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1 Introduction

Mathematical models of the complex physical or technological processes de-
scribed often by nonlinear problems, in particular by systems of nonlinear
algebraic or transcendental equations, nonlinear integral equations, nonlin-
ear boundary value problems and other. It is extremely rare to find an exact
solution to such problems. Therefore, research and development of methods
for numerically solving nonlinear problems is an important task. In general,
these problems are written in the form of an operator equation [1,8,11,12,14]

F(z)=0. (1)

Here the operator F': Q) C By — Bs is Frechét-differentiable, €2 is an open
and convex set, whereas By and Bs are Banach spaces.

There is a large number of iterative methods for the numerical solving
of the equation (1), in particular Newton method or methods with divided
differences. One of the characteristics of iterative methods is the amount of
calculations of the values of F' and its derivatives (or divided differences). In
most cases, at each step of single-step methods, it is necessary to calculate
one value of F' and find one inverse operator for F’ or its approximation.
To increase the convergence order, it is necessary to increase the number
of calculations of F' and F’ which leads to increasing computational costs
and a decreasing of the efficiency of the method. Such methods had been
investigated in [2-7,9,10,13].

In this paper we consider the three step method with four real parameters
b, ¢, p and ¢ (b # 0), which is defined for zy € 2 and each n = 0,1,2,...
by [9]

2 _
Yn = Tp — *F/(xn) 1F(xn)7

3

Ay = I—F'(z) " F(yn), My =1 — gAn,

13b—2 1962 —3b—4c+2
_ 2 _ _
T, = I+G1An+a2An,a1—ZT702—§ b2 7()
1

2y = Xy — (1 + %Mn_lAn) T F' (20) " F (2),

Tnt1 = zn— (pI+ qAn)F'(:L“n)_lF(zn).

The local convergence order six is shown in [9] for By = By = IR,

3
p=1,qg= 3 using the Taylor series technique. There are constraints with

this technique.
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Motivation for writing this paper.

(E1) The local analysis (see [9]) is restricted only on IR™ and the assumption
is made that F'®) (the fifth derivative exists and is bounded on Q. But
this high order derivative is not on the method (2). Hence, the results
in [9] are applicable to solve equation (1)) provided that the derivatives
reaching up to order five exist, which may not be true. As an example,
let m =1 and say Q2 = (—1.3, 1.3). Define the function F': Q — R by

dit®logt? + dot® + dst”, t#0
F(t) =
0, t=0,

where dy # 0 and de + d3 = 0. It follows by this definition that
t* = 1 € Q solves the equation F(t) = 0. But the function F®) is
unbounded at t = 0 € Q. Thus, the results in [9] cannot assure the
convergence of the method (2) to ¢*. But the method (2) converges to

3
t" =1ifsay 1o =095, b=c=p=1and ¢ = 3 This observation

indicates that if an alternative to the Taylor series technique is used
the sufficient convergence conditions in [9] may be weakened.

E2 No radius of convergence is given in [9]. SO7 the initial points T are
g g
given in not known.

(E3) There are no previous knowledge of the integer N such that
|z* — zp]| < e Vn > N and some € > 0.

(E4) There are no isolation of the solution results.

(E5) The more difficult and important semi-local analysis of method (2) is
not previously studied.

The technique of this paper positively addresses all issues (E7)-(F5) and se-
ries as an alternative to Taylor series for studying the convergence of method
(2) as well as other similar methods analogously [4-7,10,13]. In particular,
we achieve:

(E1)" The local analysis of method (2) is shown by using only the operators
on it, i.e. F and F".

(E2)" A computable radius of convergence is provided. So, the initial points
ate selected from a certain ball about z* or xg.

(E3)" The number of iterations to be carried out, i.e. N is known a priori.
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(E4)" Domains are determined which contain only one solution.

(E5) Majorizing scalar sequences [1] are employed to determine the conver-
gence of {x,} generated by the method (2). The analysis is presented
in the more general setting of a Banach space. Moreover, the derivative
F’ is controlled by generalized continuity conditions used to control it
and also sharpen the error distances ||z* — z,|| [1-3].

