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1 Introduction

Our starting point is the system of the Friedmann equations [1] with the
cosmological constant A

a 3 a 37
a ArG 3p Ac?
= - — 1
a 3 ( 02)+ 37 o

consisting of nonlinear differential equations of the first and second order
that describes the dynamics of our universe. The first equation in (1) is
called the Friedmann equation, while the second and the third one are ref-
ered to the acceleration equation and the fluid equation (also known as
conservation equation), respectively. Cosmological parameters a = a (t),
p = p(t) and p = p(t) are functions of time variable ¢t and they represent
the scale expansion factor of the universe, the average density of matter
content in the universe and the pressure of matter content in the universe,
respectively. The curvature of the universe is a real number denoted with k.
In this paper we discuss only flat universe (k = 0) and open universe (k < 0).
Derivatives with respect to ¢ are denoted with a dot. Considering physical
meaning of the parameters, we assume that all functions that appear in this
paper are continuously differentiable as many times as needed.

As it is well known, the system (1) consists from two independent equa-
tions that contain three unknown functions a = a (t), p = p (t) and p = p (¢).
In order to have a determined system, standard approach is assuming an
equation of state for the matter content that builds up the universe. Here we
consider that the matter components in our universe are barotropic perfect
fluids ("matter” and ”radiation”) which do not interact with each other,
more precisely that a single fluid component (for example "matter”) do not
interact with the other fluid component ("radiation”). By ”"matter” it is typ-
ically considered baryonic matter plus cold dark matter, while "radiation”
refers to relativistic particles, such as neutrinos and photons.

The equation of state for barotropic perfect i-fluid is a linear relation
between p; and p;

pi = wipic?, (2)

where p; = p; (t) is the average density, p; = p; (t) is the pressure and w;
is the equation of state parameter of i-fluid [2], [3]. In this paper we take
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that w; is a constant from the interval [0, 1], that is consistent with the
macroscopic physics [2].

The assumption that a single fluid component do not interact with the
other fluid component is reflecting in that the fluid equation is conserved
for every i-fluid [2], [4], i.e.

N pi
pi+3% (pi+55) =0, 3)

Substituting (2) and the Hubble parameter H (t) = a(t)/a(t) in (3), we infer
the following form of the fluid equation for i-fluid

[51' = —3H,OZ' (1 + wi) . (4)

The equation (4) in the terms of p,, (the average density of m-fluid (matter))
and p, (the average density of r-fluid (radiation)), is in the form

pm = —3Hpm (1+Wm)7 (5)
pr = —3Hp, (1 +Wr) .

Clearly, pm = pm (t) and p, = p, (t) contribute to the average density of
the matter content in the universe, as well as p,, = pp, (t) and p, = p, ()
contribute to the pressure of the matter content in the universe, with

p = pm + pr and p = py, + pr. (6)

Cosmological parameters that play a central role in this paper are density
parameters of the material in the universe, defined as (see [5])

81G kc?
Qi (t) = mpm(t% Qp(t) = EOEE0R
87G Ac? "

r(t) = STQ(t)pr(t)’ Oa(t) = BTz(t),

where Q,,(t), Qr(t), Q,(t) and Q4 (t) denote matter density, spatial curvature
density, radiation density and cosmological constant density. Throughout
the paper, Q; = Q; (t) will stand for any of the following density parameters
Qo (1), Qi(t), Qr(t), Qa(t), unless otherwise noted.

The paper is organized in the following way. In Section 2 we prove that
the system of the Friedmann equations (1) is equivalent to the system of the
first order nonlinear differential equations whose dependent variables are
exactly density parameters of the material in the universe. In Section 3 we
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obtained analytical solution of the obtained dynamical system from where
we obtain a new parametrization of density parameters with respect to a ().

Moreover, in Section 3 we considered in details all two-dimensional and
one-dimensional cases inferred from the initial three-dimensional dynamical
system by allowing that some of the density parameters €2; are equal to zero,
which, to our knowledge, is not presented anywhere else in the literature. In
Section 4 we analyzed the stability of equilibriums of the obtained dynamical
system and we discussed the obtained results in the spirit of the universe’s
evolution. In Section 5 the stability analysis of equilibriums of the observed
dynamical system is conducted when w,,, = w,, which is, to our knowledge,
also a new result.

