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Abstract

Some classes of general preinvex equilibrium equations are intro-
duced and investigated. Using fixed point, auxiliary principle tech-
nique and dynamical systems coupled with finite difference approach,
we suggest and analyze a number of several multistep iterative methods
for solving the general preinvex equilibrium equations. Convergence
analysis of these methods is investigated under suitable conditions.
Sensitivity analysis of the preinvex equilibrium equations is also con-
sidered. Various special cases are discussed as applications of the main
results. Several open problems are suggested for future research.
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1 Introduction

Equilibrium problems theory introduced by Blum et al. [5], Noor [30–34] and
Noor et al. [51] provides us with a unified, natural, innovative and general
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framework to study a wide class of problems arising in economics, finance,
transportation, network, cooperative game, Nash equilibrium, data sciences,
structural analysis, elasticity and optimization. Equilibrium problems the-
ory has witnessed an explosive growth in theoretic advances, algorithmic
aspects and applications across all discipline of pure and applied sciences.
This theory provides a novel and unified treatment of problems arising in The
ideas and techniques of this theory are being used in a variety of diverse ar-
eas and proved to be productive and innovative. Equilibrium problems have
been extended and generalized in many directions using novel and innova-
tive techniques, see [5, 11, 13, 15, 16, 20, 22, 29–34, 41, 48, 49, 51–53, 59, 60, 67]
and the references therein.

Several complex problems, which arise in different branches of math-
ematical and engineering sciences such as physical, biomedical, regional,
optimization, ecology, economics and engineering sciences, can be studied
in the general and unified framework of nonlinear equations. Different tech-
niques including including Taylor series, quadrature formulas, Trapezoidal
rule, variation iterations, homotopy perturbation, decomposition methods
and Lax-Milgram lemma are being suggested and analyzed in recent years
to find the approximate solutions of the nonlinear equation. For more detail,
see [6,7,14,15,21,23,35–41,43–47,49,50,53,62,63] and the references therein.
It has been proved that the general nonlinear equations are equivalent to the
fixed point problems. This equivalent formulation has been exploited to sug-
gest and analyze several multi-step explicit and implicit iterative methods for
solving nonlinear nonlinear equations. In particular, these multi step meth-
ods can be viewed as novel modifications and generalizations of Noor (three
step) iterations, the origin can be traced back to Noor [27, 31]. These Noor
(three-step) iterations include Ishikawa (two-step) iterations, Mann (one-
step) iteration and Picard method as special cases. Three step Noor itera-
tions are a class of iterative methods used to find fixed points of nonexpansive
mappings in Banach spaces. These methods are particularly useful in various
fields such as finance, economics, network analysis, elasticity, optimization,
water resources, medical images, and structural analysis. The iterations con-
verge to a fixed point of the nonexpansive mapping, which is a solution of a
variational inequality, under certain mild conditions [15]. The convergence
criteria for these new iterations are supported by recent results conducted
by various authors in the field of functional analysis and optimization. Noor
iterations, a powerful three-step method generalizing Mann/Ishikawa, offer
novel aspects like generating complex fractal structures (Julia/Mandelbrot
sets) with unique boundaries resembling natural forms and improved conver-
gence for solving nonlinear problems, finding applications in signal recovery,
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image inpainting, polynomiography, solar energy optimization and control-
ling chaotic systems (cardiac arrhythmia) [3]. These orbits reveal richer
dynamics than simpler methods, linking fixed-point theory to engineering
and climate modeling, with recent work focusing on faster convergence and
applications in quantum/computational fields. For the applications, gener-
alizations, modifications, extensions and other aspects of Noor (three-step)
iterations, see [2–4, 7, 15, 17, 18, 27, 31, 33, 43–46, 48, 53–60, 64, 66] and the
references therein.

Motivated and inspired by the research activities in this fast developing
field, we introduce and study some new system of general preinvex equilib-
rium equations involving some arbitrary nonlinear operators. We establish
the equivalence between the general preinvex equilibrium equations and the
fixed point problem. This alternate equivalence is used to prove the existence
of the solution as well as to suggest multi step methods. Convergence criteria
is also analyzed under some weaker conditions. To discuss the asymptotic
stability of the solution and to suggest multi-step iterative methods, we ap-
ply the dynamical system technique, which is mainly due to Dupuis et al. [10]
as developed in [10,16,28,31,42,43,46–48,52,53,64,65]. This is entirely new
way of considering the multi-step methods for solving general preinvex equi-
librium equations. We introduce first order, second order and third order
initial value and boundary value problems for computing the approximate
solution of the preinvex equilibrium equations, which is main domain of dif-
ferential equations. This technique is used to consider the the qualitative
results such as the existence, uniqueness continuous dependence and the
global stability of the solution of preinvex equilibrium equations. Making
use of finite forward backward interpolation and discretizing the dynami-
cal systems, several multi-step iterative methods for solving the preinvex
equilibrium equations analyzed. In section 5, we explore the auxiliary prin-
ciple technique to suggest some iterative schemes for solving the preinvex
equilibrium equations along with convergence criteria under weaker condi-
tions. The main idea involving this technique is to first consider an auxiliary
problem and then to show that the solution of the auxiliary problem is the
solution of the original problem by using the fixed-point approach. Noor [25]
has modified the auxiliary principle technique involving an operator and dis-
cussed its applications in information theory and machine learning [57]. It
has been shown that these new iterative methods include a wide class of
known and new iterative methods as special cases. Dafermos [9] considered
the sensitivity analysis considered the sensitivity of the variational inequal-
ities using essentially the projection method. The sensitivity analysis helps
us to estimate the problem data, measuring errors and predict the future
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changes of the equilibrium as a result of changes in the governing system.
From mathematical and engineering point of view, sensitivity analysis can
provide new insight regarding problems being studied and can stimulate new
ideas and techniques for problem solving the problems. We also study the
sensitivity analysis of the preinvex equilibrium equations in section 6. We
have only investigated the theoretical aspect of the results regarding appli-
cations of various techniques for solving the preinvex equilibrium equations.
Developments of the numerically applicable efficient methods and compar-
ison with methods and their applications need further research efforts and
can be considered important open problems. It is expected the techniques
and ideas of this paper may be starting point for further research.

2 Formulations and basic facts

Let H be a real Hilbert space and K ⊆ H be a closed convex set. We denote
by 〈·, ·〉 and ‖ · ‖ the inner product and norm, respectively. We also need the
some basic concepts from the convex analysis [6, 19] and Noor et al. [53].

For a given nonlinear operator T : H −→ H and continuous bifunctions
E(., .), η(., .) : H×H −→ H, we consider the problem of finding µ ∈ H such
that

E(T (µ), η(ν, µ)) = 0, ∀ν ∈ H, (1)

which is called the preinvex equilibrium equation.
For an arbitrary operator g : H −→ H, the problem (1) is equivalent to

finding µ ∈ H such that

g(µ) = g(µ)− ρE(T (µ), η(ν, µ)), ∀ν ∈ H, (2)

where ρ is a parameter, is called the general preinvex equilibrium equation.

Special cases

We now point out some very important and interesting problems, which can
be obtained as special cases of the problem (2).

(I). If g = I, then the problem (2) reduces to finding µ ∈ H, such that

µ = µ− ρE(T (µ), η(ν, µ)), ∀ν ∈ H, (3)

which is the system of preinvex equilibrium equations.



K.I. Noor, M.A. Noor 91

(II). If E(T (µ), η(ν, µ)) = T (µ), then the problem (2) reduces to finding
µ ∈ H such that

g(µ) = g(µ)− ρT (µ), ∀ν ∈ H, (4)

which are called the general nonlinear equations.

(III). For E(T (µ), η(ν, µ)) = 〈T (µ)−f, ν−µ〉, the problem (3) is equivalent
to finding µ ∈ H such that

〈T (µ), ν − µ〉 = 〈f, ν − µ〉, ∀ν ∈ H (5)

is called the generalized Lax-Milgram Lemma. It is shown [20, 24, 31,
52, 53] that the symmetric and positive boundary value problems can
only be studied in the general frame work of the Lax-Milgram Lemma.

We need the following definitions and results in obtaining our results.

Definition 1. An operator T : H → H is said to be:

1. Strongly monotone, if there exists a constant α > 0, such that

〈T (µ)− T (ν), µ− ν〉 ≥ α‖µ− ν‖2, ∀µ, ν ∈ H.

2. Lipschitz continuous, if there exist a constants β > 0, such that

‖T (µ)− T (ν)‖ ≤ β‖µ− ν‖, ∀µ, ν ∈ H.

3. Monotone, if

〈T (µ)− T (ν), µ− ν〉 ≥ 0, ∀µ, ν ∈ H.

Definition 2. The bifunction E(T (.), .) : H×H → H is said to be:

1. Strongly monotone, if there exists a constant α > 0, such that

〈E(T (µ), η(ν, µ))− E(T (ζ), η(ν, ζ), µ− ζ〉 ≥ α‖µ− ζ‖2, ∀ζ, µ, ν ∈ H.

