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Abstract

Let A and B be non-empty subsets of a metric space (X, d). Let
T : A ∪ B → A ∪ B be a map such that T (A) ⊆ B and T (B) ⊆ A
satisfying a certain contractive condition called cyclic orbital proximal
contraction. We give the necessary conditions for the existence of a
unique point ξ ∈ A such that d(ξ, T ξ) is equal to the distance between
A and B. Our main result generalizes the main result of [A.A. Eldred
and P. Veeramani, Existence and convergence of best proximity points,
J. Math. Anal. Appl., 323 (2006), 1001-1006].
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1 Introduction and preliminaries

Many problems of practical interest are formulated as fixed point equations.
The most commonly used fixed point theorem is given in [2]. The classical
Banach contraction theorem given in [2] states that ”Let T be a self map-
ping of a complete metric space (X, d) such that for some k, 0 < k < 1,
d(Tx, Ty) ≤ kd(x, y), for all x, y ∈ X. Then for any x ∈ X, the sequence
{Tnx} converges to a unique fixed point of T in X. ” The mapping T is
called the Banach Contraction. Since the contraction condition is strong,
numerous attempts were made to weaken the condition on the mapping.
One such attempt was made in [3], in which an approximation to the fixed
point was given. In [3], a notion of best proximity point was introduced.
If there does not exist a fixed point, the best proximity point gives an ap-
proximate solution to the fixed point problem. If (X, d) is a metric space
and A and B are non-empty subsets of X, a map T : A ∪ B → A ∪ B such
that T (A) ⊆ B and T (B) ⊆ A is introduced. We call such a map the Cyclic
map. A contraction condition is imposed on the cyclic map as follows:

Definition 1. (see [3]) Let (X, d) be a metric space. Let A and B be non-
empty subsets of X. Let T : A∪B → A∪B be a cyclic map. If for some k,
0 < k < 1,

d(Tx, Ty) ≤ kd(x, y) + (1− k)dist(A,B), x ∈ A, y ∈ B, (1)

where dist(A,B) = inf{d(x, y) : x ∈ A, y ∈ B}, then T is said to be a
Cyclic Contraction map.

In [3], a best proximity point is defined for a cyclic map as a point x ∈ A
such that d(x, Tx) = dist(A,B). Note that if dist(A,B) = 0, then equation
(1) reduces to a Banach contraction and the obtained best proximity point
becomes a fixed point. In [3], a best proximity point for a cyclic contraction
map is obtained in a uniformly convex Banach space settings as follows:

Theorem 1. (see [3]) Let X be a uniformly convex Banach space. Let A and
B be non-empty, closed and convex subsets of X. Let T : A∪B → A∪B be a
cyclic contraction map. Then for any x ∈ A, the sequence {T 2nx} converges
to a unique best proximity point of T in A.

In [6], a notion of cyclic orbital contraction was introduced.

Definition 2. (see [6]) Let A and B be non-empty subsets of a metric space
(X, d) and T : A ∪ B → A ∪ B be a cyclic map such that for some x ∈ A,
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there exists a k ∈ (0, 1) such that

d(T 2nx, Ty) ≤ kd(T 2n−1x, y), n ∈ N, y ∈ A. (2)

Then T is called a Cyclic Orbital contraction.

In [6], the following fixed point theorem is obtained.

Theorem 2. (see [6]) Let A and B be non-empty and closed subsets of a
metric space (X, d) and T : A ∪ B → A ∪ B be a cyclic orbital contraction.
Then A ∩B is non-empty and T has a unique fixed point.

In this paper, we attempt to combine Theorem 1 and Theorem 2 and
obtain a new best proximity point result by introducing a notion of Cyclic
Orbital Proximal Contraction map. For further generalizations of Banach
contraction theorem, one may refer to [1], [4], [5], [7], [10], [11], [13] and
other papers found in the literature.

In [3], the following lemmas are proved which are useful to prove the
main result.

Lemma 1. (see [3]) Let A be a non-empty, closed and convex subset and
B be a non-empty, closed subset of a uniformly convex Banach space. Let
{xn} and {zn} be sequences in A and {yn} be a sequence in B satisfying
(1) ‖ zn − yn ‖−→ dist(A,B),
(2) for every ε > 0, there exists N0 ∈ N such that for all m > n ≥ N0,
‖ xm − yn ‖≤ dist(A,B) + ε.
Then for every ε > 0, there exists N1 ∈ N, such that for all m > n ≥ N1,
‖ xm − zn ‖≤ ε.

