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Abstract

In this paper, we construct a new class of bicomplex sequences
whose components are Fibonacci finite operator sequences. A sys-
tematic study of their structural properties is carried out within the
framework of the idempotent decomposition of bicomplex numbers.
We derive explicit recurrence relations, polynomial representations,
and matrix formulations for these bicomplex Fibonacci finite opera-
tor sequences. Several identities are established using the associated
matrix representation.

Keywords: bicomplex number, Fibonacci number, finite operator, Fi-
bonacci polynomial, matrix representation.
MSC: 11B37, 11B39, 11B83, 05A15.

1 Introduction and preliminaries

In recent years, the theory of bicomplex numbers has become an evolving
area of mathematical research, leading to substantial developments and the
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emergence of new research directions. In the historical development of bi-
complex numbers, Segre [17] is credited with their initial introduction. Sub-
sequently, Price [15] carried out a systematic study of derivatives, integrals,
and their higher-dimensional generalizations in the bicomplex setting.

A bicomplex number is defined as

z2=21+Jz=x+1y+ ju+ijo,

where z1 = ¢ + iy and 29 = u + iv, with 21,29 € C and z,y,u,v € R. Here,
R and C denote the sets of real and complex numbers, respectively. The
imaginary units ¢ and j satisfy

ij = jt.

We denote the set of bicomplex numbers by BC. The algebra of BC
possesses two distinguished idempotent zero divisors
1+ 1—1j

2 2T T

€1

Every bicomplex number z = z; + jzo can be uniquely expressed in the
idempotent form

z = Pre1 + Paea,

where 1 = 21 —iz9 and (8o = z1 + iz9. This representation is known as the
idempotent decomposition of a bicomplex number.
For z = Bie1 4 Baes and w = v1e1 + o262, we have

zxw = (B1Ey1)er + (B2 £2)e2,

2w = (Bim)er + (B272)ez.
The Euclidean norm on BC is defined by

Izllec = V1z1* + |22

_ 1B+ 1B
- e

The theory of bicomplex numbers has been further developed and applied
by several authors including Beg and Dutta [1], Sager and Sagir [16]. Various
classes of bicomplex sequence spaces have been introduced and studied by
Srivastava and Srivastava [18], Wagh [22], and Bera and Tripathy [2-4], and
many others.



I. Das, B.C. Tripathy, M. Sen 243

The Fibonacci sequence {F),} is defined by the recurrence relation

with initial conditions Fy = 0 and F; = 1.
The Binet formula for the Fibonacci sequence is given by

an_[@n

F, = ,
BV

where a = 1+T\/5 and 8 = 1_—2‘/5
The Fibonacci polynomial F,(x) defined by

1, n =0,
Fn+1(l') =3\ n = 17
xFp(z) + Fhoi(x), n>2.

For the details of Fibonacci Number and Fibonacci polynomial, one may
refer to Koshy [13], Vajda [20], Verner and Hoggatt [21], Dunlap [6], and
many others.

Kizilates [8] introduced the concept of the Fibonacci finite operator se-

quence and established its Binet-type representation. Let F = {Fflk)} de-
note the k-th Fibonacci finite operator sequence defined by the recurrence
relation

FO = FR + 7Y, (2)

n n

where n, k> 1.
The corresponding Binet-type representation of the sequence is given by

]_-ék) = 1(k)Fn + F(gk)anlv (3)

where {F,} denotes the classical Fibonacci sequence. For the Fibonacci
finite operator sequence one may refer to [8] and the refer ences therein.

The bicomplex Fibonacci number [7] is defined by
BCF, = Fy, + iFu1 + jFuio +1jFqys. (4)

Its Binet-type formula is
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where
a=1+ia+jo®+ija’, B=1+iB+ B> +ijB°.
The idempotent representation of BCF,, is given by
BCFn = Bnel + /8n€27

where (3, = z,, +1iz2,, Bp = 2n — i2),,

. / .
2p = Fp +1Fp4q, Zp = n+2 +iFhys.

For further details of bicomplex Fibonacci numbers and their further
generalizations one may refer to [5,9,10, 14] and the references therein.