2. Lipschitz continuous, if there exists a constant β > 0, such that

‖E(T (µ), η(ν, µ))− E(T (ζ), η(ν, ζ))‖ ≤ β‖µ− ζ‖, ∀ζ, µ, ν ∈ H.
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3. monotone, if

〈E(T (µ), η(ν, µ))− E(T (ζ), η(ν, ζ)), µ− ζ)〉 ≥ 0, ∀ζ, µ, ν ∈ H.

Remark 1. Every strongly monotone operator is a monotone operator and
monotone operator is a pseudo monotone operator, but the converse is not
true.

3 Iterative methods and convergence analysis

In this section, we use the fixed point formulation to suggest and analyze
some new implicit methods for solving the general preinvex equilibrium non-
linear equations.

Let µ ∈ H be the solution of (2). Then

g(µ) = g(µ)− ρE(T (µ), η(ν, µ)), ∀ν ∈ H,

which can be written as

µ = µ− g(µ) +

[
g(µ)− ρE(T (µ), η(ν, µ))

]
, ∀ν ∈ H. (6)

This implies that the general preinvex equilibrium equation (2) is equivalent
to the fixed point problem. (6). We define the function Φ associated with
(6) as

Φ(µ) = µ− g(µ) +

[
g(µ)− ρE(T (µ), η(ν, µ))

]
, ∀ν ∈ H. (7)

To prove the unique existence of the solution of the problem (2), it is enough
to show that the map F defined by (7) has a fixed point.

Theorem 1. Let the operator g be strongly monotone with constant σ > 0
and Lipschitz continuous with constant δ > 0, respectively. Let the bifunction
E(T (.), .) be Lipschitz continuous with constant β > 0. If there exists a
parameter ρ > 0, such that

ρ <
1− k
β

, k < 1, δ < 1, (8)

where

θ = ρ(β) + k (9)

k =
√

1− 2σ + δ2 + δ, (10)

then there exists a unique solution of the problem (2).
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Proof. Uniqueness.
Let µ1 6= µ2 be the two solution of the problem (6), Then

µ1 = µ1 − g(µ1) + ρE(T (µ1), η(ν, µ1)), ∀ν ∈ H, (11)

and

µ2 = µ2 − g(µ2) + ρE(T (µ2), η(ν, µ2)), ∀ν ∈ H. (12)

Combining (11) and (12), we have

‖µ1 − µ2‖ = ‖µ1 − µ2 − (g(µ1)− g(µ2))

+ρ(E(T (µ1), η(ν, µ1))− E(T (µ2), η(ν, µ2)))‖
≤ ‖µ1 − µ2‖+ ‖g(µ1)− g(µ2)‖

+ρ‖E(T (µ1), η(ν, µ1))− E(T (µ2), η(ν, µ2))‖
≤ (1 + δ + ρβ)‖‖µ1 − µ2‖ = θ1‖µ1 − µ2‖, (13)

where θ1 = 1 + δ + ρβ.
For θ1 ≤ 1, we have 1 + δ + ρβ ≤ 1. Thus

ρβ ≤ −δ,

which is impossible. Consequently, we have the uniqueness of the solution.
Existence.

Since the general preinvex equilibrium equations (6) and (2) are equiv-
alent, so it is enough to show that the map Φ(µ), defined by (7 has a fixed
point. For ∀ζ 6= µ ∈ H, we have∥∥∥∥Φ(µ)− Φ(ζ)

∥∥∥∥ ≤ ∥∥∥∥µ− ζ − (g(µ)− g(ζ))

∥∥∥∥
+

∥∥∥∥[g(µ)− ρE(T (µ), η(ν, µ))]−
[
g(ζ)− ρE(T (ζ), η(ν, ζ))

]∥∥∥∥
≤
∥∥∥∥µ− ζ − ((g(µ)− g(ζ))

∥∥∥∥+

∥∥∥∥g(ζ)− g(µ)

−ρ
(
E(T (µ), η(ν, µ))− E(T (ζ), η(ν, ζ))

)∥∥∥∥
≤
∥∥∥∥µ− ζ − (g(µ)− (ζ))

∥∥∥∥+

∥∥∥∥g(ζ)− g(µ)

∥∥∥∥
+ρ

∥∥∥∥E(T (µ), η(ν, µ))− E(T (ζ), η(ν, ζ))

∥∥∥∥
≤
∥∥∥∥µ− ζ − (g(µ)− g(ζ))

∥∥∥∥+ ρβ

∥∥∥∥ζ − µ∥∥∥∥+ δ

∥∥∥∥ζ − µ∥∥∥∥, (14)
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where β > 0, δ > 0 are Lipschitz continuity constants of the bifunction E(., .)
and the operator g, respectively.

Since the operator g is strongly monotone with constant σ > 0 and
Lipschitz continuous with constant δ > 0, it follows that∥∥∥∥µ− ζ − (g(µ)− g(ζ))

∥∥∥∥2 ≤
∥∥∥∥µ− ζ∥∥∥∥2 − 2〈g(µ)− g(ζ), µ− ζ〉

+

∥∥∥∥g(µ)− g(ζ)

∥∥∥∥2
≤ (1− 2σ + δ2)

∥∥∥∥µ− ζ∥∥∥∥2. (15)

From (14) and (15), we have∥∥∥∥Φ(µ)− Φ(ν)

∥∥∥∥ ≤
{√

(1− 2σ + δ2) + ρβ
}∥∥∥∥µ− η∥∥∥∥ = θ

∥∥∥∥µ− η∥∥∥∥,
where

θ = ρβ + k,

k =
√

1− 2σ + δ2 + δ.

From (8), it follows that θ < 1, which implies that the map Φ(µ) defined by
(7) has a fixed point, which is the unique solution of (2).

We now suggested and analyzed the three step iterative methods for
solving the general preinvex equilibrium equations (2).

Algorithm 1. For a given µ0, compute the approximate solution {µn+1} by
the iterative schemes

yn = (1− γn)µn

+γn

{
µn − g(µn) +

[
g(µn)− ρE(T (µn), η(ν.µn))

]}
(16)

zn = (1− βn)µn

+βn

{
yn − g(yn) +

[
g(yn)− ρE(T (yn), η(ν, yn))

]}
(17)

µn+1 = (1− αn)µn

+αn

{
zn − g(zn) +

[
g(zn)− ρE(T (zn), η(ν, zn))

]}
, (18)
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which are known as the modified Noor iterations.
For γn = 0, Algorithm 1 reduces to:

Algorithm 2. For a given µ0, compute {µn+1} by the iterative schemes

zn = (1− βn)µn + βn

{
µn − g(µn) +

[
g(µn)− ρE(T (µn), η(ν, µn))

]}
µn+1 = (1− αn)µn + αn

{
zn − g(zn) +

[
g(zn)− ρE(T (zn), η(ν, zn))

]}
,

which is known as the Ishikawa iterative scheme for the problem (2).
Note that, for γn = 0 and βn = 0, Algorithm 1 is called the Mann itera-
tive method, that is.

Algorithm 3. For a given µ0, compute {µn+1} by the iterative schemes

µn+1 = (1− βn)µn + βn

{
µn − g(µn) +

[
g(µn)− ρE(T (µn), η(ν, µn))

]}
.

We now study the convergence analysis of Algorithm 1, which is the
main motivation of our next result.

Theorem 2. Let the T (.), .), bifunction E(., .) and the operator g satisfy
all the assumptions of Theorem 1. If the condition (8) holds, then the ap-
proximate solution {un} obtained from Algorithm 1 converges to the exact
solution µ ∈ H of the preinvex equilibrium equations (2) strongly in H.

Proof. From Theorem 1, we see that there exists a unique solution µ ∈ H
of the general preinvex equilibrium equations (2). Let µ ∈ H be the unique
solution of (2). Then, using the fixed point problem (6), we have

µ = (1− αn)µ+ αn

{
µ− g(µ) +

[
g(µ)− ρE(T (µ), η(ν, µ))

]}
(19)

= (1− βn)µ+ βn

{
µ− g(µ) +

[
g(µ)− ρE(T (µ), η(ν, µ))

]}
(20)

= (1− γn)µ+ γn

{
µ− g(µ) +

[
g(µ)− ρE(T (µ), η(ν, µ))

]}
. (21)
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From (18) and (19), we have∥∥∥∥µn+1 − µ
∥∥∥∥ =

∥∥∥∥(1− αn)(µn − µ) + αn(zn − µ− (g(zn)− h(µ)))

+αn

{[
g(µn)− ρE(µn, η(ν, µn))

]
−
[
g(µ)− ρE(T (µ), η(ν, µ))

]}∥∥∥∥
≤ (1− αn)

∥∥∥∥µn − µ∥∥∥∥+ αn

∥∥∥∥µn − µ− (g(zn)− g(µ))

∥∥∥∥
+αn

{∥∥∥∥g(µn)− g(µ)− ρ
(
E(T (µn), η(ν, µn))

−E(T (µ), η(ν, µ))
)∥∥∥∥}

≤ (1− αn)

∥∥∥∥µn − µ∥∥∥∥+ αn(k + ρβ)

∥∥∥∥µn − µ∥∥∥∥
= (1− αn)