The new local convergence analysis is shown using only the operators on
the method, i.e. F' and F’. Moreover, the semi-local analysis not previously
studied is presented using majorizing sequences. Both analyses provided in
the more general setting of a Banach space and also depend on generalized
continuity which controls the derivative F’. The same technique can be used
to extend the applicability of other methods along the same lines [4-7,10,13].

2 Local convergence

First we introduce the following notation and conditions used in the study
of local convergence of the method (2).

Denote by U(z,r) and Ulz,r] open and closed balls, respectively, with
center at the point x and of radius r. Let us set S = [0, 00).

Suppose

(LC) There exists a function wp : S — S, which is continuous and strictly
increasing on S such that equation wy(t) —1 = 0 has at least one posi-
tive root. = We denote by g9 the smallest such root and set

SO = [07 QO)

(LC3) There exists a function w : Sy — S, which is continuous and strictly
increasing on Sy such that for function ¢ : Sy — S given by

Jy w1 = 0)t)as + § (1+ J wo(6r)as)
B 1~ wo(l) )

(3)

equation g;(¢) —1 = 0 has at least one root in the interval (0, gg). We
denote by 71 the smallest such root.

g1(t)

(LC3) The equation pu(t) —1 = 0 has at least one root in the interval (0, gp).
We denote by p the smallest such root. Set S; = [0, o).

Define the function gs : S1 — S by

C flw(@—ot)de  AR) (1 + fy wo(et)de)
— 1 —wo(t) 1 — wo(t)

g2(t)
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(1 4+ A(0)m) 1
+%M—MUV11MDQ+AUMMw»

where
w((14g1(t))t) _
_ c|  w(t)
M”{” =[5l @
wo(t) + wo(g1(t)t),

0 ()
A@‘l—mm<“””“H—mm>‘

g2(t)—1=0

has at least one root in the interval (0,71). We denote by ry the
smallest such root.

The equation

Define the function g3 : S; — S by

Jo w gy ) (1+ 3 wolbga(£)t)dd)
1 — wo(g2( )t) (1 —wo(t))(1 — wol(ga(t)t))

g93(t) =

QQ(t),

+<Ip—1|+ la[@(?) >( + Jo wo(0 de)

1-— wo(t) 1-— ’U)()(i)

where
w((1+ g2(t))t)

w(t) =14 or
wo(t) + wo(g2()t),

The equation
g3(t)—1=0

has at least one root in the interval (0,72). We denote by rs the
smallest such root.

Define the parameter

r* =min{r;}, j=1,2,3. (4)

This parameter is shown to be a radius of convergence in Theorem 1
for the method (2). Set So = [0, r*).
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It follows by these definitions that
0< wo(t) <1 Vte SQ and 0< wo(gQ(t)t) <1 Vte SQ (5)

and Vt € Sy

(LC4) There exists a solution z* € € of the equation F(z) = 0, L €
L(By, Bs) such that L™ € £(By, B;) and

IL7H(F (z) = D) < woll|lz —2*|]) Yz € Q.
Set Qo = QN U(z*, 00).
(LC5) |L7HF' () = F'(y)l <w(llz —yl) Y,y € Qo.
(LCs) U(x*,1*) C Q.

Theorem 1. Suppose that conditions (LC1)-(LCs) hold and x¢ € U(x*,r*).
Then, the sequence {x,} generated by method (2) is well defined in U (x*,r*)
for each n = 0,1,... and converges to the solution z* €  of the equation
(1). Moreover, the following error estimates hold for each n =0,1,...

lyn — 2™ < g1(r)|zn — || < [Jon — 2™ <7, (7)
[zn — 2| < g2(r)llan — 2| < |lzn — 27 (8)

and
[Tnt1 =2 < gs(r)lzn — 2™ < |2 — 2™ 9)

Proof. The proof is carried out by mathematical induction. Using conditions
(LC4) and (5), we obtain in turn that

IL7H(F (20) = L)|| < wolllam — 27)) < wo(r™) < 1. (10)