The extension of classical Fibonacci-type sequences to hypercomplex
number systems has attracted considerable attention. Various generaliza-
tions have been obtained by embedding Fibonacci numbers into quater-
nionic, octonionic, sedenionic, and bicomplex frameworks, enriching both
algebraic and structural properties.

Kizilateg and Kone [10] developed higher-order Fibonacci 2"-ions and
derived recurrence relations, Binet formulas, generating functions, and clas-
sical identities. Kizilateg [11] introduced incomplete Fibonacci and Lucas
quaternions and obtained their fundamental properties.

In the bicomplex setting. In the context of hypercomplex generaliza-
tions, Kizilates et. al. [12] introduced higher-order Fibonacci quaternions
using higher-order Fibonacci numbers, extending the classical quaternionic
framework studied by A. F. Horadam and S. Halic1. They established recur-
rence relations, Binet formulas, generating functions, and several algebraic
properties.

Halicr [7] introduced bicomplex Fibonacci numbers and derived Binet-
type formulas and matrix representations. Kizilates et al. [9] studied general-
ized bicomplex Tribonacci quaternions. Terzioglu et al. [19] investigated Fi-
bonacci finite operator quaternions and established several identities. More-
over, Ciirik and Halic1 [5] studied bicomplex Fibonacci numbers via idem-
potent decomposition.

Despite these developments, most works analyze bicomplex Fibonacci-
type sequences component-wise. A systematic investigation of bicomplex
Fibonacci finite operator sequences explicitly formulated through the idem-
potent representation has not yet been fully developed.

Motivated by this observation, the present paper establishes new recur-
rence relations, polynomial representations, and matrix formulations of bi-
complex Fibonacci finite operator sequences via the idempotent basis. This
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approach simplifies derivations and reveals structural identities that are not
immediately visible in the classical representation.

2 Main results

Throughout this section, we work entirely in the bicomplex idempotent
framework. The idempotent decomposition enables a component-wise anal-
ysis of bicomplex Fibonacci finite operator sequences, thereby simplifying
the derivation of structural properties. This approach provides a systematic
method to obtain recurrence relations, polynomial expressions, and matrix
representations, and reveals identities that are not directly observable in the
standard bicomplex form.

2.1 Algebraic properties of bicomplex Fibonacci finite
operators and their new attributes

In this section we study bicomplex Fibonacci finite operator sequences and
established some of their recurrence relations.

Definition 1. For each n > 0, the bicomplex Fibonacci finite operator
IBB(C]-",(Zk) is defined by

BCF® = FM +i FO), 4 5 F0, i FR,, (6)

where fﬁk) denotes the k-th finite operator sequence.
The bicomplex Fibonacci finite operator can be written as
BCFM = FF) + 4,

where u = i}"fli)l + jfé@2 + Z.jf,,(ﬁ_)g'

The conjugate of the bicomplex Fibonacci finite operator, IB%(C}",(lk) is denoted
by (BCFY™)" where
(BCFM)* = FF) —w. (7)

For the bicomplex Fibonacci finite operator, we may obtain
BCFH + (BCFP)" = 275,

Remark 1. The idempotent representation of bicomplex Fibonacci finite
operator sequence s given as

BCFH = BFer + BPes,
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where B} = pu — iy, B = po +ivh, pa = F +iF and p, =
(k) - (k)
Fgo T 1Fnys
Theorem 1. For each integer n > 2, the bicomplex Fibonacci finite operator
]B%(C}",sk) admits the representation

BEF = (B9 + 5% ) + (50, + 5, )ea ®)
Proof. Using equation (2) we have

BCFW =F® +iF®) + jF7H, +ijrh,
=(FE + F) +i(FP + ]:72’6—)1)+j(]:7(z]21+]:7(zk))
+ij (f(+)2 + }-15?1)
=(FP, +iFP + 578, i FE,)
+ (‘Fr(zli)Q +iFy) + G FP +Uﬁ&21)
—BCFY, + BCFY,

=02, + B0, Jer + (B2, + 12, )

Remark 2. The above expression also can be written as
A+ A0 = (B + 5 Jer+ (A + Al e )

Theorem 2. Let {IB%(C]—" }n>0 be the bicomplex Fibonacci finite operator
sequence. Then, for each n > 1, the sequence admits the following Binet-
type representation:

aant (aF + V) - ppnt (87D + FY)
NG :

where o and (B are the roots of the characteristic equation associated with
the corresponding Fibonacci-type recurrence.