We note that in the paper [6] is analyzed the dynamics of the n-dimensio-
nal generalization of the ACDM model that is analyzed in this paper. Con-
sequently, the solutions of the ACDM model and stability of its equilibriums
in this paper indeed can be obtained from the generalized n-dimensional case
from the paper [6].

However, the results obtained in the paper [6] are more significant from
the mathematical aspect, than from the aspect of physics, whereas the sit-
uation is a bit different when it comes to this paper. This paper deals with
the exact ACDM model and therefore we can, at any time, compare our
conclusions with the current observations, whereas that was not possible
with the n-dimensional universe in the paper [6].

Moreover, every case that is analyzed in the Section 3 is supported with
the appropriate physical interpretation, which is not the case in the paper
[6]. Furthermore, in the Section 4 we analyzed some interesting dynamical
systems, whose phase spaces are illustrated and the conclusions obtained an-
alyzing their phase trajectories are consistent with the current observations.
Those analysis were not implemented in the paper [6].

In addition, in the paper [6] are considered only the cases wy, # wy, for
i # j, whereas in the Section 5 is analyzed the case wy, = w,.

2 Friedmann equations as a dynamical system

By dividing the Friedmann equation in (1) with H? # 0 (H = 0 implies
static universe) and substituting p = p,, + p,, we obtain

Qm + Qr + Qp + Qp = 1. (8)

According to (7) and (8), as well as the assumption that k£ < 0, it is clear
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that
0<Q; <1. 9)

From (8) directly follows
Qp=1—-Q —Q — Q4. (10)

In order to infer the dynamical system, we present a method which is pic-
tured in various literature (for example see [2], [4], [7], [8], [9]) in a somewhat
different way.

We perform change of variables &(t) = In(a(t)), denoting the derivatives
with respect to & with /. Note that ¢ better approximates linearity of time
t than a(t). Differentiating the density parameters §2,,, Q, and Q5 with

respect to &, we infer ‘
, o dSy dt QY

YTodt de T H
Substituting Q; = 87Gp;/3H? and (4) in (11), for i € {m,r} we obtain

(11)

—2H

(12)
If we replace p = p, + pr and H = a/a in the Friedmann equation in (1)
and then differentiate it with respect to the time ¢, we infer

2HH = % (Pin + pr) + 2kc? - % (13)

Furthermore, substitution of (5), (7) and (10) in (13) transforms previous
equation into

—2H

Replacing (14) into (12), for i € {m,r} we get
Q' = =301 +w;) + 2 (24 L (1 + 3wm) + Qr (14 3w,) —2Q4) . (15)
For Q = Ac?/3H?, we have

—2H

wherefrom, using (14), follows

QA" = QA (24 Qo (14 3wim) + Q (1 + 3w,) — 2Q4). (17)
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Gathering (15) and (17) together, we finally infer the dynamical system
(

Q' = Qo (— (14 3w) 4+ Qi (1 4+ 3w) + (14 3w,) —2Q4),

Q= (— (1 +3w,) + Qi (14 3wi) + Qr (14 3w,) — 2Q4), (18)

QA = Q0 (24 QD (14 3wi) + Q (14 3w,) — 2Q4),
which is the system of the first order nonlinear differential equations whose
dependent variables are density parameters of the material in the universe.
In Theorem 1 we prove that the system of the Friedmann equations (1) is

equivalent to the system of the first order nonlinear differential equations
(18) under certain conditions.

Theorem 1. Assuming p,, = wmpmcz, Pr = prTCQ and the identities (6),
the system of the Friedmann equations (1) together with the equations (5)
are equivalent to the system

Q' = Qo (— (14 3win) + Qo (14 3wi) + Q- (14 3w,) — 2Q4),
Q= Qn (— (1 +3w,) + Qi (1 + 3wp) + Q- (1 + 3w,) —2Q4),
QA" = Qp (24 Qo (14 3wm) + (14 3w,) — 2Q0),

(19)
Qi+ Q- 04 + Qe = 1,
q.
Q=1
H’

where Q; are defined in (7).