The Banach Lemma on invertible linear operators [1,11] and (10) imply that
F'(z,)~! € L(Ba, By) and

1

wo([lzn — z*[|)

1F/(n) L] < 1= (11)
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Then, by the first substep of (2), we can write in turn
1
Yp —x* = 1z, — 2" — F'(x,) 1 F(z,) + gF/(:cn)_lF(J:n)

= Fl(z,)" <F/(g;n) —/01 F'(2* + 0(z, —m*))d@) (2 — 2¥)

1
+%F'(wn)*1 </0 F'(x* + 0(zy, — 2))dl — F'(z*) + F'(x*))
X (xy — ).

Taking into account conditions (LCy), (LC5), (6), (11) and the last equality,
we have

Jy w(( = O)llen — a8 + § (1+ f3 wo(Bllwn - 27])d0)

1 —wo([|zn — 2*[])

[y — 2" <
X|Jan — 2| < grllen — 2*Dllwn — 27| < flon — 2% <77
Using conditions (LCy), (LC5) and (11), we have
1Al = [ = F'(20) 7 F'(yn) | = | F' () ™ (F () = F'(27)
+F(2") = F'(yn))Il < |1 (20) 'L (HL*I(F'(%) — Fl(a")|

wo([lzn — 2*[|) + wo(llyn — =*|)
1 —wo(llan —2*[])

LN E @) = Flga))l) <

wo(llzn — 2*[|) + wo(gr(|zn — 2[)) [lzn — 2"|])
1 —wo(llan —2*|)

1Anll = |1 = F'(n) " F ()| = [ (o) "L (F () — F' ()|
< P @) VL (1L F () — F(ga))])
o(lzn = gal) _ w((+ g1(lzn — 2* ) 7m — °])
S T wp(an -2 1— wo([[n — )
and

w(l|lzn — =)
— 1= wo([len —2*])

|| An|| (12)

In view of the following equality holds

I— Tn = —alAn — CLQA?L,
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we obtain using the estimates (10) and (12)

W(||zn — 2*])) ( w(||zn —2*) )2
I_Tn < |a1 + la
H | | ll—wo(\lxn—x*u) a2 1 — wo([|z, — 2*])
= Allzn —27[)) = An, (13)
1Tl < 14 A, (14)
(llzn — 2*)
An n— n <1
Hb H ‘b‘1_w0(||$n_$*“) pllzn — ) = pn <
and
—1 1
MY = [[I=T=M) Y =](r=¢ < _
M = I = (= M) H( “4,) H_l_un 15)

Then, by the second substep of (2), we can write in turn
2y —a* = xy— 2 — Fl(x,)  VF(xn) + (I — Tp) F'(x,)  F(zy)

—%M YA T, F' (2,)  F(2)

= Fl(zn)" (F’(mn) - /1 F'(2* + 02, — x*))d@) (2 — %)

0

+ (I —T,) F'(z,) ! (/1 F'(z* + 0(xy — 2%))d0O

0
—F'(a") + F'(2")) (zn —

_%M YA T, F'(z,)” (/ F'(z* + 0(xy, — 2%))dO

—F'(¢*) + F'(z%)) (2 —
By using (LC4), (LCs), estimates (6), (11), (12)—(15), we get
Jo (1= )|, — a*)df
1 — wo(||lwn — 2*|)
A (1 + [ w8, — ac*H)dQ)
1 —wo([|zn — 2*))

(1 + A)w([[zn — 2*]])
200[(1 = wo(llzn — 2*])))?(1 — pin)

1
X (1 +/ wo(0|zn — x*H)dGﬂ |xn — ™|
0

= ga(llzn — 2 |zn — 27| < [lzn — 27

[

+

+
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Then, by the third substep of (2), we can write in turn
Tps1 — 25 = zp— 2" — F'(20) 'F(20) + (F'(2) " = F'(2) 1) F20)
—(p— D () F(20) — gAF (2) " F (),
= Fl(z,)7! (F’(zn) /1 F'(z* + 0(z, ))d@) (zn, — )