∥∥∥∥un − µ∥∥∥∥+ αnθ

∥∥∥∥µn − µ∥∥∥∥, (22)

where θ is defined by (9).
In a similar way, from (16) and (20), we have∥∥∥∥zn − µ∥∥ ≤ (1− βn)

∥∥∥∥µn − µ∥∥∥∥+ 2βnθ

∥∥∥∥yn − µ− (g(yn)− g(µ))

∥∥∥∥
+βn

∥∥∥∥g(yn)− g(µ)− ρ
(
E(T (yn), η(ν, yn))− E(T (µ), η(ν, µ))

)∥∥∥∥
+δ

∥∥∥∥yn − µ∥∥∥∥
≤ (1− βn)

∥∥∥∥µn − µ∥∥∥∥+ βn(k + ρβ)

∥∥∥∥yn − µ∥∥∥∥,
≤ (1− βn)

∥∥∥∥µn − µ∥∥∥∥+ βnθ

∥∥∥∥yn − µ∥∥∥∥, (23)

where θ is defined by (9).
From (16) and (21), we obtain∥∥∥∥yn − µ∥∥∥∥ ≤ (1− γn)

∥∥∥∥µn − µ∥∥∥∥+ γnθ

∥∥∥∥µn − µ∥∥∥∥
≤ (1− (1− θ)γn)

∥∥∥∥µn − µ∥∥∥∥ ≤ ||µn − µ||. (24)
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From (23) and (24), we obtain∥∥∥∥zn − µ∥∥∥∥ ≤ (1− βn)

∥∥∥∥µn − µ∥∥∥∥+ βnθ

∥∥∥∥µn − µ∥∥∥∥
= (1− (1− θ)βn)

∥∥∥∥µn − µ∥∥∥∥ ≤ ||µn − µ||. (25)

Form the above equations, we have∥∥∥∥µn+1 − µ
∥∥∥∥ ≤ (1− αn)

∥∥∥∥µn − µ∥∥∥∥+ αnθ

∥∥∥∥µn − µ∥∥∥∥
= [1− (1− θ)αn]

∥∥∥∥µn − µ∥∥∥∥
≤

n∏
i=0

[1− (1− θ)αi]
∥∥∥∥µ0 − µ∥∥∥∥.

Since
∑∞

n=0 αn diverges and 1 − θ > 0, we have limi→0[1 − (1 − θ)αi] = 0.
Consequently the sequence {un} convergence strongly to µ. From (24), and
(25), it follows that the sequences {yn} and {wn} also converge to µ strongly
in H. This completes the proof.

We suggest new perturbed iterative schemes for solving the general prein-
vex equilibrium equations (2).

Algorithm 4. For a given µ0, compute the approximate solution {µn+1} by
the iterative schemes

yn = (1− γn)µn

+γn

{
µn − g(µn) +

[
g(µn)− ρE(T (µn), η(ν, µ))

]}
+ γnhn

zn = (1− βn)µn

+βn

{
yn − g(yn) +

[
g(yn)− ρE(T (yn), η(ν, yn))

]}
+ βnfn

µn+1 = (1− αn)µn

+αn

{
zn − g(zn) +

[
g(zn)− ρE(T (zn), η(ν, zn))

]}
+ αnen,

where {en}, {fn}, and {hn} are the sequences of the elements of H intro-
duced to take into account possible inexact computations and the sequences
{αn}, {βn} and {γn} satisfy

0 ≤ αn, βn, γn ≤ 1; ∀n ≥ 0,

∞∑
n=0

αn =∞.
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For γn = 0, we obtain the perturbed Ishikawa iterative method and for
γn = 0 and βn = 0, we obtain the perturbed Mann iterative schemes for
solving the general preinvex equilibrium equations (2).

Also, we can suggest the following iterative methods for solving the gen-
eral preinvex equilibrium equations.

Algorithm 5. For a given µ0, compute µn+1 by the iterative scheme

µn+1 = µn − g(µn) +

[
g(µn)− ρE(T (µn+1), η(ν, µn+1))

]
,

which is equivalent to the following two-step method.

Algorithm 6. For a given µ0, compute µn+1 by the iterative scheme

zn = µn − g(µn) +

[
g(µn)− ρE(T (µn), η(ν, µn))

]
µn+1 = µn − g(µn) +

[
g(µn)− ρE(T (zn), η(ν, zn))

]
.

We can rewrite the equation (6) as:

µ = µ− g(µ) +

[
g
(µ+ µ

2

)
− ρE

(
T (
(µ+ µ

2
), η(ν,

µ+ µ

2
)
)]
.

This fixed point formulation is used to suggest the following implicit method.

Algorithm 7. For a given µ0, compute µn+1 by the iterative scheme

µn+1 = µn − g(µn) +

[
g(
µn + µn+1

2
)

−ρE
(
T (
µn + µn+1

2
), η(ν,

µn + µn+1

2

)
)

]
.

Applying the predictor-corrector technique, we suggest the following in-
ertial iterative method for solving the problem (2).

Algorithm 8. For a given µ0, compute µn+1 by the iterative scheme

zn = µn − g(µn) +

[
g(µn)− ρE(T (µn), η(ν, µn))

]
µn+1 = µn − n(µn) +

[
g(
zn + µn

2
)− ρE

(
T (
zn + µn

2
), η(ν,

zn + µn
2

)
)]
.
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We now suggest multi-step inertial methods for solving the general prein-
vex equilibrium equations (2).

Algorithm 9. For given µ0, µ1, compute µn+1 by the recurrence relation

zn = µn − θn (µn − µn−1) , n = 1, 2, ... . . .

yn = (1− γn)zn

+γn

{
zn − g(zn) +

[
g
(zn + µn

2

)
− ρE

(
T (
(zn + µn

2
), η(ν,

zn + µn
2

)
)]}

,

tn = (1− βn)yn + βn

{
yn − g(yn)

+

[
g
(yn + zn + µn

3

)
− ρE

(
T (
(yn + zn + µn

3
), η(ν,

yn + zn + µn
3

)
)]}

,

µn+1 = (1− αn)zn + αn
(
tn − g(tn)

)
+αn

[
g
(zn + yn + tn + µn

4

)
−ρE

(
T (
(yn + zn + tn + µn

4
), η(ν,

yn + zn + tn + µn
4

)
)]
,

where αn, βn, γn, θn ∈ [0, 1], ∀n ≥ 1.

We can rewrite the equation (6) as:

µ = µ− g((1− α)µ+ αµ) +
[
g((1− α)µ+ αµ)

−ρE
(
T ((1− α)µ+ αµ)), η(ν, (1− α)µ+ αµ)

)]
, ∀ν ∈ H,

where α is a constant. This form is used to suggest the following iterative
method.

Algorithm 10. For given µ0, µ1, compute µn+1 by the iterative scheme

µn+1 = µn − ((1− α)µn−1 + αµn) +
[
g((1− α)µn−1 + αµn)

−ρE
(
T ((1− α)µn−1 + αµn)), η(ν, (1− α)µn−1 + αµn)

)]
, ∀ν ∈ H,

which is equivalent to the following inertial iterative method.

Algorithm 11. For given µ0, µ1, compute µn+1 by the iterative scheme

yn = (1− α)µn−1 + αµn) n = 1, 2, ... . . .

zn = µn − g(yn) +
[
g(yn)− ρE

(
T (yn), η(ν, yn)

)]
,

tn = µn − g(yn + zn) +
[
g(yn + zn)− ρE

(
T (yn + zn), η(ν, yn + zn)

)]
µn+1 = µn − g(yn + zn + tn) +

[
g(yn + zn + tn)

−ρE
(
T (yn + zn + tn), η(ν, yn + zn + tn)

)]
, ∀ν ∈ H.
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Using the above technique, one can investigate the convergence analysis
of these inertial iterative methods. We would like to mention that Algorithm
9, Algorithm 8 and Algorithm 11 can be viewed as the new generalizations
of Noor (three-step) iterations [28, 31] for solving the fixed point problem.
Similar multi-step hybrid iterative methods can be proposed and analyzed
for solving the general preinvex equilibrium equations (2), which is an in-
teresting problem.

4 Dynamical systems technique

In this section, we consider the dynamical systems technique for solving
the general nonlinear equilibrium equations. The projected dynamical sys-
tems associated with variational inequalities were considered by Dupuis
and Nagurney [10]. It is worth mentioning that the dynamical system is
a first order initial value problem. Consequently, variational inequalities
and nonlinear problems arising in various branches in pure and applied
sciences can now be studied via the differential equations. It has been
shown [10, 16, 28, 31, 42, 43, 46–48, 52, 53, 64, 65] that the dynamical systems
are useful in developing some efficient numerical techniques for solving vari-
ational inequalities and related optimization problems. We introduce and
consider some first order, second order and third order dynamical systems
associated with the general preinvex equilibrium equations, which are used
to study the global stability of the existence of the solution of the general
preinvex equilibrium equations and to suggest several iterative methods for
solving these preinvex equilibrium equations.