We already inferred that from the system (1) and the equations (5) un-
der the assumptions from Theorem 1 follows the system (19). The opposite
direction is left to be proved. However, we note that Theorem 1 is a spe-
cial case of the Theorem 2.1 in [6] that guarantees the equivalence of the
appropriate n-dimensional dynamical system and the system of Friedmann
equations (1) for n barotropic perfect non-interacting fluids. Thus the proof
of Theorem 1 is omitted here, since it can be obtained from Theorem 2.1 in
[6] for n = 3.

The obtained equivalence guarantees that dynamics of the systems (19)
and (1) are the same, under standard assumptions in cosmology. We note
that in literature the same conclusion is used but only with w, = 0 and
w, = 1/3, however only one implication is inferred, not the equivalence.

3 Solutions of the dynamical system

We see that the system (19) is of a class of Lotka-Volterra dynamical systems,
which were introduced by Lotka and Volterra (see [10, 11]). Their analytical
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solution is not easy to obtain and so they are mostly solved numerically.

Here we infer analytical solution of the system (19) in various cases,
depending on whether some of the density parameters §2; are equal to zero.
Every case that we analyze here corresponds to some model of the universe.
More precisely, it represents some stage, or perhaps some medium stage in
the evolution of the universe. To each case we give the appropriate physical
interpretation [12].

3.1 Three dimensional dynamical system

Here we consider that €, > 0, Q, > 0, Q4 > 0 and € > 0. Therefore, this
case represents an open universe in the matter dominated epoch. Moreover,
it represents an open universe in the phase of the transition between radi-
ation and dark energy that occurred approximately around 5 - 10% yrs after
the Big Bang [13].

First, we rewrite the system (19) in the following form

Q= QU (—(1 4 3wm) + (14 3w,)Q — 2Q4) + (1 + 3wm) 2,
Q' = (—(1 4 3w,) + (1 + 3wm)Qm — 2Q4) + (1 + 3w,)Q,.2, (20)
Qp' = Qp (24 (14 3wm)Qm + (14 3w,)Q,) — 2042,

with Q,, +Q, +Qp + Q. =1 and Q; = . Since Q,,,, Q,, Qp and Q, are
strictly positive and their sum is equal to 1, hence all density parameters
are less than 1.

Note that the density parameters can be observed as a functions of £ =
Ina. To simplify the system (20), we introduce new variables with

zm(€) =1/Qm (&), 2 (§) =1/ (8), 2a(§) =1/Qu(§).  (21)

Replacing the density parameters in (20) with new variables z,,, 2z, and
zp, we infer less complicated system of equations

[ 2

143 2
+ wr_> (14 3w,

Zy ZA

Zm| = —2Zm, <—(1 + 3wm) +

1+3 2
PR — <—(1 + Buy) + ) — (1 + 3w,), (22)
Zm ZA
143 1+3
zA’:—zA<2+ i wm—l— i wr>—|—2.
Zm Zr

The next step is solving the system (22) by the elimination method.
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The second and the third derivative of z,, with respect to the variable &,
after substituting the expressions for z,,’, 2,/ and z,’ from (22), are in the
form

Zm (1 4+ 6wy, — 3w;) (1 4 3wy)

Zr

o (8 12w + (1 + 3wm)? zA)
+ ,
ZA
2z = = (14 3wpm)? (23)
Zm (1 4 3wy) (1 + 2Twm? + wm (9 — 27w,) — 3w, + 9wr2)
Zr

o (26 T2 + 54wm? + (1 + 3wm)? zA)

Zm// _ _(1 + me)2 _

+
Z5

Now, we want to express 2z, and zj in the terms of z,,, 2’ and z,”. In

order to do so, we observe the function F = F (2, 2im’, 2m”, 2, 27), given
with

F (Zm,Zm/,Zm”,ZT,ZA) = (Fl (vazm/;ZmZA) 7F2 (vazm,lyzrva)) ) (24)

where
1+ 3w 2
Zr ZA
1+ 6w, —3 1+3
Fy =2, + (1 + 3wp)? + om (1 & 6 . r) (1 3wr) (25)
™

o (8 412w + (1 + 3wm)? zA>
- =0.
B

According to 2z, = 1/, > 1, w, € [0,1] and our assumption that all
functions that appear in this paper are continuously differentiable as many
times as needed, as well as

o0F, O0F; ,

0z, 0zp| . 6(143wr) (1 +wr)2zm

oFy 8717/; - 2,222 # 0, (26)
Oz, Oz

the implicit function theorem allows us to z, and zj express as functions of
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Zms Zm’ and z,,”, i.e. to infer the following

32m (14 4wy, + 3w, ?)

