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Abstract

We study iterative methods for solving common fixed point prob-
lems in the presence of summable computational errors.
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1 Introduction

For more than sixty-five years now, there has been a lot of research activity
regarding the fixed point theory of nonexpansive (that is, 1-Lipschitz) and
contractive mappings. See, for example, [1,6-10,13-15,17,18] and references
cited therein. In the present paper, we study iterative methods for solving
common fixed point problems in the presence of summable computational
errors.

Let (X, p) be a complete metric space. For each point € X and each
number r > 0, set

B(a,r):={y € X : p(z,y) <r}.
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In his seminal paper [12], Ostrowski established the following result.

Theorem 1. Assume that v € (0.1), the mapping T : X — X satisfies

p(T(x), T(y)) <vp(x,y), z,y € X,

and that a sequence {x;};2 satisfies
o0
> plwi, T(x) < oo.
=0

Then the sequence {x;}°, converges to a fized point of T
In [3], the following generalization of Ostrowski’s theorem was obtained.

Theorem 2. Assume that a mapping T : X — X satisfies

p(T(x), T(y)) < p(x,y), z,y € X,

and that for each point v € X, the sequence {T%(x)}52, converges to a fized
point of T. Then each sequence {z;}5°, C X satisfying

> p(@ipr, T(:)) < o0
=0

converges to a fized point of T'.

This result became the starting point of the superiorization methodology,
where it found many applications [2,4,5]. It means that if all exact iterates
of a nonexpansive mapping converge, then the same holds true for all its
inexact iterates with summable errors.

Let T : X — X be a self-mapping of X such that

p(T(x),T(y)) < p(x,y) for all z,y € X.

Set T%(z) := x for all z € X. Since the existence of a fixed point of T is not
guaranteed in general, we are also interested in approximate fixed points.
A point z € X is called a (v)-approximate fixed point of the operator
T, where v > 0, if p(z,T(z)) < 7. Note that if C is a bounded, closed and
convex subset of a Banach space and T is a nonexpansive self-mapping of
C, then a (v)-approximate fixed point of T does exist for each v > 0. As
a matter of fact, there are also unbounded sets C with this property. For
more information regarding this issue see, for instance, [16], [8] and [11].
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In the following theorem, which was obtained in [19], we assume that
for an arbitrary number € > 0 and each point x € X, the iterates T"(x)
are (e)-approximate fixed points of the operator T for all sufficiently large
n. Under this assumption it is shown that for each € > 0 and each sequence
{zp}72 of inexact iterates of the operator 7' with summable errors, z,, is
an (€)-approximate fixed point of T for all sufficiently large natural numbers
n. Therefore, inexact iterates of 17" with summable errors have the same
asymptotic behavior as its exact iterates.

Theorem 3. Assume that for every point x € X and every number ¢ > 0,
there exists a natural number ng such that for all natural numbers n > ng,
we have

p(T"H(2), T (2)) < e.
Let a sequence of numbers {€;}32, C (0,00) satisfy

o0

Zei<oo

i=1
and let a sequence of points {x;};°, C X satisfy
p(xit1, T(xz;)) < €41 for each integer i > 0.
Then for each positive number €, there exists a natural number ng such that
p(x;, T(z;)) < € for each natural number i > ng.

It was shown in [19] that the assumption (and hence the conclusion) of

this result holds if
F={zeX: T(z)=2}#0
and
o=, T(2))? + ep(a, T(2))? < plz,2)2,

for all z € F and all z € X, where the constant ¢ € (0, 1]. (Note that these
properties hold if T" is the nearest point projection onto a closed and convex
subset of a Hilbert space.)

In the present paper, we extend Theorem 3 to common fixed point prob-
lems.

2 Common fixed point problems

Assume that (X, p) is a complete metric space, N > m are natural numbers
and that for each ¢ € {1,...,m}, the operator T; : X — X satisfies

p(Ti(z), Ti(y)) < p(z,y), 2,y € X. (1)
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Let the mapping
r:{0,1,...,} = {1,...,m}

satisfy, for each integer i > 0,
{,....m}ycr{{i,...,i+ N —1}). (2)
We consider the following problem:
Find z € X such that T;(z) =z, i =1,...,m.