+ (F'(zn) ' = F'(z)” (/ F'(z* + 0(z, — 2%))d0

—F'(z*) + F'(2")) (20 — 2*) = (0 — DI + qA,) F' ()~
« (/01 F(a* 4+ 0(zn — 27))d0 — F'(z") + F’(x*))
X (2 — o).
Using condition (LC3), (5) and (8), we obtain in turn that
ILH(F () = D)|| < wo(llzn — 2*[]) < wo(ga(r)r*) < 1. (16)

The Banach Lemma on invertible linear operators [1,11] and (16) imply that
F'(2,)7! € L(Bsy, B1) and
1

1F" () 71 LI < e
o(llzn = 2*1)

(17)
By the following equality
F/(Zn)_l - F/(xn)_l = F,($n)_1 (F/(xn) - F,(Zn)) F/(xn)_la

and taking into account the conditions (LCy), (LCj5), estimates (6), (8),
(11), (12) and (17), we have

T o (R R )
et =S g e — 2 D) = wollzn = 21D
(= 0)llz = )

1 - wo(Hzn —*[])

i (tp-1 {2l =D )

1= wo([|lzn —2*)

(14 Jy wo(@llzn — a7 1)b) )
x |2 — 2|

1 —wo([|zn — 2*]])

< g3(lzn =2 Dlan — 2" < llwn — 27|
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Moreover, by (9) there exists a € [0, 1) such that
lns1 — 2°]| < allen — 27 < @™z — 27| < (18)
Therefore, it follows from (18) that the iterate z,+1 € U(z*,r*) and

lim z, = x*. ]
n—o0

Next, we present a result for uniqueness of the solution of the equa-
tion (1).

Proposition 1. Suppose:
(a) The condition (LCy) holds in the ball U(x*, 1) for some g1 > 0.
(b) There exists p2 > p1 such that

/Olwo (9@2)610 <1 (19)

Set Q0 = Ulz*, 02) N Q.
Then, the equation F(x) =0 has the unique solution x* in the region €.

Proof. Suppose that there exists u* € Qq, u* # z* and F(u*) = 0. Let
1

T = [F'(z*+0(u* — z*))df. It follows by (a) and (b) that
0

1
IL7HT - L) < /0wo(\w*+9(u*—x*)—x*H)d9<

/Olwo(euu* _ :U*||)d9 /Olwo (9@2)6[«9 <1.

Hence, the operator T is invertible. Then, by the identity
u —a* =T YF(u*) - F(z*)) =T7%0-0) =0,

IN

we conclude that u* = z*. O

3 Semi-local convergence

Majorizing sequences are used to provide the semi-local analysis.
Suppose:

(SLCY) There exists a function vg : S — S which is continuous and nonde-
creasing such that the equation

Uo(t)—l =0

has a smallest solution p3. Set S3 = [0, 03).
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(SLC3) There exists a function v : S3 — S which is continuous and nonde-
creasing.

The majorant sequence {«,} is defined for oy = 0,
o 2 S IF z0) " Fao)
and Vn=0,1,2,... by
v(Bn = an),

Uy = or
UO(an) + UO(ﬁn);

Yo = ( Jar] + lag)—2" Un _‘9‘57"
n A\ 2T = vo(am) ) 1T —volam)’ Frn =14 1 —vp(ay)’
3/1 = (14 \p)Vp )

n = Pn+ = *+)\n+ n — On),
=Pty <3 2T — volan))(1 — o) ) P~ %)

1
§n = /0 v((1 = 0)(vn = an))dO(vn — an) + (1 + vo(an))(vn = Bn)

+§<1 + v0(n)) (Bn — o),

anir =t (bl s ) o (@)

1
o = [ o= 0)(@ur — 0Bl = a0

U+ vo(an))(@nst — ) + 51+ vo(an))(Bn — an)

and 5 5
_ £ Ontl

(SLCs)
Lemma 1. Suppose that Vn =0,1,2, ...
0<wolapn) <1, pp<1l, 0<a,<a forsomea>0. (21)

Then, the sequence {ay,} given by the formula (20) is nondecreasing
and convergent to its unique least upper bound o* € [0, 1].
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Proof. The sequence {a,} is nondecreasing and bounded from above
by @ and as such it is convergent to a*. O

The additional conditions shall be used in the semi-local convergence
analysis of method (2).