BCF® = (10)
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Proof. Using the equation (5) and (3) we have
BCFW =F® +iF®) + i 70, +ij7b,
= 1( )F +.7:é 'F, F,_ 1—1—1(.7:1( ) n+1+.7-"(k) n)
+J(]:1( )Fppr + FVF, Fot1) +ZJ(]:1( 'Foys + FR, Foi2)
(k)(F +iFy1 + jFnt2 +ijFnys)
+ F (Fuct + iFy + jFns1 + 5 Fnga)

=rFMBCF, + ]-"ék)IEBCFn |
yGa” — B — b
Y4

V5 V5

an 1<af(k)+]-'0 ) B 1(/3? +}"ék))
v .

—F*

O]

Theorem 3. Let {IB%(C]—"?gk)}nzo be the bicomplex Fibonacci finite operator
sequence. Then its ordinary generating function

BCF* Z BCFH) 2n

s given by

(Ber + B ea) + [(Ber + Bes) — (Ber + pen)] 2

1—2—22

BCF®(z) =

Proof. Let BCF (z) be the generating function of the bicomplex Fibonacci
finite operator, defined as

BCF¥) (2 Z BCF*

Then, we have,

BCFM(z) = BCF + BCFM 2 + BCFM 22 + .. 4 BCFW 2" + -
— 2BCFP (2) = IB%(C}"( ) IB%(C]-"l(k)zQ - IB(C}"Q(k)z?’ — . —BCFF !
— 2?BCF® (2) = ~BCFM 22 - BCFM 23 — BCFF 24 — ... - BCFW 42 —
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Using the above identities and equation (8), we have

(1 —z- z2)B<Cf,<f)(z) =BCF" + (BCf{“ - ]B%(Cf(gk>> o+

> (B(C_F,(f) ~BCF®, - ]B%C.F,(fg) "

n=2

(1- 2= ) BCFD @) =(E0er + 60 + (3061 + 80 ea) = (B0er + 50 o))
3 (B er + 8P es) = (Be1 + 80 e2) = (Bex
n=2
+ ﬁfﬁgez)) 2"
Following equation (9), we have

(8 e+ 5 ea) + | (B er + B ea) = (Ber + Bes) | 2

1—2—22

BCF®)(2) =

O

Theorem 4. The exponential generating function associated with the bi-
complex Fibonacci finite operator sequence {BC}",(Lk)}nZO s given by

]__1(k) (deaz _ Beﬂz> B ]_—ék) (dﬂeaz _ Baeﬁz)
NG ;

> BCFM ™ —
ot "opl

where o = HT\/E and 8 = 1_2‘/5.

Proof. Using equation (10) we have

i BCFMZ — i aom Y aF " + FY) - Bt (A + FY) |
n=0 "ol o V5

n!
o (Hete i o) 1)

V5 a s
Capen (aF M + FP) — ape (8FF + F)
B Vhap
Fl(k) (ézeaz — 3652) — ]—"ék) (dﬂeo‘z - Baeﬂz)

7 .




I. Das, B.C. Tripathy, M. Sen 249

Theorem 5. Let n be a non-negative integer and let p € Z. Then the
following identity holds:

n n . _
> (t)mféflp = (=1 (Blper + B e2)
t=0

Proof. Observing equation (10) we find that

ié@—)< >BCI§L) ﬁébiﬁ(?><@“%+p1@j§“ ;m»>

t=0 t=0

BIBZH—p 1(5]:(’C +]:(§ ))
S () (P
_aap_l(a]:{ )+.7-"ék)
B V5
B (8R4 R ’)(
v@
aaP~1 (a}"l(k) .F(k)>

- \/g (_a)n

@%4<ﬂém+;§v

=(~1)"BCFY),.

=(—1)"(BVper + Bl ea).