T3 (1 4+ 4w, + 3wm?) (2m — 1) — 20/ (4 + 6wpy) + 2"
e 62m (1 + wy)
A 3 (1 + 3wm) (Wm — wr) (1 = 2m) + 2m’ (1 + 6wy, — 3wy) — 20"

(27)
if the denominators of z, and z5 are not equal to zero, i.e. if

Zm # 1+cpeddtom)é g o o(H3wm)e ang 4 % 1+63e3(w’”_w’”)f+C4e(1+3w'”)§,
(28)
where c¢1, c2, c3 and ¢4 are arbitrary constants. Since z,, # 0 and w, € [0, 1],
from (27) follows z, # 0 and z5 # 0. If at least one of the conditions from
(28) is not satisfied, from (27) we infer Q, = 1/z, =0 or Qy = 1/2p =0,
which is not consistent with our assumptions in this case. The solutions
for the cases when only one of the density parameters is equal to zero are
analyzed in the Subsect. 3.2. Concretely, the solution for €, = 0 and the
solution for Q5 = 0 are obtained in the equations (45) and (48), respectively.
Substituting 2, and z5 from (27) into z,,” from (23) gives us following
nonhomogeneous linear differential equation of the third order with constant
coefficients

Zm” — (4 + 9wm — 3wy) 2p” + 3 (1 + 8wy + w2 — dw, — 6wmw7~) 2m’
-9 (1 + 4wy, + 3Wm2) (Wm — wr) 2m +9 (1 + 4w, + 3w7”2) (Wi —wr) =0,

whose general solution is
zm(é') =1+ Cle?’(wm—wr)§ + 6263(1+Wm)5 + 036(1+3wm)€, (29)

where ¢1, co and cg are strictly positive constants, so that z,, = 1/Q,, > 1.
Changing z,,’(£) and z,,,” (€) into (27) gives us z,(£) and 25 (§). Collecting
all together, solution of the system (22) is

zm(&) =1+ credWm—wr)€ 4 oo @3(14wm)E 4 oo o(1+3wm)E

e3(wr—wm)§ | e + 02e3(1+w)§ +c3e(1+3wr)§

Zr(f) = ) (30)

C1
e,g(1+wm)§ +01673(1+WT)§ + ¢ _1_036725

Z7(§) = ,

C2
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wherefrom, substituting (21), we infer solutions of the system (20)

1
QT(é-) - e3(wr_wm)§ + c1 + 6263(1+wr)§ + CSe(1+3w7")§, (31)
C
(6) = 2

e 3(1H+wm)§ 4 cre=304wr)l 4 ¢y 4 cge= %

It is easy to see from (31) that €; € (0,1). From (31) and (10) we infer the
following dependences

o)

H(€) = crPmmeri, (¢),
QA () = c2®Hm0,, (¢), (32)
Q&) =1 - () (1 4 eqeBem—wné 4 6263(1+wm)5) ‘

Changing £ = Ina in (31) and (32), we infer the relations

Un(a) = 1
m\@) = 1 + c1a3@m=wr) 4 co@3(+wm) 4 caql+dwm’
C1
Qr(a) - a3(wr_wm) +c1 + 02a3(1+wr) + c3a1+3w7~’ (33)
Qp(a) = ¥
Al) = a—30+wm) 4 ¢1q=30+wr) 4 ¢y + 03(172’

and

Qr(a) = c1a®@mn =)0, (a),

() = 0200, (a), (34)
k(a) 1 - Qm(a) (]_ + Cla?’(t«)m*b.)r) + 62a3(1+wm)> .

Values of the constants ¢j, ¢ and c¢3 we derive using the condition (8)
calculated in the present time moment ¢ = tg, a(tp) = 1.