(SLC4) There exist points xg € 2 and parameter [y such that F’(zq)~?,
Lyt € £(Y,X) and

I (0) ™ Flao)] < o

(SLCs) [[L7H(F"(z) — F'(z0))|| < volllz — zoll) Va € Q.
Set Qo = U(xg, 03) N Q.

(SLCs) L1 (F"(z) = F'(y)ll < v(llz —yl) Va,ye€ Q.
(SLC7) Ulxg,a*] C Q.

Next, the semi-local convergence of the method (2) is presented based on
the conditions (SLC)-(SLC7) and the preceding terminology.

Theorem 2. Suppose that the conditions (SLC1)-(SLC7) hold. Then, the
sequence {x,} generated by the method (2) is well defined in U(xg,a™),
remains in U(xg,a*) for all n = 0,1,2,... and converges to a solution
x* € Ulxo, a*] of the equation F(x) = 0. Moreover, the following error

estimates hold
|la* — 2] < o — ay,. (22)

Proof. By the condition (SLC}) the iterate yg is well defined, since from the
first substep of the method for n = 0 we have

2 _ *
llyo — xol| < §||F'(fvo) LP (z0)|| < Bo — ap = By < o,

and the iterate yo € U(zo, o).
Suppose that y;, z;, xi+1 € U(zg, ) for i =0,...,n — 1 and

lyi —2ill < Bi —

lzi —will < v —Bi
lzit1 —wll < i1 — B,
[zit1 =zl < i —

Then for i = n, we get following estimates.
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Using conditions (SLC3) and (SLCj), we obtain in turn that
IL7H(F (2n) = L)]| < vo(len — 2ol)) < vo(an) < 1. (23)

By Banach Lemma [1] and (23) the operator F'(x,,)~! € £(Ba, B1) and
1

= oo(fln — woll) 24

|F@n) L) < 5

By the identity

Flea) = Flan) = F(oa1) = 5F'on-1)(un-1 — 201
= F(xp) — F(op_1) — F(xp_1)(xn — Tn-1) + F'(xn-1)(®n — yn—1)
P )yt — )
= /01 (F/(l‘nq +0(xy — Tp_1)) — F/($n71)>d¢9($n — Zp_1)
P (n 1)@m= 1) = 5F (n ) (ot — n1),
we get

1
127l < [ o= 0)(0n = ann) )b — 0m)
+(1 + 'U()(an—l))(an - ﬁn—l)
+%(1 + vo(an—1))(Bn—1 — an-1) = on. (25)

We have by the first substep of the method

On

2 2
— < ZyF Lk <Z__
lyn = anll < SIF )LL)l < 57

= Bn — an
and
1yn — ol < lyn — 2all + |20 — 2ol| < Bn — an + an = B < "
Subtracting the third and second substeps of the method gives

ot = g F ) ) + (1= T) /() F o)

1

5 bM,;lAnTnF’(xn)—lF(xn). (26)
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Using (SLC5), (SLCs) and (23), we have

[ An]|

or

[Anll =

IN

and

1 = F'(20) ™ F' () |
1E" () ™ (F" (wn) = F(w0) + F(x0) — F'(yn))
1F" () 7 L (HL_l(F'(frn) — F'(wo))|

HILTH(F (w0) = F' () )

volllzn = 2oll) + volllyn — oll) _ volan) + vo(Bn)
1 —vo(l|zn — zol|) ~ 1 —wo(ao)

IN

1 = F' ()~ F ()| = 1F" () ™ (F () = F ()

L Py (ln = al)
I a) LN () = F )l < 77, 2 s

Vo (an - ﬂn)

1-— U()(Oéo)

n

S T wllan —mol) = T wo(@) (27)

Here v(||zn — ynl|) = vo([lzn — @ol]) + vo(llyn — xol|) or
O([lzn = ynll) = v(llzn —ynl)-
From the following equality

I-T,=—a1A, — agAi,

and using the estimate (27), we obtain that

11 =Tl

and

Moreover,

C
Z A,
b

1M

a V(|lzn — zoll) a P2 = 2o 2

<ttt e (ot ) @

< % (29)
AR 0

C

b

O(llzn = 2oll)
1 —vo([|lzn — 2ol[)

= - - )= (- 5an) | <

=pn <1,

1
1_Nn.