J1- a2y

1-p%)"

Theorem 6. Let n € Nyg. Then

Z < )IB(C]—" /8271 e1 + BQn es.

t=0
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Proof. From equation (10) we have

> (t) i (J (dat*(afw 1) o+ fé’“))

t=0 t=0

aat (a]:fk) + ]:ék)) /3’/5'71 (,Bfl(k) + ]:ék))

= l+a)" - 1+p8)"
7 (1+a) VG (1+8)
_da2n—1(af1(k) _|_]:'[()k)) B BﬁQn_l(ﬁ]_—l(k) —‘r]:ék))
V5 V5
=BCFLY
—Aer + e
O

2.2 Polynomial representation of bicomplex Fibonacci finite
operators and their new attributes

In this section we introduce bicomplex Fibonacci polynomial and established
bicomplex version of some well known inequalities.

Definition 2. The bicomplex Fibonacci polynomial for finite operator se-
quences denoted as
1 n =0,
]BBC}"qgk)(z) and defined as ]B%C]-"( : 1(z2) =<2 n=1
BCEP (2) + BCEW (2) n>2.

The first few bicomplex Fibonacci finite operator polynomials are

IB%(C}"Ok)(z) =

BCfl (z) =

BCf2 (z) =

IB%(C]—"3 (z) =22 +1
BCf4 (z) =23 4+22
BCF! )(z) — 2443241
BCFH) (2) = 25 + 423 + 32.

We define a new class of matrix Q(z) to study the BCH;@I (z) polynomial

where,
z 1
o= g
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Then
, IB%C}"(k (z) BCFY(2)
Q"(z) = (k) (11)
BCE (z) BCF,”(2)
where n > 1. Since |Q] = —1,|Q"| = (=1)". Accordingly, equation (11)
gives the Cassini-like formula for BCF, (k )(z)
2
BCF (2)BCEY, (2) — (BCFP (=) = (-1)" (12)

It follows from equation (11) that

k k
Qern( ) BC]:( -)&-n-i-l(z) B(C]:r(nJ)rn( )
Qm+n(z)
=Q™(2)Q"(2)

BCF ) | (2)BCFR) | (2) + BCFY) (2)BCFLY (2) ]BC.FSJ)rl(z)]BCFT(Lk)(z)+]BC.F,(,§)(Z)]BCJ~'7(1@1(Z):|

]BCF<k)(z)]BCFT(Lk+)1(z) +BCF ) (BeFEM () BCFS (2)BCFS (2) + BCFX) | (2)BeFR) (2)

Consequently,
BCFY),(2) = BCFH)  (2)BCF®) (2) + BCFP () BCFM () (13)
In particular, let z = 1. This yields an identity
BCFY), = BCFY) BCFP + BCFPBCFY,.

m+n
The above identity is known as bicomplex version of Honsberger’s identity.
Since BCH” (2) = BCF®) (2) + BCFM(2) = 1+ 0 = 1 and BCH (2) =
BCFS (2) + BCFM (2) = 2 + 1, it follows that BCHY (z) = BCEY, (2) +
]B%C]:,gk)(z);

£ ()MBCHY (2) =(-)MBCFY) () ~ (-1)BCF(2)

z<-1>i+1mgk><z>:i[< )™IBCFY) (2) — (~1)BCF ()]
1=0 =0

=(-1)""'BCF) (2)

Thus we can express the bicomplex Fibonacci polynomial IBCF(k)( ) in
terms of IB%(CHgC)(z) polynomial as

BCF™), (2) = Zn:(—l)””IB%(CHEk)(z)
=0
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Now its follows from the equation (11) and (12)

Q" (2) + Q"(z) =

BCH') (z) BCH(z)
BCHY (2) BCH™, (2)

BCH™ (z) BCHP(2)| | .
Ben) Be (| =R +1]
=Q"(2)[ - 1Q +I|.
That is,
BCH, ()BCHY, (2) — (BCHP () = 2(-1)" (14)

The above identity is again a generalization of Cassini’s rule in the bicomplex
setting. We have a further generalization of equation (14):

BCHY () BCHY,(2)

BCH;]:)-Q(Z) BCngk)a—i—b(Z)
BCH(z) BCH(2)|

= (—=1)"
BCHY(z)  BCHY,(2) =1

Remark 3. If we replace BCFE(2) by (Br(bk)el + BFea)(2), then we get the
idempotent representation of bicomplex polynomial.