We now define the residue vector R(µ) by the relation

R(µ) =

{[
g(µ)− ρE(T (µ), η(ν, µ))

]
− g(µ)

}
, ∀ν ∈ H. (26)

One can easily conclude that µ ∈ H is a solution of the problem (2), if and
only if, µ ∈ H is a zero of the equation

R(µ) = 0. (27)

We now consider a dynamical system associated with the general preinvex
equilibrium equations. Using the equivalent formulation (3.1), we suggest a
class of dynamical systems as

dµ

dt
= λ

{[
g(µ)− ρE(T (µ), η(ν, µ))

]
− g(µ)

}
, µ(t0) = α, (28)
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where λ and α are constant. The system of type (28) is called the system of
general dynamical system associated with the problem (2). From the defi-
nition, it is clear that the solution of the dynamical system always stays in
H. This implies that the qualitative results such as the existence, unique-
ness and continuous dependence of the solution of (2) can be studied. The
equilibrium point of the dynamical system (28) is defined as follows.

The equilibrium point of the dynamical system (28) is defined as follows.

Definition 3. An element µ ∈ H, is an equilibrium point of the dynamical
system (28), if,

dµ

dx
= 0.

Thus it is clear that µ ∈ H is a solution of the general preinvex equi-
librium equations (2), if and only if, µ ∈ H is an equilibrium point. This
implies that µ ∈ H is a solution of the preinvex equilibrium equations (2),
if and only if, µ ∈ H is an equilibrium point.

Definition 4. [10] The dynamical system is said to converge to the solution
set S∗ of (28), if , irrespective of the initial point, the trajectory of the
dynamical system satisfies

lim
t→∞

dist(µ(t), S∗) = 0, (29)

where

dist(µ, S∗) = infν∈S∗‖µ− ν‖.

It is easy to see, if the set S∗ has a unique point µ∗, then (29) implies
that

lim
t→∞

µ(t) = µ∗.

If the dynamical system is still stable at µ∗ in the Lyapunov sense, then the
dynamical system is globally asymptotically stable at µ∗.

Definition 5. The dynamical system is said to be globally exponentially
stable with degree η at µ∗, if, irrespective of the initial point, the trajectory
of the system satisfies

‖µ(t)− µ∗‖ ≤ µ1‖µ(t0)− µ∗‖exp(−η(t− t0)), ∀t ≥ t0,

where µ1 and η are positive constants independent of the initial point.
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It is clear that the globally exponentially stability is necessarily globally
asymptotically stable and the dynamical system converges arbitrarily fast.

Lemma 1. (Gronwall Lemma) [10,17]. Let µ̂ and ν̂ be real-valued nonnega-
tive continuous functions with domain {t : t ≤ t0} and let α(t) = α0(|t−t0|),
where α0 is a monotone increasing function. If, for t ≥ t0,

µ̂ ≤ α(t) +

∫ t

t0

µ̂(s)ν̂(s)ds,

then

µ̂(s) ≤ α(t)exp{
∫ t

t0

ν̂(s)ds}.

We now establish that the trajectory of the solution of the dynamical
system (28) converges to the unique solution of the general preinvex equi-
librium equation (2). The analysis is in the spirit of Noor [31, 32], Noor et
al. [42, 43,52,53] and Xia and Wang [65].

Theorem 3. Let the operator g : H −→ H and the bifunction E(T (.), .))
be Lipschitz continuous with constants δ > 0, β > 0, respectively. If λ(2δ +
ρβ) < 1, then, for each µ ∈ H, there exists a unique continuous solution
µ(t) of the dynamical system (28) with µ(t0) = µ0 over [t0,∞).

Proof. Let

G(µ) = λ

{[
g(µ)− ρ

(
E(T (µ), η(ν, µ))

]
− g(µ)

}
, ∀µ, ν ∈ H,

where λ > 0 is a constant and G(µ) = dµ
dt .
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For ∀µ 6= η ∈ H, we have∥∥∥∥G(µ)−G(ζ)

∥∥∥∥ ≤ λ{∥∥∥∥[g(µ)− ρE(T (µ), η(ν, µ))

]
−
[
g(ν)

−ρ(E(T (ν), η(ν, µ)))

]∥∥∥∥+

∥∥∥∥g(µ)− g(ζ)

∥∥∥∥}
≤ λ

{∥∥∥∥g(µ)− g(ζ)

∥∥∥∥
+

∥∥∥∥[g(µ)− ρE(T (µ), η(ν, µ))

]
−
[
g(ζ)− ρE(T (ζ), ν)

]∥∥∥∥}
≤ λ

{∥∥∥∥g(µ)− g(ζ)

∥∥∥∥+

∥∥∥∥g(µ)− g(ν)− ρ(E(T (µ), ν)− (E(T (η), ν)

∥∥∥∥}
≤ λ

{∥∥∥∥g(µ)− g(ζ)

∥∥∥∥+

∥∥∥∥g(µ)− g(ζ)

∥∥∥∥+ ρ

∥∥∥∥E(T (µ), ν)− E(T (ζ), ν)

∥∥∥∥}
≤ λ{(2δ + ρβ)}

∥∥∥∥µ− η∥∥∥∥.
This implies that the operator G(µ) is a Lipschitz continuous with constant
λ{(2δ + ρβ)} < 1 and for each µ ∈ H, there exists a unique and continuous
solution µ(t) of the dynamical system (28), defined on an interval t0 ≤ t < T1
with the initial condition µ(t0) = µ0. Let [t0, T1) be its maximal interval of
existence. Then we have to show that T1 =∞. Consider, for any µ ∈ H,∥∥∥∥G(µ)

∥∥∥∥ =

∥∥∥∥dµdt
∥∥∥∥ ≤ λ∥∥∥∥[g(µ)− ρ

(
E(T (µ), η(ν, µ))

]
− g(µ)

∥∥∥∥ ≤ λρβ.
Then ∥∥µ(t)

∥∥ ≤ ∥∥µ0∥∥+

∫ t

t0

∥∥µ(s)
∥∥ds ≤ (

∥∥µ0∥∥+ k2

∫ t

t0

∥∥µ(s)
∥∥ds,

where k2 = λρβ.
Hence by the Gronwall Lemma 1, we have

‖µ(t)‖ ≤ ‖µ0‖ek2(t−t0), t ∈ [t0, T1).

This shows that the solution is bounded on [t0, T1). So T1 =∞.

Theorem 4. Let the operator g : H −→ H be strongly monotone with con-
stant σ > 0 and δ > 0. If the bifunction E(., .) is Lipschitz continuous with
constants β > 0, then the dynamical system (28) converges globally expo-
nentially to the unique solution of the general preinvex equilibrium equations
(2).
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Proof. Since the the bifunction E(., .) and the operator g are Lipschitz con-
tinuous, it follows from Theorem 3 that the dynamical system (28) has
unique solution µ(t) over [t0, T1) for any fixed µ0 ∈ H. Let µ(t) be a solution
of the initial value problem (28). For a given µ∗ ∈ H satisfying (2), consider
the Lyapunov function

L(µ) = λ
∥∥µ(t)− µ∗

∥∥2, u(t) ∈ H. (30)

From (28) and (30), we have

dL

dt
= 2λ

〈
µ(t)− µ∗, dµ

dt

〉
= 2λ

〈
µ(t)− µ∗,

[
g(µ(t))− ρE(T (µ(t)), η(ν, µ(t)))

]
− g(µ(t))

〉
= 2λ

〈
µ(t)− µ∗,

[
g(µ(t))− ρE(T (µ(t)), η(ν, µ(t))

]
−g(µ∗) + g(µ∗(t))− g(µ(t))

〉
= −2λ

〈
µ(t)− µ∗(t), g(µ(t))− g(µ∗(t))

〉
+2λ

〈
µ(t)− µ∗(t),

[
g(µ(t))− ρE(T (µ(t)), η(ν, µ(t)))

]
− g(µ∗(t))

〉
≤ −2λ

〈
ρ(E

(
T (µ(t)), η(ν, µ(t))

−E(T (µ∗(t)), η(ν, µ∗(t)), g(µ(t))− g(µ∗)

〉
+2λ

〈
µ(t)− µ∗(t),

[
g(µ(t))− ρE

(
T (µ(t)), η(ν, µ(t)

)]
−
[
g(µ∗(t))

−ρE(T (µ∗(t)), η(ν, µ∗(t)
)]〉

,

≤ −2λσ

∥∥∥∥µ(t)− µ∗
∥∥∥∥2 + λ

∥∥∥∥g(µ(t))− g(µ∗)

∥∥∥∥2
+λ

∥∥∥∥[g(µ(t))− ρE
(
T (µ(t)), η(ν, µ(t)

)]
−
[
g(µ∗(t))− ρE(T (µ∗(t)), η(ν, µ∗(t)

)]∥∥∥∥2. (31)

Using the Lipschitz continuity of the bifunction E(T (., .) and the operator
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g, we have ∥∥∥∥[g(µ(t))− ρE
(
T (µ(t)), η(ν, µ(t)

)]
−
[
g(µ∗(t))− ρE

(
T (µ∗(t)), η(ν, µ∗(t)

)]∥∥∥∥
≤
∥∥∥∥g(µ(t))− g(µ∗(t))− ρ(E

(
T (µ(t)), η(ν, µ(t)

)
)

−E
(
T (µ∗(t)), η(ν, µ∗(t)

)
)

∥∥∥∥
≤
∥∥∥∥g(µ(t))− g(µ∗(t))

∥∥∥∥+ ρ

∥∥∥∥E(T (µ(t)), η(ν, µ(t)
)

−E
(
T (µ∗(t)), η(ν, µ∗(t)

)∥∥∥∥
≤ (δ + ρβ)

∥∥∥∥µ(t)− µ∗(t)
∥∥∥∥. (32)

From (31) and (32), we have

d

dt

∥∥∥∥µ(t)− µ∗
∥∥∥∥ ≤ 2ξλ

∥∥∥∥µ(t)− µ∗
∥∥∥∥,

where

ξ = (δ + ρβ − 2σ).