(31)
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Taking into account the equality (26), and estimates (23), (27), (28),
(30), (31), we get in turn

1 - (14 X\p)n 3 B
and
||Zn - SU(]” < ||Zn - yn” + ||yn - 550” < Yn — ﬁn + Bn =Tn < a”.
Since,
3

F(zn) = F(zn) = F(xn) — §F (70) (Yn — =)

= F(z,) — F(zn) — F/(xn)(zn —Tn) + F/(xn)(zn — Yn)

1

F/(xn)(yn — xn)

Then, using (SLC5) and (SLCs), we have
1
I PG < [ o= 0)( = an)db( = an) + (14 v0f)

1
X (Yn — Bn) + 5(1 + vo(an))(Bn — an) = &n- (32)
We get by the last substep of the method, (23), (27) and (32)

Un &n
p— < = —
||l’n+1 Zn” = (’p| + |q| 1_ UO(an)> 1_ UO(an) On+t1 Tn

and

”xn—i-l - -TOH < ”xn—‘rl - Zn” + HZn - $0|| S ptl — M+ o = apt1 < a’.

Thus, the iterates yn, zn, Tn+1 € U(xg, a*).

It follows from the obtained estimates that the sequence {z,} is complete
in a Banach space B;. Hence, it converges to some point z* € Ulzg, a*].
Furthermore, by letting n — oo in (25) and using the continuity of F we
conclude that F'(z*) = 0. Finally, by the estimate

[Zn+i — Znll < Tnti — Togioall + o+ [ T1 — 20|
<

Qpti — Opti—1 F oo + Qpp1 — Qp = Qppj — Qp,

we show (22) if i — oo. O
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Proposition 2. Suppose:

(1) There exists a solution x, € U(xo, 04) of the equation (1) for some
o4 > 0.

(2) Condition (SLC5) holds on U(xg, 04).

(8) There exist p5 > p4 such that

/01v0<(1—0)g5+0g4>d9 <1 (33)

Set Q3 = Ulxog, 05] N Q.
Then, the equation (1) has unique solution x* in the region (3.

Proof. Suppose that there exists y* € Q3, y* # z* and F(y*) = 0. Define
1

the linear operator G by G = [ F'(y* + 0(z* — y*))df. Using (SLC3) and
0

(33), we obtain

1
LG~ Fl(zo)l| < / wolly” + 0(z* — ) — woll)do
0

IN

1
| o0 = 0l = ol + )a* ~ o] )6
0

IN

1
/ Uo((l —0)os + 9@4>d9 < 1.
0
So, the linear operator G is invertible. Therefore, from the identity
y*—a* =GN (F(y") - F(z") =G 1(0-0) =0,

we conclude that y* = z*. O

4 Numerical examples

In this section, we give the results of verifying the convergence conditions of
the Theorems 1 and 2 for the considered method (2). The experiments were
conducted in GNU Octave 7.3.0 software. To stop the iterative process the
condition ||z, 41 — zy| < e was used. The calculations were performed with
e =107% and the norms || - || is used.

Example 1. Consider the nonlinear integral equations [1]
1

F2)(s) :x(s)—5s/ te(t)dt, st € [0,1].
0

Here, By = By = C0,1],  C C|0,1] and the exact solution x*(s) = 0.



LK. Argyros, S. Shakhno, H. Yarmola 127

The derivative of operator I is defined by the following formula
1
F'(z)h(s) = h(s) — 155/ tx(t)?h(t)dt, h € C[0,1]
0

and we have that F'(xz*) = I (I is an identity operator),

1

F'(x)h(s) = F'(y)h(s) = 155/0 t(y(t) +=(2)) (y(t) — x(t))h(t)dt.