Since in general the existence of a solution to this problem is not guaranteed,
in this paper we are interested in approximate solutions to this problem, that
is, points y € X which satisfy

p(yjﬂ(y)) SV? i:17"'7m7

where « is a small positive number. In order to obtain such an approximate
solution we first choose a point x € X and then define

Tro =,

Ti+1 = Tr(i)(fvi), 1= 0, 1, e

We assume that this iterative process produces approximate solutions to our
common fixed point problem. This fact indeed holds for many important
common fixed point problems [20]. Namely, we assume that the following
property holds.

(P) For each x € X and each integer k > 0,

n TL+].
Jim p([] Toiny (@), [T Ty (2)) = 0.
i=0 1=0

Note that property (P) indeed holds if for each i € {1,...,m} and each
r € X, we have

p(z,Ti(2))? + ep(x, Ti(2))* < p(z,2)?,

where z is a common fixed point and the constant ¢ € (0, 1] [20].
In the present paper, we establish the following result.
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Theorem 4. Assume that {xp}22 ) C X, {ex}02 C (0,00),

o

D en < oo (3)

n=0

and that for each integer n > 0, we have

p(xn+1aTr(n) (Jjn)) < én- (4)

Then

lim p(xn, Tpt1) =0
n—oo

and for each i € {1,...,m},

lim (e, Ti(wn)) = 0.

n—o0

Proof. Let € > 0 be given. By (3), there exists a natural number k such that

o0
D e < /4 (5)
n=k
Property (P) implies that
n n+1
Jim. P(l—!) Toivry (1) HO Triry (z1)) = 0. (6)
1= 1=

In view of (6), there exists a natural number n; such that for each integer
n > ni, we have

n n+1

p(T] Triiny @n)s T Triiemy () < €/4. (7)
i=0 i=0
We now estimate
n—1
p(H TT(’H»k)(xk‘)? xk+n)7 n = 17 27 e
i=0

It follows from (4) that

p(@rt1, Tr(ry (k) < €. (8)
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We claim that for each integer n > 1,

n—1 k+n—1
P(H T (i) (Th)s Thogn) < Z €. (9)
1=0 i=k

In view of (8), inequality (9) holds for n = 1.
Assume that n > 1 is an integer and that (9) holds. Inequalities (1), (4)
and (9) imply that

n
P(H Tr(i—i—k) (1), Thgnt1) < P(Thgntt, Tr(n+k) (Tnik))
i=0

n

+0(Tr (ngk) (Trtk ) H T ivry (k)
=0

n—1 k+n

< erpn + p@nihs || Triiamy (@0)) <D e
1=0 i=k

and so (9) holds for n + 1 too. Thus, we have shown by mathematical

induction that inequality (9) holds for each integer n > 1, as claimed. It
now follows from (5) and (9) that for each integer n > 1, we have

n—1

P Toiisny (@) hgn) < €/4, (10)
=0

By (7) and (10), for each integer n > ny + 1,

n—1
P(Tntks Tnkr1) < p(Trgks H Tr(i+k) (wk))
i=0

n—1 n n

+o(] ] Ty @), [T Ty (@) + oL Triiew) (@), hmsn)
=0 =0 =0

n—1

n
< /44 p( [ Triinmy @), [ [ Doy (wx)) + €/4 < 3€/4.
=0 =0

Since € is an arbitrary positive number, we conclude that

lim p(xn, xpte1) = 0. (11)

n—oo
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Fix p € {1,...,m}. Next, we claim that
lim p(xy, Ty(zy)) = 0.

n—o0

Let € > 0. By (3), (4) and (11), there exists a natural number ng such that
for each integer n > ny, B
en < €(2N 42)71 (12)

and B
p(Tny Tpy1) < €(2N +2)7 1 (13)

Assume that n > ng is an integer. By (13), for each i € {n,...,n+ N},
p(xn,z;) < Ne(2N +2)7 1, (14)
In view of (2), there is a natural number
je{n,...,n+N -1}
such that
r(j) =p (15)
By (4), (12), (13) and (15),
p(xj, Tp(x;)) = p(xs, Trj) (5)) < plaj 2je1) + p(@j41, Ty (25))
<e2N+2)7 4+ <e(N+1)7L (16)
In view of (1), (14) and (16), we have
D Ty(@a)) < plns;) + oy, Ty(w;)) + p(Tp(a;), Ty(an)
< 2p(xn, ) +e(N+1)"P <2Ne@2N +2) L+ e(N+1)" ! <e.
Thus, for each integer n > ng, we have
p(@n, Tp(wn)) < €.
Since € is an arbitrary positive number, we infer that

lim p(zp, Tpxy)) = 0.

n—0o0

This completes the proof of Theorem 4. O
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