with I C N nonempty finite
and r : I — Q%. Let @ = (ay) € K = RN, For every i € I, since
ri € QF and o; € R, we can find N; € N* such that N; > % We set
No = max{N; : i € I} and N = Ngcard(). Now let fy,...,6n € K/, \ V.
For m € {1,..., N}, we write B, = (Bm.n)nen. For every m € {1,..., N},
the assumption that 3,, € K/, \ V yields

Iy ={i€l:Bm;>ri}#0.
Fix any i, € I, so that we obtain a map
F:{1,....N} =1, mw>ip,.

Since N = Ny card([), there is i € I with card(F~1(i)) > Np. Since By, ; > 0
for all m € {1,..., N} (because (3, € K/, ), we obtain

NE

Bm,i > Z Bm,i = Nor; > .
m=1 meF—1(7)

Whence 51 + ...+ OBy £ a. This shows (D).

For showing (E), let a € K and (,,)neny C K4 be such that o < , for
all n and B, — 0. We write 8, = (8n,i)ien. For every i € N, we aim to show
that a; < 0. Tothisend, let e € Q% ,set I = {i}andr: 1 — Q%,i—r; =¢.
Since V := V;, € V and 8, — 0, there is ng € N such that 3, € V for all
n > ng. Using in addition that 3, € K4, this yields 0 < 3, ; < ¢ for any
n > ng and, therefore, a; < 8, ; < €. Since this holds for any ¢ € Q7 , we
conclude that «; < 0 and the argument is complete.
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5.2 Proof of Theorem 1

We aim to apply Theorem 3 to the monoid K = R U {400} equipped with
the standard addition + and total order <, as in Example 1(a) and with
V ={(—¢,€)}ecqr . As explained in Example 1 (a), conditions (A)—(E) are
fulfilled. For applying Theorem 3, we also consider our preordered set (P, <)
endowed with the map

§: P2~ [0,+00], (z,y) > supd(z,y).
- deD

We clearly have 0(x,z) = 0 for all z € P, moreover it is straightforward to
check that 6(z,z) < d(x,y) + 0(y, z) whenever z <y < z.

For checking the applicability of Theorem 3 to the considered setting,
we need to show that

e Pis (<, d)-complete;
o fis (<, d)-submonotone.

For checking the first assertion, let (z,) C P be a <-ascending sequence
which is J-Cauchy. For every d € D, the fact that d(z,y) < §(z,y) for all
(x,y) € Pé easily implies that (x,) is d-Cauchy. Hence (z,) is D-Cauchy.

Knowing that P is (<, D)-complete, we find € P such that z, z z, in
particular z, < x for all n (see Remark 6(c)). We claim that (z,) is J-
convergent to x. To see this, fix V € V, V = (—¢,¢) with ¢ € Q. Using
that (x,) is 6-Cauchy, there is ng € N such that §(x,,,r,) < 5 whenever
ng < m <n. We claim that

0(zm, ) < e whenever m > nyg. (2)

Indeed, let m > ng and let d € D. Since z, 2 x, by virtue of Lemma 5

d .
we have also z,, — x, so there is ng € N such that d(z,,z) < § whenever

n > ny. Now we set n = max{m,n(} and we obtain

A, x) < d(Tm, ) + d(2n, ) < (T, Tn) + d(zp, ) < g + % =e.
Since this holds for all d € D, we get (2). The fact that (z,) is 6-convergent
to x is now justified, and we have established that P is (<, d)-complete.

For showing the second assertion, let (z,) C dom(f) be a <-ascending
sequence, which is d-convergent to z € P (in particular, =, < x for all n)
and such that f(x,) < f(z,,) for all m,n with m < n. For every d € D,
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since d(z,y) < 6(x,y) for all (z,y) € P%, we obtain that z,, % . Whence

2y Bz (see Lemma 5). Using that f is (<, D)-submonotone, we conclude
that f(x) < f(x,,) for all m, and the fact that f is (<, d)-submonotone is
established.

We are in position to apply Theorem 3, which, given z € dom(f), pro-
vides us with an element y € dom(f) satisfying conditions (a)-(c) therein.
Let us deduce that the same element y satisfies conditions (a)—(c) of Theo-
rem 1.

Condition (a) of Theorem 1 coincides with condition (a) of Theorem 3.

Condition (b) of Theorem 3 tells us that 6(x,y) < f(x) — f(y). By
definition of ¢, this means that d(z,y) < f(x) — f(y) for all d € D, which is
exactly condition (b) of Theorem 1.

Finally, let z € dom(f) and 2’ € P be such that y < z < 2’ and assume
that d(z,2") > 0 for some d € D. By definition of ¢, this yields §(z, 2’) # 0.
If f(2') = 400 then the inequality d'(z,2") > f(z) — f(7') is immediate for
all d' € D, so we can assume that z’ € dom(f). Condition (c) of Theorem
3 now implies that d(y, z) > f(y) — f(z) or §(z,2") > f(z) — f(2) (recall
that in our situation the monoid K = R U {400} is endowed with its total
order <). Invoking again the definition of §, these formulas mean that there
is d € D such that d(y,z) > f(y) — f(z) or there is d € D such that
d(z,2") > f(z) — f(2), which matches with the conclusion of part (c) of
Theorem 1. The proof of Theorem 1 is complete.