Thus, for λ = −λ1, where λ1 is a positive constant, we have∥∥∥∥µ(t)− µ∗
∥∥∥∥ ≤ ∥∥∥∥µ(t0)− µ∗

∥∥∥∥e−ξλ1(t−t0),
which shows that the trajectory of the solution of the dynamical system
(28) converges globally exponentially to the unique solution of the general
preinvex equilibrium equations (2).

We use the dynamical system (28) to suggest some iterative for solving
the general preinvex euilibrium equations (2). These methods can be viewed
in the sense of Noor [27,31] involving the double projection.

For simplicity, we take λ = 1. Thus the dynamical system (28) becomes

dµ

dt
+ g(µ) =

[
g(µ)− ρE

(
T (µ), η(ν, µ)

)]
, µ(t0) = α. (33)
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The forward difference scheme is used to construct the implicit iterative
method. Discretizing (33), we have

µn+1 − µn
h1

+ g(µn) =

[
g(µn)− ρE(T (µn+1), η(ν, µn+1)

)]
, (34)

where h1 is the step size.
Now, we can suggest the following implicit iterative method for general

preinvex equilibrium equations (2).

Algorithm 12. For a given µ0, compute µn+1 by the iterative scheme

µn+1 = µn − g(µn) +

[
g(µn)− ρE(T (µn+1), η(ν, µn+1)

)
− µn+1 − µn

h1

]
.

This is an implicit method and is equivalent to the following two-step
method.

Algorithm 13. For a given µ0, compute µn+1 by the iterative scheme

yn = µn − g(µn) +

[
g(µn)− ρE

(
T (µn), η(ν, µn)

)]
µn+1 = µn − g(µn) +

[
g(µn)− ρE

(
T (yn), η(ν, yn)

)
− yn − µn

h1

]
.

Discretizing (28), we now suggest an other implicit iterative method for
solving the general preinvex equilibrium equations (2).

µn+1 − µn
h1

+ g(µn) =

[
g(µn+1)− ρE(T (µn+1), η(ν, µn+1)

)]
, (35)

where h1 is the step size.
This formulation enables us to suggest the two-step iterative method.

Algorithm 14. For a given µ0, compute µn+1 by the iterative scheme

yn = µn − g(µn) +

[
g(µn)− ρE

(
T (µn), η(ν, µn)

)]
µn+1 = µn − g(µn) +

[
g(yn)− ρE

(
T (yn), η(ν, yn)

)
− yn − µn

h1

]
.

From (33), we have

dµ

dt
+ g(µ) =

[
g((1− α)µ+ αµ)

−ρE
(
T ((1− α)µ+ αµ)), η(ν, (1− α)µ+ αµ)

)]
, (36)
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where α ∈ [0, 1] is a constant.
Discretizing (36) and taking h1 = 1, we have

µn+1 = µn − g(µn) +

[
g
(
(1− α)µn + αµn−1

)
−ρE

(
T ((1− α)µn) + αµn−1), η(ν, (1− α)µn + αµn−1)

)]
,

which is an inertial type iterative method for solving the general preinvex
equilibrium equations (2). Using the predictor-corrector techniques, we have

Algorithm 15. For a given µ0, µ1, compute µn+1 by the iterative schemes

yn = (1− α)µn + αµn−1, n = 1, 2, . . .

zn = µn − g(µn) +

[
g(yn)− ρE

(
T (yn), η(ν, yn)

)]
,

µn+1 = µn − g(zn) +

[
g(yn)− ρE(T (zn), η(ν, zn)

)]
,

which is known as the inertial three-step iterative method.

We now introduce the second order dynamical system associated with
the general preinvex equilibrium equations (2). To be more precise, we
consider the problem of finding µ ∈ H such that

γ
d2µ

dx2
+
dµ

dx
= λ

{[
g(µ)− ρE(T (µ), η(ν, µ))

]
− g(µ)

}
, (37)

µ(a) = α, µ(b) = β,

where γ > 0, λ > 0 and ρ > 0 are constants. We would like to emphasize
that the problem (37) is indeed a second order boundary vale problem. In a
similar way, we can define the second order initial value problem associated
with the dynamical system.

The equilibrium point of the dynamical system (37) is defined as follows.

Definition 6. An element µ ∈ H, is an equilibrium point of the dynamical
system (37), if,

γ
d2µ

dx2
+
dµ

dx
= 0.



Preinvex equilibrium equations 108

Thus it is clear that µ ∈ H is a solution of the system of general preinvex
equilibrium equations (2), if and only if, µ ∈ H is an equilibrium point.

From (37), we have

g(µ) = [g(µ)− ρE(T (µ), η(ν, µ))].

Thus, we can rewrite (37) as follows:

g(µ) =

[
g(µ)− ρE(T (µ), η(ν, µ)) + γ

d2µ

dx2
+
dµ

dx

]
. (38)

For λ = 1, the problem (37) is equivalent to finding µ ∈ H such that

γ
d2µ

dx2
+
dµ

dx
+ g(µ) =

[
g(µ)− ρE(T (µ), η(ν, µ))

]
, (39)

µ(a) = α, µ(b) = β.

The problem (39) is called the second order dynamical system, which is in
fact a second order boundary value problem. This interlink among various
fields of mathematical and engineering sciences is fruitful in developing im-
plementable numerical methods for finding the approximate solutions of the
general preinvex equilibrium equations. Consequently, one can explore the
ideas and techniques of the differential equations to suggest and propose
hybrid proximal point methods for solving the general preinvex equilibrium
equations and related optimization problems.

We discretize the second-order dynamical systems (39) using central fi-
nite difference and backward difference schemes to have

γ
µn+1 − 2µn + µn−1

h21
+
µn − µn−1

h1
+g(µn) =

[
µn−ρE

(
T (µn+1), η(ν, µn+1)

)]
,

(40)
where h is the step size.
If γ = 1, h1 = 1, then, from equation( 40) we have:

Algorithm 16. For a given µ0, compute µn+1 by the iterative scheme

µn+1 = µn − g(µn) +

[
g(µn)− ρE(T (µn+1), η(ν, µn+1)

)]
,

which is the iterative method for solving the general preinvex equilib-
rium equations (1). Algorithm 16 is an implicit method. To implement
the implicit method, we use the predictor-corrector technique to suggest the
method.
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Algorithm 17. For given µ0, µ1, compute µn+1 by the iterative scheme

yn = (1− θn)µn + θnµn−1, n = 1, 2, . . .

µn+1 = µn − g(µn) +

[
g(µn)− ρE

(
T (yn), η(ν, yn)

)]
,

is called the two-step inertial iterative method, where θn ∈ [0, 1] is a
constant.
We discretize the second-order dynamical systems (28) using central finite
difference and backward difference schemes to have

γ
µn+1 − 2µn + µn−1

h21
+
µn − µn−1

h1
+ g(µn+1)

=

[
g(µn)− ρE

(
T (µn+1), η(ν, µn+1)

)]
,

where h is the step size.
Using this discrete form, we can suggest the following an iterative method
for solving the general preinvex equilibrium equations (2).

Algorithm 18. For given µ0, µ1, compute µn+1 by the iterative scheme

µn+1 = µn − g(µn+1)

+

[
g(µn+1)− ρE

(
T (µn+1), η(ν, µn+1

)
−γµn+1 − 2µn + µn−1

h21
+
µn − µn−1

h1

]
.

Algorithm 18 is called the hybrid inertial proximal method for solving the
general preinvex equilibrium equations and related optimization problems.
This is a new proposed method.

Note that, for γ = 0, h1 = 1, Algorithm 18 reduces to the following
iterative method.

Algorithm 19. For given µ0, µ1, compute µn+1 by the iterative scheme

µn+1 = µn − (µn+1) +

[
g(µn+1)− ρE

(
T (µn+1), η(ν, µn+1)

)
+ (µn − µn−1)

]
,

which is called the inertial iterative method.

We now consider the third order dynamical systems associated with the
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general preinvex equilibrium equations of the type (2).
To be more precise, we consider the problem of finding µ ∈ H, such that

γ
d3µ

dt3
+ ζ

d2µ

dt2
+ ξ

dµ

dt
+ g(µ)

=

[
g(µ)− ρE

(
T (µ), η(ν, µ)

)]
, (41)

u(a) = α, µ̇(a) = β, µ̇(b) = 0,

where γ > 0, ζ, ξ and ρ > 0 are constants. Problem (41) is called third order
dynamical system associated with general preinvex equilibrium equations
(2).
The equilibrium point of the dynamical system (41) is defined as follows.