For currently measured mean values of the density parameters £2;, we
use notation ;9. According to [14], those values are

)

Qmo = 0.315, Q9 = 0.0000538, Qo = 0.0007, Qpg=0.685, (35)

where ,,,0 is the sum of mean values of baryon density and cold dark matter
density of the universe, while for (2,9 we take mean value of CMB radiation
density of the universe. We note that some values in (35) are calculated
independently, so the identity (8) is not conserved. However, that identity
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must hold in ACDM model, therefore here we use normalized values of €2;q,
denoted with Q;q,, as

)
Qo + Qo + Qo + Qo

Qion = (36)
where ;9 are values from (35).

Observing the system (33) in the present time moment ¢ = tg, a(tp) = 1,
as well as substituting normalized present mean values of density parame-
ters, we infer the following

c1 ~ 0.000170794, co ~ 2.1746, c3~ 0.00222148. (37)

Replacing values of ¢1, ¢3 and ¢3 from (37) into (33), we obtain an approxi-
mate solution of the system (20).
Note that every choice of equation of state parameters wy,,w, € [0,1],
wWm # wy, determine new cosmological model with cosmological constant A.
Usually, in cosmology is supposed that w,, = 0 and w, = 1/3. In accor-
dance with that, we substitute those values of the equation of state param-
eters for matter and radiation in system (19) in order to obtain

Q) = Qo (=14 Qpy + 29, — 2Q,),
Q) = Q (=2 + Qo + 20, — 20,
Qp' = Qa (2+ U + 29, — 2Q4)
Qi + Q4+ Q4 + Q. =1,

Q;

Qf = =,
H

(38)

Substituting wy, = 0 and w, = 1/3 in the equations (33) and (34), we obtain
solution of the system (38)

1
Q =
m(a) 1+ cra=t + a3 + cza’
C1
9 =
(@) a+ ¢+ ceat + cga?’ (39)
() = -

a3 +crat 4 cog+ c3a?’
as well as

Q,(a) = c1a™ Qi (a),

Qp(a) = 2a3Qm(a)

c ; (40)
Qla) =1 - Qpn(a) (L+cra™! + c2a?).
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Furthermore, following the same treatment as in the general case, we obtain
an approximate solution of the system (38), with ¢;, c2 and c3 taking values
from (37).

We note that a form of algebraic dependencies (39) and (40) is obtained
in [13], with approach that is independent with the one presented here. In
that way, an algebraic verification of this result is inferred in [13].

3.2 Two dimensional dynamical system

Here we consider that only one of four §2; is equal to zero. Therefore, we
discuss four different cases.

3.2.1 Case 2, =0, Q2. >0, Q4 >0and Q. >0

This case considers open universe, with both radiation and cosmological
constant. Deficiency of matter fluid directly implies to the early universe’s
phase, since a term with properties of dark energy may caused rapid ex-
pansion of the early universe [15], [16]. Nevertheless, that theory is not
consentient with the standard cosmological model. In spite of that, we an-
alyze this case in order to obtain all solutions of the system (19).

In this situation, the system (19) has the following form

Q' =Q (— (14 3w,) + Qr (14 3w,) —2Q),

Q0 = Qn (24 Q0 (14 3w,) — 204) , (41)
. , .

with Q, +QA+Q, =1 and ;' = I In the same manner as in Subsect. 3.1,

we infer the solution of the system (41)

1
Qr = 5
(@) =7 T c1a30F90) + coaltder ()
c1
Qp(a) =

a—30+wr) 4+ ¢ + cpa=2’

where ¢; and ¢y are strictly positive constants. From (42) and Q = 1 —
Q, — Qx follows

()
=
&

Il

cla3(1+”’“)§2r(a),

Qp(a) =1 — Q,(a) (1 n cla3<1+wr>) . (43)
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3.2.2 Case Q,, >0, Q,=0, Q4 >0 and Q >0

According to a lack of radiation, this is an example of an open universe,
around time of density equality of matter and dark energy, i.e. around 10°
VTS.