2.3 Matrix representations of bicomplex Fibonacci finite
operators and their new attributes

In this section we study matrix representation of bicomplex Fibonacci finite
operator sequences and established some useful theorems.

Definition 3. The bicomplex Fibonacci matriz is defined by

_ |BCF, BCF
P= [IB%(CFl IB%(CFO] ’ (15)
and satisfies
n-1__ |BCF,+1 BCEF,
PR™ = [ BCF, BCF, .|’ (16)

where

11 w  [Fasr  F
T R A
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From the recurrence relation of the Fibonacci finite operator numbers,
we can easily see the matrix relation

k k k k
:[]_—2() F® O fé’] -

— HQ" ' = |" "t
Fb ]—"ék)] ¢ [ wFE,

Considering the matrix equalities in equation (16) and (17), we have a matrix
representation of the bicomplex Fibonacci finite operator as follows:

k k
e, seAl,

BCF), BCFY 18)

(HQ" )P =P(HQ"™) =

Let us note that equality equation (18) is held even though matrix multipli-
cation is not commutative. Namely

o [E W
HQ)P=1"1h
LY n n—1

_[F®BCR, + FPVBCE,  F*) BCF + FBCR,

FVBCE + FY\BCF,  FVBCF, + 7"\ BCF,
_ [BeRFY +BCRFY BCRFY, + BCRFY

BCF, BCEF;
BCF, BCFy

B JB%(CFg]-'(k) +BCARFY, BCRFY +BCRFX),
_[BCR, BCR][F®, F¥

a _BCFl BCF() ]—'ék) ]-'T(Lli)l

=P(HQ" ).

Additionally, the Bicomplex Fibonacci finite operator has the following ma-
trix representation:

Bert, Bertl
BCFY, BCFY

BCFL" IB%Cfl( )

"L=LQ" =
IB%(C]-"l(k) BCF" = “

(19)

Equation (19) can be expressed as

52 €1 + ﬁQ 62 B%k)el + BY%QI

L= _
51 e1 + ﬁl e ﬁ(()k)é’l + 5(()k)€2

and

67(1]2261 + 5n+262 ﬁ(+1e + 5n+1€2] '

"L =LQ" =
N v lﬁnll 1+5n+1€2 BPe; + BY
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Theorem 7. Forn >0, we have

BCF,\BCF,Y, — (BCFM)® = (-1 ((Bé’“)el + 85" ea) (Bs 1 + Bie2)
- (B + P, (20)
BCF BCFY), — (BCFH)? = (-1~ ((Bék)el + B8P ea) (B er + 5P es)

— (B{"er + B;%)Z), (21)
1) ((,3261 + 5262)(6061 + 6062)
Ler + Brea) )((]_—(k))Q (k)]:(k) (]_—ék))2)7 (22)
n"- ((5061 + Boe2)(B2e1 + B2e2)
Ler + Brea) )(( FEN2 _ F®) k) (fé’”)Q). (23)

BCF) BCFY, — (BCFM)?

BCFY BCF), — (BCFM)?

(=
— (8
(=
— (8B

Proof. To prove equations (20) and (21), using the equation (19), we get

(k) (k)
e
BCF BCFY,
1 g e r®) (k)
opyp = |t e BeA!
1o [BcF® BCEY
:’1 1" B er + 88 er BMer + BiM e
Lo B(ke +51k)e2 Bok)el‘i‘ﬁo €2

BCF()BCFY, — (BCFM)? =(-1)" ((Bé% + 55 e2) (B er + 50 e2)
—(Ber + ﬂ“)ez)?),
and
BCFM BCFY), — (BCFPM)? =(-1)"~ ((ﬁ(k>e + B e2) (B er + 5P e2)
(BPer + 5§k>62)2) .