Lemma 2. (see [3]) Let A be a non-empty, closed and convex subset and
B be a non-empty, closed subset of a uniformly convex Banach space. Let
{xn} and {zn} be sequences in A and {yn} be a sequence in B satisfying
(1)‖ xn − yn ‖−→ dist(A,B),
(2) ‖ zn − yn ‖−→ dist(A,B).
Then ‖ xn − zn ‖−→ 0.

2 Main results

We now give a notion of cyclic orbital proximal contraction.
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Definition 3. Let A and B be non-empty subsets of a metric space (X, d)
and T : A ∪ B → A ∪ B be a cyclic map such that for some x ∈ A, there
exists a k ∈ (0, 1) such that

d(T 2nx, Ty) ≤ kd(T 2n−1x, y) + (1− k)dist(A,B), n ∈ N, y ∈ A. (3)

Then T is called a Cyclic Orbital Proximal contraction.

We note that if dist(A,B) = 0 then a cyclic orbital proximal contraction
becomes a cyclic orbital contraction. In that case, A ∩B is non-empty and
we obtain a unique fixed point, which is stated in Theorem 2.

Definition 4. Let A and B be non-empty subsets of a metric space (X, d)
and T : A ∪B → A ∪B be a cyclic map such that for some x ∈ A,

d(T 2nx, Ty) ≤ d(T 2n−1x, y), n ∈ N, y ∈ A. (4)

Then T is called a cyclic orbital nonexpansive map.

Note that if T is a cyclic orbital proximal contraction then it is a cyclic
orbital nonexpansive map. Now we prove a useful convergence result.

Proposition 1. Let A and B be non-empty subsets of a metric space (X, d)
and T : A ∪ B → A ∪ B be a cyclic orbital proximal contraction with an
x ∈ A satisfying equation (3). Then, for all y ∈ A, we have the following:

d(T 2nx, T 2n+1y) −→ dist(A,B) as n −→∞.

Proof. Consider the following:

d(T 2nx, T 2n+1y) ≤ kd(T 2n−1x, T 2ny) + (1− k)dist(A,B)

≤ k(kd(T 2n−2x, T 2n−1y) + (1− k)dist(A,B))

+(1− k)dist(A,B)

= k2d(T 2n−2x, T 2n−1y) + (1− k2)dist(A,B).

Inductively, we have

d(T 2nx, T 2n+1y) ≤ k2nd(x, Ty) + (1− k2n)dist(A,B).

Since 0 < k < 1, as n −→∞, we have the desired result.

We use the following Proposition in proving the main result.
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Proposition 2. Let A and B be non-empty and closed subsets of a metric
space (X, d) and T : A∪B → A∪B be a cyclic orbital proximal contraction
with an x ∈ A satisfying equation (3). If {T 2nx} converges to ξ ∈ A, then ξ
is a best proximity point of T in A.

Proof. Given T 2nx −→ ξ as n −→ ∞. Since T is cyclic orbital proxi-
mal contraction, by Proposition 1, d(T 2nx, T 2n+1y) −→ dist(A,B). Now
dist(A,B) ≤ d(T 2nx, Tξ) ≤ d(T 2n−1x, ξ) which tends to dist(A,B) as
n −→∞. Therefore, limn→∞ d(T 2nx, Tξ) = dist(A,B). That is, d(ξ, T ξ) =
dist(A,B). Hence ξ is a best proximity point of T in A.

Now we obtain a best proximity point for a cyclic orbital proximal con-
traction, which is the main result.

Theorem 3. Let A and B be non-empty, closed and convex subsets of a
uniformly convex Banach space. Suppose T : A ∪ B → A ∪ B is a cyclic
orbital proximal contraction with an x ∈ A satisfying equation (3). Then
the sequence {T 2nx} converges to a best proximity point ξ in A. Moreover,
if y ∈ A, y 6= x satisfies equation (3), then the sequence {T 2ny} converges
to the same best proximity point ξ in A.

Proof. If dist(A,B) = 0, then there exists a unique fixed point in A ∩B as
given in Theorem 2. Therefore, assume dist(A,B) > 0. By Proposition 1,

‖ T 2nx−T 2n+1x ‖−→ dist(A,B) and ‖ T 2n+1x−T 2n+2x ‖−→ dist(A,B).

By Lemma 2, we have ‖ T 2nx−T 2n+2x ‖−→ 0. We now show that for ε > 0
there exists N0 ∈ N such that for all m > n ≥ N0,

‖ T 2mx− T 2n+1x ‖≤ dist(A,B) + ε.

Suppose not, then there exists ε > 0 such that for all k ∈ N there exists
mk > nk ≥ k for which

‖ T 2mkx− T 2nk+1x ‖≥ dist(A,B) + ε.