Here, from the system (19) we obtain

Q) = Qo (— (14 3wi) + Qi (14 3wim) — 2Q20), "
QA/:QA(2+Qm(1+3wm)—2QA), ( )
with Q,, + Qa + Q. =1 and Q; = T Following the same treatment as in
Subsect. 3.1, we infer the solution of the system (44)
1
Qm(a) = I cla3(1+‘*)m) i 02a1+3w’“ )

QA(CL) T g—3(1H+wm) +c 4 CQCL*Q’

(45)

where ¢; and ¢y are strictly positive constants. From (45) and Q = 1 —
Q,, — Q4 follows

Qp(a) = 01a3(1+w"‘)ﬂm(a),

Qp(a) =1 — Qp(a) (1 + cla?’(H“’m)) , (46)

Note that, if we replace index m with r in the relations (45) and (46), we
obtain relations (42) and (43). That is because the systems (41) and (44) are
symmetric with respect to indices m and r. Moreover, the same symmetry
holds in the system (19).

3.2.3 Case Q,, >0, Q.>0, 2y =0and Q >0

Here we have an open universe around radiation and matter transition phase,
since at that time dark energy could be neglected.
We consider the system

Q' = Qo (— (14 3wim) + Qi (14 3wim) + Q (1 + 3wy)),

' = Q (= (1+ 3wr) + Qo (14 3wna) + Q (14 3wy)) o
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Q.
with Q,,, +Q,4+Q; =1 and Q' = ﬁz In the same manner as in Subsect. 3.1,
we obtain the solution of the system (47)

1
Q - )
m(a) 1+ Cla3(wm—wr) + 02a1+3wm (48)
C1
Qr(a) B a3(wr—wm) —+ Ccl —+ 02a1+3wr7

where ¢; and ¢y are strictly positive constants. From (48) and Q = 1 —
Q,, — Q, follows

(49)

3.2.4 Case ,, >0, Q. >0,y >0and Q. =0

We have a flat universe in the matter dominated stage, more precisely around
5-10% yrs (radiation and dark energy transition phase).
Substituting Oy =1 — Q,, — Q, in (19), we infer

Q' = (=30 +wm) +3 (1 +wm) Qi + 3 (1 + w,) Q)

Q' =0 (=31 +w) +3(1+wnm) U +3(1+w,)Q,), (50)

Q.
with ;' = —. Following the procedure presented in Subsect. 3.1, we obtain
the solution of the system (50)

1

T 1+ ea3@m—wr) + g3 t3wm)’
' C1 ? (51)

— a3@rwm) 4 op 4 padH3en)”

where ¢; and ¢ are strictly positive constants. From (51) and Q) = 1 —
Q,, — Q, follows

2
<
—
S
~—

I

cla3(w’”_wT)Qm(a),

Qp(a) =1 = Qula) (14 cra®en ). (52)
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3.3 One dimensional dynamical system

Finally, we observe the system (19) when exactly two of four €; are equal
to zero. That lead to six different cases. In each case, the dynamical system
consists of only one differential equation.

3.3.1 Case Q,,=0,Q,.=0, Q4 >0 and Q >0

Taking into account a lack of matter and radiation, as well as dark energy
domination, this is a future stage of an open universe.
Substituting €2, = 0 and 2, = 0 into the system (19), we obtain

Q) = QA (2 — 200), (53)

Q
with Qp + Q. =1 and Q) = ?A The solution of the differential equation

(53) is )

Q = - 54
M) = 55 69
where ¢; is strictly positive constant. From Qf = 1 — Q4 and (54), follows
C1
Q ==
k(@) a? + ¢

3.3.2 Case ,, =0, Q. >0, Q4 =0and Q. >0

In this case, we analyze an open universe with radiation as a dominant fluid,
i.e. an early phase of an open universe.
Replacing ©,,, = 0 and Q4 = 0 into the system (19), we infer

Q) =Q (— (1 +3w,) + Q- (14 3w,)), (55)

Q,
with Q. +Qx =1 and Q,/ = o Solving (55) and using Q = 1 — ., we

derive
1

Qr(a) = 41 n c1a1+3“” 5

1 (56)
Qpa) =1 - 1+ craltder

where ¢y is strictly positive constant.
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3.3.3 Case Q,,=0,Q,.>0, Q4 >0and Q=0

Here we have flat universe with radiation and dark energy. For the same
reason as in 3.2.1, we analyze this case only for the sake of completeness of
this manuscript, despite the absence of physical interpretation in the context
of the ACDM model.