In the same way, equations (22) and (23) are obtained if we take determi-
nants on both sides of the matrix equation (18). O
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Theorem 8. For integer m,n > 1, the following equalities hold:

FOBCFpy1 + FO BCF,, = B e1 + 85, e0, (24)
FuBCFY), 4 FuoiBCFSY = ) e + %) e, (25)
BCF¥) \BCFut1 + BCFWBCF, = (Baer + B2e2) (B ner + B e2)

+ (Brer + (Brea) (Blyhnrer + Bke2),  (26)

BCF ) BCF), + BCFWBCFY = (B er + 5 e2) (Bir)ner + Biakne2)
+(BMer + B ea) (BN, _rer + B, _iea).  (27)

Proof. Substituting n — m 4+ n — 1 into (18) and (19), we have

BCF® ., BCFY), ] s A1y (1
mein mtn | = (H P=(H P
U i | e e e @)
BCFY), .. BCFY, | [F®, FP][BCF... BCE,
BCFY), BCF® | | FAP F® || BCF, BCFn
Bﬁf}zﬂel + ﬁ%}rnﬂez ) kB,(,IfJ)rnel + B%:J)rnez _ .7-—,(1};:)1 fff) [[B%(CFmH BCE,,
Bilier+Boies Bl qen + B0, ea| | FY F | [ BCFn BCFn

The equation (24) is obtained by comparing the corresponding entries of
the two matrix equations. From equation (19) we see that

BCF® ., BCFYL, | s el om
[ ]B%(C]:@_ ]B%C}'(kl . =Q L=Q (Q L)
(k) (k) . (k) (k)
BCF.! to B(kam e | [ F, Fn_l} BCfmk 1, BCF,, kS
BCF®) . BCFX | [Fa-1 Fa—z] |[BCF®),  BCFY
Bk ner+ BG e Biliert Bilaes | _ [ F, Fn_l} BCFY), BCFY),
/B'Erlfinel + B”E:?l»neQ ﬁ'r(rlf?knflel + ﬂ,,(rlfln71€2_ Fn71 Fn72 BC]:;{::«%»I B(C‘F"(f)

The equation (25) is obtained by comparing the corresponding entries of
the two matrix equations. Likewise, Substituting n — m + n — 2 into
equations (18) and (19) we have

P(HQernfS)P —_ (PI_Ime2)(Panl)7
LQ™ ™)L = (LQ™ H)(LQ" ™).

If we equate the corresponding entries on both sides of the matrix equations,
we obtain Equations (26) and (27) respectively. O
Corollary 1. For a positive integer n, the following equality holds:

BCFEY)? + (BCFH)? = (BFer + M ea) (B, 1e1 + B, 1e2)

+(Ber + B es) (B er + B e).

|
|

|
I
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Proof. Substituting m — n into the equation (27) and using equation (8)
we get
(BCFY)? + (BCF®)? =BCFBCFL + BCFMBCFY |
—(BCFY + BCF)BCFY + BCFMBCFY
—BCF® (BCFY + BCFY ) + BCFPBCFY
_BCJE(’“)BCQ(QL +BCFBCFR
(ﬂl €1+ 51 62)(/62n+161 + 62n+162)
+ (B er + B ea) (BL ex + By )

O
Corollary 2. For positive integer n, the following equality holds:
BCFM)? = BCFM)? = (BWer + 8 eq) (B er + B es)
(50 €1 +50 62)(/8271, 161_{_&51:1,)7162)'
Proof. Firstly, we get
k) \2 k k 2
(BCFY? — (BeF,)* = ( (Brf) + (BCFY))
- ((EC&Q‘“))Q + (B@fn’i’l)2>.
(28)
Next, we make the following computations.
BCF® V2 o (BCF®)? = [gor® (] |BCFy
( 1) T ( W)= _BC‘Fn+1 BCFx ] BCFM
- BCF"
= |BcF® BCEM| Q" (
aad v IBBC]-"O)
- BCF
= |BcF® BCFM| Q™ e (29)
. ] BCFS"
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Similarly, we also have

(BCF)?

+ (B(C’F?(Lk—)l)z -

BCF."

BCEY BCFY
| ) pery,

BCF."
IB%(Cf(k)
BCF"
BCF"

= [BeA® BCAP] Q!