Definition 7. An element µ ∈ H, is an equilibrium point of the dynamical
system (37), if,

γ
d3µ

dt3
+ ζ

d2µ

dt2
+ ξ

dµ

dt
= 0.

Thus, it is clear that µ ∈ H is a solution of the general preinvex equilib-
rium equations (2), if and only if, µ ∈ H is an equilibrium point.

Consequently, the problem (41) can be written as

g(µ) =

[
g(µ)− ρE(T (µ), η(ν, µ)) + γ

d3µ

dt3
+ ζ

d2µ

dt2
+ ξ

dµ

dt

]
. (42)

u(a) = α, µ̇(a) = β, µ̇(b) = 0.

We discretize the third-order dynamical systems (41) using central finite
difference and backward difference schemes to have

µn+1 = µn − g(µn)

+

[
g(µn)− ρE(T (µn+1), ν) + γ

µn+2 − 2µn+1 + 2µn−1 − µn−2
2h31

+ζ
µn+1 − 2µn + µn−1

h21
+ ξ

3µn − 4µn−1 + µn−2
2h1

+

]
, (43)

where h1 is the step size.
If γ = 1, h1 = 1, ζ = 1, ξ = 1, then, from equation( 43) after adjustment, we
have:

Algorithm 20. For a given µ0, µ1, compute µn+1 by the iterative scheme

µn+1 = µn − h(µn) +

[
g(µn)− ρE

(
T (µn+1), η(ν, µn+1)

)
+
µn−1 − 3µn

2

]
,
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which is an inertial type hybrid implicit iterative method for solving the
general preinvex equilibrium equations (2).

Using the predictor-corrector technique, we now suggest multi step iner-
tial iterative method for solving the general preinvex equilibrium equations
(2).

Algorithm 21. For a given µ0, µ1, compute µn+1 by the iterative scheme

zn = µn − θn (µn − µn−1) , n = 1, 2, ... . . .

yn = (1− γn)zn

+γn

{
zn − g(zn) +

[
g(zn)− ρE

(
T (zn), η(ν, zn)

)]}
,

tn = (1− βn)yn

+βn

{
yn − h(yn) +

[
g(yn)− ρE

(
T (yn), η(ν, yn)

)]}
wn = (1− ζ)tn

+ζn

{
tn − g(tn)

+

[
g(tn)− ρE

(
T (tn), η(ν, tn)

)]}
µn+1 = (1− αn)wn

+αn

{
wn − g(wn) +

[
g(µn)− ρE

(
T (wn), η(ν, wn)

)]}
,

where αn, βn, γn, ζn, θn ∈ [0, 1], ∀n ≥ 1.

For g = I, Algorithm 21 collapses to the following multi step inertial
hybrid method for solving the general preinvex equilibrium equations (3).

Algorithm 22. For a given µ0, µ1, compute µn+1 by the iterative scheme

zn = µn − θn (µn − µn−1) , n = 1, 2, ... . . .

yn = (1− γn)zn + γn

{
zn − ρE

(
T (zn), η(ν, zn)

)}
,

tn = (1− βn)yn + βn

{
yn − ρE

(
T (yn), η(ν, yn))

}
wn = (1− ζ)tn + ζn

{
tn − ρE

(
T (tn), η(ν, tn))

}
µn+1 = (1− αn)wn + αn

{
wn − ρE

(
T (wn), η(ν, wn))

}
,
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where αn, βn, γn, ζn, θn ∈ [0, 1], ∀n ≥ 1.

Remark 2. Algorithms 21 and Algorithm 22 are quite general and include
the Noor (three-step) iterations, Ishikawa (two-step) iterations, Mann iter-
ation and Picard method for solving the variational inequalities, fixed point
problems, complementarity problems and preinvex equilibrium equations as
special cases. For appropriate and suitable choice of the operators T , h, g,
parameters and the spaces, one can suggest a wide class of implicit, explicit
and inertial type methods for solving fixed point problem and related opti-
mization problems. Using the techniques and ideas of Noor et al. [32,33,42],
one can discuss the convergence analysis of the proposed methods

In this section, we have tried to convey the idea that the alternative
equivalent fixed point formulation of the general preinvex equilibrium equa-
tions, can be written several ways to suggest and investigate several extra-
gradient type computational methods. It is expected to play an important
role in developing numerically efficient methods for variational inequalities,
equilibrium problems and nonconvex optimization problems.

5 Auxiliary principle technique

There are several techniques such as projection, resolvent, descent meth-
ods for solving the variational inequalities and their variant forms. None
of these techniques can be applied for suggesting the iterative methods for
solving the several nonlinear variational inequalities and equilibrium prob-
lems. To overcome these drawbacks, one usually applies the auxiliary prin-
ciple technique, which is mainly due to Glowinski et al. [12] as developed
in [25,30,33,45,49,52,53,57]. Noor [25] has modified the auxiliary principle
technique involving an arbitrary function M. For the readers convenience,
we recall some basic properties of the modified distance functions, which
were introduced by Noor [25] in 1992 and discussed in Patrikson [57]. For
an arbitrary operator M, we define the distance function as

M(ν, µ) = 〈M(ν)−M(µ), ν − µ〉, ∀µ, ν ∈ H. (44)

If the operator M is strongly monotone with constant ζ ≥ 0, then

M(ν, µ) = 〈M(ν)−M(µ), ν − µ〉 ≥ ζ‖ν − µ‖2, µ, ν ∈ H.

It is important to emphasize that various types of function M give different
modified distance functions. For example, if M(µ) = E′(µ),then the modi-
fied distance functionM reduces to Bregman distance function, see [57]. We
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give the following important examples of some practically important types
of operator M and their corresponding distance functions.
Examples

1. If Φ(ν) = ‖ν‖2, then M(ν, µ) = ‖ν − µ‖, which is the squared Eu-
clidean distance (SE).

2. If Φ(ν) =
∑n

i=1 ai log(νi), which is known as the Shannon entropy,
then its corresponding M distance function is given as

M(ν, µ) =

n∑
i=1

(
vi log(

νi
µi

) + µi − νi
)
.

This distance is called Kullback-Leibler distance (KL) and plays a
very important tool in several areas of applied mathematics such as
machine learning and data sciences.

3. If Φ(ν) = −
∑n

i=1 log(νi), which is called the Burg entropy, then its
corresponding modified distance function is given as

M(ν, µ) =
n∑
i=1

(
log(

νi
µi

) +
νi
µi
− 1

)
.

This is called the Itakura-Saito distance (IS), which is very important
in information theory and machine learning. It is a challenging prob-
lem to explore the applications of modified M distance functions for
other types of nonconvex functions as biconvex, k-convex functions,
general convex functions and harmonic functions.

We apply the modified auxiliary principle technique involving an arbitrary
operator for finding the approximate solution of the preinvex equilibrium
problem (1).

For a given µ ∈ H satisfying (1), find w ∈ H such that

ρE
(
T (w + ζ(µ− w)), η(ν, w + ζ(µ− w))

)
+〈M(w)−M(µ), ν − w〉 = 0, ∀ν ∈ H, (45)

where ρ > 0, η ∈ [0, 1] are constants and M is an arbitrary operator. The
inequality (45) is called the auxiliary preinvex equilibrium equation.

If w = µ, then w is a solution of (1). This simple observation enables us
to suggest the following iterative method for solving (1).



Preinvex equilibrium equations 114

Algorithm 23. For a given µ0, compute the approximate solution µn+1 by
the iterative scheme

ρE
(
T (µn+1 + ζ(µn − µn+1)), η(ν, µn+1 + η(µn − µn+1))

)
(46)

+〈M(µn+1)−M(µn), ν − µn+1〉 = 0, ∀ν ∈ H.

Algorithm 23 is called the hybrid proximal point algorithm for solving
the general preinvex equilibrium equations (1).

Special Cases
(I). For ζ = 0, Algorithm 23 reduces to:

Algorithm 24. For a given µ0, compute the approximate solution µn+1 by
the iterative scheme

ρE
(
T (µn+1), η(ν, µn+1)

)
+〈M(µn+1)−M(µn), ν − µn+1〉 = 0, ∀ν ∈ H, (47)

is called the implicit iterative methods for solving the preinvex equilib-
rium problem (1).
(II). For ζ = 1

2 , Algorithm 23 becomes:

Algorithm 25. For a given µ0, compute the approximate solution µn+1 by
the iterative scheme

ρE
(
T (
µn+1 + (µn)

2
), η(ν,

µn + µn+1

2
)
)

+〈M(µn+1)−M(µn), ν − µn+1〉 ≥ 0, ∀ν ∈ H,

is known as the mid-point proximal method for solving the problem (1).