Here we observe

Q' =0 (-3(1+w) +314w)Q), (57)
. ;D . o .
with Q, +Qp =1 and Q,' = T Solving (57) and replacing its solution
into Qx = 1 — Q,., we obtain
1
Q(a) = ———,
1 + 61a3(1+“’r)
1 (58)
Qp(a)=1—

1+ e’

where ¢ is strictly positive constant.

3.3.4 Case ,, >0, Q. =0, Q4 =0 and Q; >0

The universe in the description is open and in matter dominated phase.
Since the system (19) is symmetric with respect to indices m and r, the
solution of the differential equation

Q) = Qo (— (14 3wpn) + Q (14 3win)) (59)

.
with Q,, + Q; = 1 and Q,,/ = fm, is the same as the solution of the
differential equation (55), after replacing index r with m, i.e.

_ 1

1+ cralt3em’

1 (60)
Qpla) =1 - 1+ cralt3om’

Qpn(a)

where c¢; is strictly positive constant.

3.3.5 Case Q,, >0, Q,=0, Q4 >0and Q=0

Since the presence of both matter and cosmological constant in a flat uni-
verse, as well as the absence of radiation, this suits the present stage of our
universe.
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Again, according to the already mentioned symmetry between the indices
m and r, the solution of the differential equation

Q' = (31 +wm) +3(1 +wm) Q) (61)

a
with Q,, + Qp = 1 and Q,,,)/ = ?m, is the same as the solution of the

differential equation (57), after replacing index r with m, i.e.

1

T 1+ cpadtem)’
1 (62)

B 1+ 01a3(1+wm) ’
where ¢; is strictly positive constant.

3.3.6 Case Q,, >0, Q.>0, 2y, =0and Q =0

In this case, we deal with a flat universe around a time period of transition
between radiation and matter.
Here, we solve

Q' = Qo (=3 (Wi — wy) + 3 (Wi, — W) Qi) (63)

Q
with Q,, + Q, = 1 and Q,,/ = —=. Solving previous differential equation

and substituting its solution into 2, = 1 — §,,,, we infer

(0) =
Q@) = —————
a3wr + 01a3wm ’
a3w7~ (64)
Q(a) =

- a3wr + Cla3wm ’

where ¢ is strictly positive constant.

In various literature (for example see [2], [4], [7], [8]) the system (38) or
some similar systems are analyzed by applying theory of dynamical systems.
We present that method here in more details in order to analyze the system
(19), which is more general. That analysis enable us to clearly understand
the evolution of the universe from new perspective. In the next section we
will see how density parameters ruled the expansion of the universe from its
beginning and how their behaviour will have direct impact on the universe’s
future.
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4 Evolution of the dynamical system

According to €; € [0,1] and (8), the phase space for the system (19) is
tetrahedron whose vertices are points Fy (0,0,0), Eq (1,0,0), Es (0,1,0) and
Es5(0,0,1), which lie on the axes €, Q, and Qu, (Figure 1, see [17]).

Since wp,,w, € [0,1] and w,, # w,, the only equilibriums of the sys-
tem (19) are exactly the vertices Fy(0,0,0), Ei(1,0,0), E2(0,1,0) and
E5(0,0,1).

[ el e o T Lt a1 e

’EQ: ; IED'

Figure 1: Phase space portrait of the dynamical system (19) with the values
Wy =0 and w, = 1/3.

As we will see in the following text, the condition w,, # w, ensure that
the eigenvalues of the Jacobian matrix in our equilibrium points E;, where
i € {0,1,2,3}, have non-zero real parts. Thus, our equilibriums FE; are hy-
perbolic so we can analyze their stability in the framework of the correspond-
ing linearization of the dynamical system (19), since the Hartman—Grobman
theorem gives us topological equivalence between a nonlinear dynamical sys-
tem and its linearization in the neighbourhood of the hyperbolic equilibrium.
Now we inspect the stability of all equilibriums of the system (19).