— [BeAY BCFP| @ (30)

By using equations(28)-(30), we have

BeF)? - (Ber)? =((Bert) + (Berb))

~ [BeAY BCFP| Q™

Z[IBSC]-“l(k) IBCFO ](QQn Q2n—2)

~ [BeAY BCEP| Q™ 2(Q* - 1)

- <(IB%<CF,§’“))2 + (IBCI,S’“)l)2>
BCF."
IB%C]:(k)
BCF"
k
Bcrg )
BCF"
BCFS
BCF"
BCFS"

- [BeAY BCFP| @

By Cayley-Hamilton theorem it follows that,

Q? —Q — I = [0]2x.
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Also we get

(k)]
(]B(C]_.gzl)z _ (BC}.T(LIC_)l)z _ [BC]_—l(k) ]B(C]:O(k)] Q2n72Q [ﬁgil(k)
0 -

= IB%(CJ—'l(k> ]B(C]_-ék) Q!
| }

BCF|"
BCF"

Fon an_l} ‘BCF®

k k
- [B(C]:l( ' BCF; )] |:F2n71 Fan | |BCFM

BCFY
BCFY

=BCFMBCEP +BCFPBCFE,
=B er + P e) (B ex + B ea) + (B er + S e2)
(Bé?—lel + /Béi)—1€2)~

= [BeF®  BCEP)]

Theorem 9. For the bicomplex Fibonacci finite operator, we have

BCF), BCFY, —BCFPIBCFY), ., =(-1)"F, (F")* = FSPFE) ((Brer + Prez)
(Bs€1 + Bse2) — (/3061 + 5062)(Bs+161 + 5s+1€2))~

Proof. With the use of equations (24) and (25), we can compute :

(*) )] _ [pe#®) Wl [ B 0
[Ber®, BeFP| = [BCFL) ECfﬁ][Eul J
FOOFVITE o
—[BCF, BCE| ["nt1 77 r o
[BCH 0] (CIEC) [ F_ 1]

and

BCF, Y,
_BCFn+s+1

F —fﬁ]{ BCF, }

n—1
_ T(f;) ’F?s]j-)l —B(CF5+1
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Also, we have the following computation:

FOOFDITE o[ 1 0
Frfl 1 _Frfl Fr

nk k

= FY

FO - Fw F® k)

4 F.I n—l "

[f,&’” Fo | D ZEm p0)

e [ 2 (7 2]

- k k k k
FFR | -RE FR)

Fal FO, — (72 0 ]

“HD A,

=F |7 2 2 (B) (k)
0 _(‘Fn ) +‘Fn—1]:n+1

= —Fr((fr(zk))Z - ]:7(116—)1]:7(11—?1)1
= ()" () - APV AL

Then, we get
BCF’r(L]j-)TBCng-)s - B(Cfr(zk)BCféli)r+s
BCF~
= BcF®  BCEWY nts
[ * :| _B(C}—T(LJr)rJrs

_BCFerl
— (~1)"E((FM)? = 7P FPY (BC R BCF, — BCF)BCF, ;)

— (=1)"F, (FP)? = FOFEY ((Brer + Brea) (Bser + Bses)
— (Boer + Boez)(Bs+1e1 + Bsir1e2)).

= (-1)"F(F)? - 7P FP) [BCR IB«CFO}[ BCF, ]

O]

Corollary 3. Equations (22) and (23) are obtained by substituting n by n—1
and r = s =1 in the aforementioned theorem.

3 Conclusions

In this paper, we have presented a systematic study of bicomplex Fibonacci
finite operator sequences through the idempotent representation of bicom-
plex numbers. Unlike previous works on hypercomplex Fibonacci-type struc-
tures that mainly relied on classical component-wise formulations, our ap-
proach is based explicitly on the orthogonal idempotent decomposition in-
trinsic to the bicomplex algebra. The main novelty of this work lies in
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deriving recurrence relations, polynomial representations, and matrix repre-
sentations directly in terms of the idempotent basis. This framework simpli-
fies the structural analysis by decomposing the sequences into independent
complex components, leading to clearer proofs and new structural identities
that are not immediately visible in the standard representation. It is worth
noting that, unlike quaternion algebra introduced by William Rowan Hamil-
ton —which is noncommutative and does not admit a non-trivial idempo-
tent representation— the bicomplex algebra is commutative and possesses
orthogonal idempotent elements. This distinctive feature makes the idem-
potent method particularly effective for studying operator sequences. The
results obtained here provide a refined structural perspective and open new
directions for further investigations on recursive operator sequences within
the bicomplex framework and related commutative hypercomplex systems.
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