5.3 Proof of Theorem 2

We write D = {d,, }nen (that is, we fix a surjective map N — D, which is pos-
sible since D is at most countable). Also we write for simplicity f, = fq, for
all n € N, so that F = {f,}nen. We consider the monoid K = (RU {400})N
equipped with the addition +, the partial order <, and the set V as in Exam-
ple 1 (b). Furthermore, let § : P2 — K, = [0, +00]", (x,9) > (dn(2,9))nen-
Clearly, 6(z,z) = 0 for all z € P, where 0 denotes the neutral element in K
(i.e., the zero constant sequence). Moreover, whenever z < y < z, we have
dn(z,2) < dp(z,y)+dn(y, z) for all n € N, whence d(z, z) < d(x,y)+d(y, 2).
We aim to apply Theorem 3 with K and ¢ as above and to the map

f P — K, T = (fn(x))nGN
We need to check that

e Pis (<, 6)-complete;
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e fis (<, d)-submonotone;
e f is locally bounded from below.

Let us prove the first assertion. Let (x,,) C P be a <-ascending sequence
and assume that (z,,) is 6-Cauchy. Let us show that (x,) is D-Cauchy. To do
this, for every d = d; € D with i € N, we have to show that (z,) is d-Cauchy.
Solet e € Q. Set I = {i} and r : I — Q% , i — r; = e. Considering V =
Vi (see Example 1 (b)), we find ng € N such that whenever ng < m < n,
we have 6(xy,, ;) € V. The latter inclusion means that d(x,, z,) < . We
obtain that (z,) is d-Cauchy for all d € D, and so D-Cauchy as claimed.
Knowing that P is (<, D)-complete, it follows that there is « € P such that

2y 3 x, in particular z,, < z for all n (see Remark 6 (c)).
We verify that (z,,) is d-convergent to x and this will conclude the argu-
ment for showing that P is (<,d)-complete. Let V = V7, € V with I C N

finite and r : I — Q7. For every i € I, we know that xz, Lo (see Lemma
5). Hence there is n; € N such that d;(z,,x) < r; whenever n > n;. Set
ng = max{n; : ¢ € I'}. For every n > ng, we then obtain that d;(x,,z) < r;
for all ¢ € I, whence §(z,,z) € V. Therefore, (x,) is d-convergent to x.

Next we show that f is (<, d)-submonotone. To do this, let (z,) C
dom(f) be a <-ascending sequence which is J-convergent to x € P (thus
xn < a for all n) and such that f(x,) < f(z,) for all m,n € N with m <n.
By definition of f, the latter inequality tells us that f;(z,) < fi(zy,) for all
m,n € N with m <n and all i € N, i.e., (fi(zn))nen is nonincreasing for all
ieN.

Moreover, note that x, 2 .. Indeed, by Lemma 5, it suffices to see
that % ¢ for every i € N. For seeing this, let ¢ € Q% . Set I = {i} and
r:1 — Q%,i— €. Since (x,) is é-convergent to x, there is ng € N such that
d(xn,z) € Vi, whenever n > ng; whence d;(x,,r) < € whenever n > ny.

Therefore, B

Now we can invoke the assumption that F is (<, D)-submonotone, from
which we obtain that f;(z) < fi(zy,) for all i € N and all m € N, hence
f(z) < f(xy,) for all m € N. The argument for showing that f is (<,§)-
submonotone is complete.

Let us now establish the third assertion saying that f is locally bounded
from below. Let x € dom(f). This means that f;(z) < 400 for all i € N,
ie., € (,cydom(f;) = dom(F). Using that F is >-locally bounded from
below, there is a family {u;};eny C R such that p; < fi(y) whenever y € P
satisfies © < 3. Set u = (1;)ien € RY = K’. We obtain that for every y € P
such that z <y, we have u < f(y). The argument is complete.
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The above assertions allow us to apply Theorem 3. Let x € dom(F) =
dom(f). There exists y € dom(f) = dom(F) fulfilling (a)—(c) of Theorem
3. We claim that the same element y also fulfils (a)—(c) of Theorem 2.
Condition (a) is exactly the same for both theorems so we only have to
consider conditions (b) and (c).

Theorem 3 (b) tells us that the relation 6(x,y) < f(x)— f(y) holds in the
monoid K. This means that d;(z,y) < fi(z) — fi(y) for all i« € N, in other
words d(z,y) < fa(x) — fa(y) for all d € D. Condition (b) of Theorem 2 is
established.

Finally, let z € dom(F) = dom(f) and 2’ € P be such that y < 2z < 2/
and d(z,2') > 0 for some d = d; € D. Since 0(2,2') = (d;(2,2'))jen,
we obtain that d(z,2’) is different from the zero constant sequence (the
neutral element of K). If 2/ ¢ dom(f), then there is d = d; € D such
that fo(2') = fj(¢') = +oo, thus d'(z,2") > faor(2) — for(#'). Now assume
that 2’ € dom(f). By Theorem 3 (c), we then have §(y,2) £ f(y) — f(z) or
5(z,7") £ f(2) — f(2). Due to the definition of the partial order < of K,
we conclude that there is d’ = d; € D such that d'(y, z) > fa(y) — fa(z) or
there is d' € D such that d'(z,2") > fu(2) — far(2'). Thus condition (c) of
Theorem 2 holds, and the proof of the theorem is complete.
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