This mk can be chosen such that it is the least integer greater than nk to
satisfy the above inequality. Now, we obtain

dist(A,B) + ε ≤ ‖ T 2mkx− T 2nk+1x ‖
≤ ‖ T 2mkx− T 2mk−2x ‖ + ‖ T 2mk−2x− T 2nk+1x ‖ .
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Since ‖ T 2mkx−T 2mk−2x ‖−→ 0 and ‖ T 2mk−2x−T 2nk+1x ‖≤ dist(A,B)+ε
as k −→∞, we have

lim
k→∞

‖ T 2mkx− T 2nk+1x ‖= dist(A,B) + ε.

Consequently,

‖ T 2mkx− T 2nk+1x ‖ ≤ ‖ T 2mkx− T 2mk+2x ‖ + ‖ T 2mk+2x− T 2nk+3x ‖
+ ‖ T 2nk+3x− T 2nk+1x ‖
≤ ‖ T 2mkx− T 2mk+2x ‖ +K2 ‖ T 2mkx− T 2nk+1x ‖
+ (1− k2)dist(A,B)+ ‖ T 2nk+3x− T 2nk+1x ‖,

dist(A,B) + ε ≤ k2dist(A,B) + ε+ (1− k2)dist(A,B)

= dist(A,B) + k2ε,

which is a contradiction. Therefore, ‖ T 2mx − T 2n+1x ‖≤ dist(A,B) + ε.
Already we have ‖ T 2mx− T 2n+1x ‖−→ dist(A,B) as n −→∞. Therefore,
by Lemma 1 we have for given ε > 0 there exists n1 ∈ N such that

‖ T 2mx− T 2nx ‖≤ ε for m > n > n1.

Hence {T 2nx} is a Cauchy sequence and converges to a ξ ∈ A. By Proposi-
tion 2, ξ is a best proximity point of T in A. Now, let y ∈ A, y 6= x, satisfy
the inequality (3). By what we have proved now, the sequence {T 2ny}
converges to an η ∈ A, such that η is a best proximity point. That is
‖ η − Tη ‖= dist(A,B). Let us show that η = ξ. Suppose that η 6= ξ. Now,
we get

‖ T 2ξ − Tξ ‖= lim
n
‖ T 2n+2x− T 2n+1x ‖= dist(A,B),

‖ ξ − Tξ ‖= dist(A,B) implies that T 2ξ = ξ. Similarly, we have T 2η = η.
Also,

‖ Tξ − η ‖= lim
n
‖ T 2n+1x− T 2n+2y ‖≤ lim

n
‖ T 2nx− T 2n+1y ‖=‖ ξ − Tη ‖

‖ Tη − ξ ‖= lim
n
‖ T 2n+1y − T 2n+2x ‖≤ lim

n
‖ T 2ny − T 2n+1x ‖=‖ η − Tξ ‖,

which implies ‖ Tξ− η ‖=‖ Tη− ξ ‖. Now, η 6= ξ ⇒‖ Tη− ξ ‖> dist(A,B).
Now,

‖ Tη − ξ ‖=‖ Tη − T 2ξ ‖= lim
n
‖ T 2n+1y − T 2n+2x ‖= dist(A,B),

which is a contradiction. Hence, η = ξ. Hence, the theorem.
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The following example illustrates the main result.

Example 1. Consider the metric space (R), |.|). Let A = [0, 1] and B =
[2, 3] be the closed intervals. Define T : A∪B → A∪B as follows: T (0) = 3,
T (3) = 0.

T (x) = (5− x)/2, ∀x ∈ (0, 1] and T (y) = (4− y)/2, ∀y ∈ [2, 3).

Clearly T (A) ⊆ B and T (B) ⊆ A and dist(A,B) = 1. It is an easy exercise
to see that for all x ∈ (0, 1], the following inequality is satisfied:

|T 2nx− Ty| ≤ (1/2)|T 2n−1x− y|+ (1/2)dist(A,B).

Thus, T is a cyclic orbital proximal contraction with k = 1/2. We find that
for all x ∈ (0, 1], the sequence {T 2nx} converges to 1, such that |1−T (1)| =
dist(A,B),which is the unique best proximity point of T in A.

3 Conclusion

In this paper we have introduced a new map called cyclic orbital proximal
contraction (see Definition 3) and obtained a unique best proximity point
of the map, where the best proximity point is the limit of Picard type itera-
tive sequence of a point satisfying equation (3). This contractive condition
weakens the contractive condition given in definition 1 (see equation (1)).
Moreover, the new map also generalizes the notion of cyclic orbital contrac-
tion. Hence, the main result of this paper generalizes the main result of [3]
and also generalizes Theorem 2 of [6]. We have also illustrated our main
result by giving an example.
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