(III). For ζ = 1, Algorithm 23 reduces to:

Algorithm 26. For a given µ0, compute the approximate solution µn+1 by
the iterative scheme

ρE
(
T (µn), η(ν, µn)

)
+〈M(µn+1)−M(µn), ν − µn+1〉 = 0, ∀ν ∈ H,

is called the explicit iterative methods for solving the problem (1).
(IV). If M = I, the identity operator, Algorithm 23 reduces to:
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Algorithm 27. For a given µ0, compute the approximate solution µn+1 by
the iterative scheme

ρE
(
T (µn+1 + ζ(µn − µn+1)), η(ν, µn+1 + ζ(µn − µn+1)

)
+〈µn+1 − µn, ν − µn+1〉 = 0, ∀ν ∈ H, (48)

which appears to be a new method for solving the preinvex equilibrium
equations (1). For suitable and appropriate choice of the parameter η one,
can obtain different approximate methods for solving the preinvex equilib-
rium equations (1) and their variant forms.

For the convergence analysis of Algorithm 24, we need the following
concepts.

Definition 8. The bifunction E(T (.), .) is said to be pseudomonotone, if

E(T (µ), η(ν, µ)) = 0 −→ −F (T (ν), η(µ, ν)) = 0, ∀µ, ν ∈ H.

Theorem 5. Let the bifunction E(T (.), .) be a pseudo-monotone. Let the
approximate solution µn+1 obtained from Algorithm 24 and let µ be the exact
solution µ ∈ H of the problem (1). If the operator M is strongly monotone
with constant ξ ≥ 0 and Lipschitz continuous with constant δ ≥ 0, then

ξ‖µn+1 − µn‖ ≤ δ‖µ− µn‖. (49)

Proof. Let µ ∈ H be a solution of the problem (1). Then

−E
(
T (ν), η(µ, ν)

)
= 0, (50)

since the bifunction E(T (.), .) is pseudomonotone.
Taking ν = µn+1 in (50), we obtain

−E(T (µn+1), η(µ, µn+1)
)

= 0. (51)

Setting ν = µ in (47), we have

ρE
(
T (µn+1), η(µ, µn+1)

)
+〈M(µn+1)−M(µn+1), µ− µn+1〉 = 0, ∀ν ∈ H, (52)

Combining (52) and (51), we have

〈M(µn+1)−M(µn), µ− µn+1〉
= −E

(
(T (µn+1)), η(ν, µn+1)

)
= 0. (53)
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From the equation (53), we have

0 = 〈M(µn+1)−M(µn), µ− µn+1〉
= 〈M(µn+1)−M(µn), µ− µn + µn − un+1〉
= 〈M(µn+1)−M(µn), µ− µn〉+ 〈M(µn+1 −M(µn), µn − µn+1〉,

which implies that

〈M(µn+1 −M(µn), µn+1 − µn〉 = 〈M(µn+1)−M(µn), µ− µn〉.

Now using the strong monotonicity with constant ξ > 0 and Lipschitz con-
tinuity with constant δ of the operator M, we obtain

ξ‖µn+1 − µn‖2 ≤ δ‖µn+1 − µn‖‖µn − µ‖.

Thus

ξ‖µn − µn+1‖ ≤ δ‖µn − µ‖,

the required result (49).

Theorem 6. Let H be a finite dimensional space and all the assumptions of
Theorem 5 hold. Then the sequence {µn}

∞

0
given by Algorithm 24 converges

to the exact solution µ ∈ H of (1).

Proof. Let µ ∈ H be a solution of (1). From (49), it follows that the sequence
{‖µ−µn‖} is nonincreasing and consequently {un} is bounded. Furthermore,
we have

ξ
∞∑
n=0

‖µn+1 − µn‖ ≤ δ‖µn − µ‖,

which implies that

lim
n→∞

‖µn+1 − µn‖ = 0. (54)

Let µ̂ be the limit point of {µn}
∞

0
; whose subsequence {µnj}

∞

1
of {µn}

∞

0

converges to µ̂ ∈ Ω. Replacing wn by µnj in (47), taking the limit nj −→∞
and using (54), we have

g(µ̂) = g(µ̂)− ρE
(
T (µ̂), η(ν, û)

)
, ∀ν ∈ H,

which implies that û solves the problem (1) and

‖µn+1 − µ‖ ≤ ‖µn − µ‖.
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Thus, it follows from the above inequality that {µn}
∞

1
has exactly one limit

point û and
lim
n→∞

(µn) = µ̂.

the required result.

We again apply the modified auxiliary principle approach involving an
arbitrary nonlinear operator to suggest some hybrid inertial proximal point
schemes for solving the general preinvex equilibrium equations (1).

For a given µ ∈ H satisfying (1), find w ∈ H such that

ρE(T (w + ζ(µ− w)), η(ν, w + ζ(µ− w)
)

+
〈
M(w)−M(µ) + α(µ− µ), ν − w

〉
= 0, ∀ν ∈ H, (55)

where ρ > 0, η, α ∈ [0, 1] are constants and M is a nonlinear operator.
Clearly w = µ implies that w is a solution of (1). This simple observation
enables us to suggest the following iterative method for solving (1).

Algorithm 28. For given µ0, µ1, compute the approximate solution µn+1

by the iterative scheme

ρE
(
T (µn+1) + ζ(µn − µn+1), η(ν, µn+1 + ζ(µn − µn+1)

)
+
〈
M(µn+1)−M(µn) + α(µn − µn−1), ν − µn+1

〉
= 0, ∀ν ∈ H.

Algorithm 28 is called the hybrid proximal point algorithm for solving
the preinvex equilibrium equation (1). For α = 0, Algorithm 28 is exactly
the Algorithm 27.

If M = 0, then Algorithm 28 reduces to:

Algorithm 29. For given µ0, µ1, compute the approximate solution µn+1

by the iterative scheme

ρE
(
T (µn+1 + ζ(µn − µn+1), η(ν, µn+1 + ζ(µn − µn+1)

)
+〈α(µn − µn−1), ν − µn+1〉 = 0, n = 1, 2, ... . . . ∀ν ∈ H,

which is called the inertial iterative method for solving the preinvex
equilibrium equations (1).

Remark 3. For different and suitable choices of the parameters ρ, η, α,
operators g,M, bifunction E(., .) and convex sets, one can recover new and
known iterative methods for solving general bi-equilibrium equations, Lax-
Milgram lemma and related optimization problems. Using the technique and
ideas of Theorem 5 and Theorem 6, one can analyze the convergence of
Algorithm 28 and its special cases.
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.

6 Sensitivity analysis

In recent years variational inequalities are being used as mathematical pro-
gramming models to study a large number of equilibrium problems arising in
finance, economics, transportation, operations research and engineering sci-
ences. The behavior of such problems as a result of changes in the problem
data is always of concern, which is called sensitivity analysis. Dafermos [9]
considered the sensitivity analysis considered the sensitivity of the varia-
tional inequalities using essentially the projection method. These results
were extended for quasi variational inequalities by Noor [26] and Noor et
al. [43,47,48,52,53]. We like to mention that sensitivity analysis is important
for several reasons. First, estimating problem data often introduces mea-
surement errors, sensitivity analysis helps in identifying sensitive parameters
that should be obtained with relatively high accuracy. Second, sensitivity
analysis may help to predict the future changes of the equilibrium as a re-
sult of changes in the governing system. Third, sensitivity analysis provides
useful information for designing or planning various equilibrium systems.
Furthermore, from mathematical and engineering point of view, sensitiv-
ity analysis can provide new insight regarding problems being studied can
stimulate new ideas and techniques for problem solving the problems due to
these and other reasons. In this section, we study the sensitivity analysis of
the system of general preinvex equilibrium equations.

We now consider the parametric versions of the problem (2). To formu-
late the problem, let M be an open subset of H in which the parameter λ
takes values. Let g(µ, λ) be given identity operator defined on H×H×M
and take value in H ×H. From now onward, we denote gλ(.) ≡ g(., λ) and
Eλ(.) ≡ E(., λ), respectively, unless otherwise specified.

The parametric general preinvex equilibrium equation is to find µ ∈ H
such that For the bifunction E(., .) = H×H −→ H and arbitrary operator
g : H =⇒ H, the parametric system of general preinvex equilibrium equation
problem is to find µ ∈ H such that

gλ(µ) = gλ(µ)− ρEλ
(
Tλ(µ), η(ν, µ)

)
, ∀ν ∈ H, (56)

is called the system of general preinvex equilibrium equation, where ρ is a
parameter.

We also assume that, for some λ ∈ M , the problem (56) has a unique
solution µ. The parametric system of general preinvex equilibrium equation



K.I. Noor, M.A. Noor 119

is equivalent to the fixed point problem:

gλ(µ) =
[
gλ(µ)− ρEλ

(
Tλ(µ), η(ν, µ)

)]
,

or equivalently

µ = µ− gλ(µ) +
[
gλ(µ)− ρEλ

(
Tλ(µ), η(ν, µ))

]
.