Let’s choose L = F'(x*) and Q = U(z*, 1) for a local case. Then, we have

2 2

5 Qo = | =¥, 5 and a function
w(l|lz —yl) = 2|z — y|, x,y € Qo. The radii obtained for different values of
parameters are given in Table 1.

*

wo(llz —a*|)) = 5]z — 2™, po =

Table 1: Radii for Example 1.
Parameters Radius r*
b=3,c=p=q=1 5.3551e-02
b=3,c=p=1¢=3/2 |5.1918¢-02
b=1,c=p=1,¢=3/2 | 5.1268e-02
b=-3,c=p=1,q=3/2 | 4.8902¢-02

Example 2. Consider the system of m equations
m
dajtet—1=0, i=1,..,m.
j=1

Here, B = By = R™, Q C IR™ and the exact solution z* = (0,...,0)7.
For this problem elements of the Jacobian matrix are calculated by for-
mulas
/ L eﬂfi+17 7’:]7 / *\ . 27 Z:j7
F(x)”‘{l, itj, o F(”’”)”‘{l, P4,

Let’s choose L = F'(z*) and Q = U(z*,1) for a local case. Then, we

have
Lil(F/(l‘) — L) = Lfldiag {6331 —1,...,e"m — 1}’

L™Y(F'(z) — F'(y)) = L 'diag {e® —e¥1,..., % —e¥m},
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Therefore, functions wy and w have the following form

and

and Ulz*, r*] =

wo(llz — ™)) = o(e = Dz — 27|

w(llz = yll) = o™z —y)],

where o = (F'(z*))}
Local case. Let m =5,b=3, ¢c=p=¢q=1. Then, Qp = (z*,0.6984),

r* ~ min{0.2658, 0.1393, 0.1267} ~ 0.1267
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[—0.1267, 0.1267]™ C . The method (2) converges to the
exact solution at two iterations for starting approximation

zo = (0.12,...,0.12)"

and error estimates (7)-(9) hold for each n > 0 (see Table 2).

Table 2: Error estimates at iteration for Example 2.

[2n — 2]

93

lyn — ™|

91

20 — 2]

95

NN~ O3

1.2000e-01
1.8766e-09
7.0097e-17

1.2000e-01
1.8766e-09

4.0849e-02
6.2554e-10

6.8860e-02
1.0769e-09

2.6447e-07
7.3635e-17

9.7156e-02
1.5194e-09

Qo

Similar results are obtained for b=3,c=p=1and ¢ =

~ (2%,0.6984), r* =~

| W

min{0.2658, 0.1393, 0.1211} =~ 0.1211 and
Ulz*,r*] = [-0.1211, 0.1211]™ C Qp. Error estimates at iteration are given
in Table 3.

Table 3: FError estimates at iteration for Example 2.

[2n — 2]

93

[yn — =™

91

20 — 27|

95

NN~ O3

1.2000e-01
6.3512e-11
7.0513e-17

1.2000e-01
6.3512e-11

4.0849e-02
2.1171e-11
0

6.7307e-02
3.5623e-11
0

2.6447e-07
7.6134e-17
0

1.2775e-01
4.6702e-11
0

In Tables 2 and 3 we use following notations: g = g1 (r*)|zn — =¥,
95 = g2(r*)llzn — 2*|| and g3 = ga(r*)xn—1 — 2*||.
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5 Conclusions

The paper studies the convergence of a three-step iterative method con-
taining inverse linear operators under the weak conditions. Moreover, these
conditions contain only operators that are in the method. A local and a
semilocal convergence analysis of this method under generalized Lipschitz
conditions for only the first-order derivatives is presented. The regions of
convergence and uniqueness of the solution are established. The results of
a numerical experiment are also presented. The new technique is an alter-
native to expensive Taylor series usually employed to study the convergence
of iterative methods. The same technique is applicable to extend other
methods [4-14].
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