We now define the mapping Fλ associated with the problem (56) as

Fλ(µ) = µ− gλ(µ)

+[gλ(µ)− ρEλ
(
Tλ(µ), η(ν, µ)

)
], ∀(µ, λ) ∈ H ×M. (57)

We use this equivalence to study the sensitivity analysis of the system of
general preinvex equilibrium equations. We assume that for some λ ∈ M ,
problem (56) has a solution µ and X is a closure of a ball in H centered
at µ. We want to investigate those conditions under which, for each λ in a
neighborhood of λ, problem (28) has a unique solution µ(λ) near u and the
function u(λ) is (Lipschitz) continuous and differentiable.

Definition 9. Let Eλ(.) be a bifunction on X ×M . Then, the bifunction
Eλ(Tλ(.), .) is said to :

(a) Locally strongly monotone with constant σ > 0, if

〈Eλ
(
Tλ(µ), η(ν, µ)

)
− Eλ(Tλ(ζ), η(ν, ζ)

)
, ν〉 ≥ σ‖µ− ζ‖2, ∀λ ∈M, ζ, µ, ν ∈ X.

(b) Locally Lipschitz continuous with constant δ > 0, if

‖Eλ(Tλ(µ), η(ν, µ))− Eλ(Tλ(ζ), η(ν, ζ)
)
‖ ≤ δ‖µ− ζ‖, ∀λ ∈M, ζ, µ, ν ∈ X.

Definition 10. An operator Tλ : H → H is said to be:

1. locally strongly monotone, if there exists a constant α > 0, such that

〈Tλ(µ)− Tλ(ν), µ− ν〉 ≥ α‖µ− ν‖2, ∀µ, ν ∈ H.

2. locally Lipschitz continuous, if there exists a constant β > 0, such that

‖Tλ(µ)− Tλ(ν)‖ ≤ β‖µ− ν‖, ∀µ, ν ∈ H.

3. locally monotone, if

〈Tλ(µ)− Tλ(ν), µ− ν〉 ≥ 0, ∀µ, ν ∈ H.
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We consider the case, when the solutions of the parametric general prein-
vex equilibrium equations (56) lie in the interior of X. Following the ideas of
Noor et al. [43,47,48,52,53], we consider the map Fλ(µ) as defined by (57).
We have to show that the map Fλ(µ) has a fixed point, which is a solution
of the parametric general preinvex equilibrium equations (56). First of all,
we prove that the map Fλ(µ), defined by (57), is a contraction map with
respect to µ uniformly in λ ∈M .

Lemma 2. Let gλ(.) be a locally strongly monotone with constants σ > 0
and locally Lipschitz continuous with constants δ > 0 respectively. If the
bifunction Eλ(., .) is locally Lipchitz continuous with constants β > 0, we
have

‖Fλ(µ1)− Fλ(µ2)‖ ≤ θ‖µ1 − µ2‖,

for

ρ <
1− k
β

, k < 1, (58)

where

θ =
{√

1− 2σ + δ2 + δ + ρβ
}

= {k + ρβ} (59)

and

k =
√

1− 2σ + δ2 + δ. (60)

Proof. In order to prove the existence of a solution of (28), it is enough to
show that the mapping Fλ(µ), defined by (57), is a contraction mapping.
For µ1 6= µ2 ∈ H, we have

‖Fλ(µ1)− Fλ(µ2)‖ ≤ ‖µ1 − µ2 − (gλ(µ1)− gλ(µ2))‖
+‖[gλ(µ1)− ρEλ

(
Tλ(µ1), η(ν, µ1)

)
]− [gλ(µ2)

−ρEλ
(
Tλ(µ2), η(ν, µ2)

)
]‖

≤ ‖µ1 − µ2 − (gλ(µ1)− gλ(µ2))‖
+‖gλ(µ) − gλ(µ2)

−ρ(Eλ
(
Tλ(µ1), η(ν, µ1)

)
− Eλ(Tλ(µ2), η(ν, µ2)

)
‖

≤ ‖µ1 − µ2 − (gλ(µ1)− gλ(µ2))‖
+ρ‖Eλ

(
Tλ(µ1), η(ν, µ1)

)
− Eλ

(
Tλ(µ2), η(ν, µ2)

)
‖

+‖gλ(µ1)− gλ(µ2)‖
+ρ‖Eλ

(
Tλ(µ1), η(ν, µ1)

)
− Eλ

(
Tλ(µ2), η(ν, µ2)

)
‖

≤ ‖µ1 − µ2 − (gλ(µ1)− gλ(µ2))‖
+δ‖µ− ν‖+ ρβ‖µ1 − µ2)‖. (61)
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Since the operator gλ is a locally strongly monotone with constant σ > 0
and locally Lipschitz continuous with constant δ > 0, it follows that

‖µ1 − µ2 − (gλ(µ1)− gλ(µ2)‖2

≤ ‖u1 − u2‖2 − 2〈gλ(µ1)− gλ(µ2), µ1 − µ2〉+ ‖gλ(µ1)− gλ(µ2)‖2

≤ (1− 2σ + δ2)‖µ1 − µ2‖2. (62)

From (60), (61), (62) and using the locally Lipschitz continuity of the
operators T , gλ, we have

‖Fλ(µ1)− Fλ(µ2)‖ ≤
{
δ +

√
(1− 2σ + δ2) + ρβ

}
‖µ1 − µ2‖

= θ‖µ1 − µ2‖,

where

θ = k + ρβ.

From (58), it follows that θ < 1. Thus it follows that the mapping Fλ(µ),
defined by (57), is a contraction mapping and consequently it has a fixed
point, which belongs to H satisfying the system of parametric general prein-
vex equilibrium equations (28), the required result.

Remark 4. From Lemma 2, we see that the map Fλ(µ) defined by (57) has
a unique fixed point µ(λ), that is, µ(λ) = Fλ(µ). Also, by assumption, the
function µ, for λ = λ is a solution of the parametric preinvex equilibrium
equations (56). Again using Lemma 2, we see that µ, for λ = λ, is a
fixed point of Fλ(µ) and it is also a fixed point of Fλ(µ). Consequently, we
conclude that

µ(λ) = µ = Fλ(µ(λ)).

Using Lemma 2, we can prove the continuity of the solution µ(λ) of the
parametric preinvex equilibrium equations (56) using the technique of Noor
et al. [43, 47,52,53].

Lemma 3. Assume that the bifunction Eλ and the operator hλ are locally
Lipschitz continuous with respect to the parameter λ. If the operator gλ(.) is
Locally Lipschitz continuous and the map λ→ JA is continuous (or Lipschitz
continuous), then the function u(λ) satisfying (57) is (Lipschitz) continuous
at λ = λ.

We now state and prove the main result of this paper and is the moti-
vation our next result.
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Theorem 7. Let µ be the solution of the parametric preinvex equilibrium
equations (56) for λ = λ. Let Eλ, hλ(µ) be the locally strongly monotone
Lipschitz continuous operators for all µ, ν ∈ X. If the map λ→ JAµ is (Lip-

schitz) continuous at λ = λ and the operator gλ is locally strongly monotone
Lipschitz continuous, then there exists a neighborhood N ⊂ M of λ such
that for λ ∈ N , the parametric preinvex equilibrium equation (57) has a
unique solution µ(λ) in the interior of X,u(λ) = u and u(λ) is (Lipschitz)
continuous at λ = λ.

Proof. Its proof follows from Lemma 2, Lemma 3 and Remark 4.

7 Conclusion

In this paper, we have introduced and studied some new classes of the prein-
vex equilibrium equations. We have proved that the general preinvex equi-
librium equations are equivalent to the fixed point problem. The alternative
equivalent formulation is used to suggest and propose some new multi-step
explicit and implicit iterative methods for solving the preinvex equilibrium
equations along with convergence criteria. Dynamical system technique for
solving the preinvex equilibrium equations is exploited to discuss the asymp-
totic stability of the solution in the sense of Lyapunov. Second order and
third order initial dynamical systems associated with the preinvex equi-
librium equations are considered to propose and suggest a wide class of
iterative methods for finding the approximate solution, which is entirely
new and novel idea. These new methods include Noor(three step) itera-
tions, Ishikawa (two step) iterations, Mann Iteration and Picard method as
special cases. Exploring the technique and ideas of Ashish et. al. [2–4],
Natarajan et al. [17], Negi et al. [18], Suantai et al. [60] and Yadav et
al. [66], one can explore the applications of these Algorithms in the fixed
point theory, financial mathematical sciences [1], fractal geometry, chaos the-
ory, coding, number theory, spectral geometry, dynamical systems, complex
analysis, nonlinear programming, graphics, transportation, solar penal op-
timization [17], sensing signal [55, 56, 60], epidemiology [3], graphics signal
recovery, logistic maps [66], data science [18], complex problems in artifi-
cial intelligence and computer aided designs [9]. This is an open problem,
which deserves further research efforts. It is worth mentioning these meth-
ods can be extended for harmonic-like absolute value equations, difference
of two operators equations and hemi-nonlinear equilibrium equations with
suitable and appropriate choice of the operators. We have only considered
the theoretical aspects of the preinvex equilibrium equations. The imple-
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mentable and developments of numerical efficient methods for solving such
type of nonlinear bifunction equations need further research efforts. These
are some interesting open problems for future research.

Acknowledgements. The authors sincerely thank Professor Savin Treanţă,
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