The equilibrium Ey. The eigenvalues of the Jacobian matrix at the
equilibrium Ey are \y = — (1 4+ 3wp,), A1 < 0, A2 = —(14+3w;), A2 < 0
and A3 = 2, wherefrom we conclude that Ej is a saddle point (unstable
equilibrium). Considering that Ey is the origin, i.e. that Q,, =0, Q, =0
and Qp = 0, we infer Q) = 1, wherefrom k < 0. Hence, the universe near
the equilibrium FEy is empty and open universe without A, known as the
Milne universe. According to the discussion above, we conclude that this is
an unstable phase of the universe’s evolution.
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The equilibrium F;. When it comes to the equilibrium FEj, the
eigenvalues of the Jacobian matrix at Fy are \y = 1 4 3wm, A1 > 0,
Ao = 3(wWm —wyr), A2 # 0 and A3 = 3(1 4+ wm), A3 > 0. We have two
cases, depending on the sign of (wp, — wy). If wy, > wy, then Ay > 0, which
implies that F is an unstable node (unstable equilibrium). If w,, < w,, then
E, is a saddle point (unstable equilibrium). According to the coordinates
of E1, i.e. that Q,, =1, Q. = 0 and Q5 = 0, we infer 2, = 0, wherefrom
k = 0. Therefore, the universe near the equilibrium F; is flat universe and
matter dominated, without A, known as the Einstein-de Sitter universe. We
note that, regardless of the sign of (w,, — w;), this phase of the universe’s
evolution is unstable.

The equilibrium FE5. The eigenvalues of the Jacobian matrix at the
equilibrium Fs are symmetric to the eigenvalues at F7, with respect to the
indices m and 7, i.e. A} = 143wy, A1 > 0, Ao = 3(wp —wp), A2 # 0
and A3 = 3(1 4+ wy), A3 > 0. Again, the nature of the equilibrium depends
on the sign of (wy,, —w,). Here, if w,, > w,, then A2 < 0, which indicates
that Fs is a saddle point (unstable equilibrium). If w,, < w,, then Ej is
an unstable node (unstable equilibrium). Since in this case is Q,, = 0,
Q. =1 and Qy = 0, we infer ; = 0, as well as Kk = 0. To conclude, the
universe near the equilibrium Fs is flat universe and radiation dominated,
without cosmological constant. As for the previous case, the universe near
this equilibrium is unstable.

The equilibrium Ej3. Finally, the eigenvalues of the Jacobian matrix
at the equilibrium F3 are A\ = =3 (14+wp), A1 < 0, A2 = =3 (1 +w;),
A2 < 0 and A\3 = —2, wherefrom Fj3 is a stable node (asymptotically stable
equilibrium). Here we have Q,, = 0, 2, = 0, Qy = 1 and again k£ = 0.
Hence, the universe near the equilibrium Fj3 is flat and A-dominated, also
known as the de-Sitter universe. Thus, this is a stable phase in the evolution
of the universe.

To summarize, Fy is a saddle point (unstable equilibrium), Fs is a stable
node (asymptotically stable equilibrium), while the nature of F; and FEs
depends on the sign of (w,, —w,). Without loss of generality, we analyze
the case wy, < w,. Thus, Ej is a saddle point (unstable equilibrium), whereas
Es is an unstable node (unstable equilibrium).

Solutions of the system (19) are the orbits that start at Ey as & — —oo,
ie. a(t) — 04, and end in FE3 as & — +oo, i.e. a(t) — +oo. It means
that the early universe was flat and radiation dominated, while the future of
the flat universe is characterised by A-domination, which is consistent with
the current observations. The exceptions are the orbits on the boundaries
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and in the interior of the triangles AEyE1Ey and AFEyFE1FE3, that lie in
the (9,8 )-plane and (Q,,,Q24)-plane, respectively. Those exceptions are
expected, since they correspond to the trajectories in a universe without
cosmological constant, or to the trajectories in a universe without radiation,
respectively.

4.1 A universe without cosmological constant A

Replacing 25 = 0 into (19), we obtain

Q' = Qo (— (14 3wim) + Qi (14 3win) + Q0 (14 3w,))

Q" = Q (= (14 3w,) + Qi (1 + 3wm) + 2 (14 3w,)), (%)

Q)
with Q; € [0,1], Qpn + Q. + Q2 =1 and Q;' = T which is the same system

as (47). The solutions of the system (65) are derived in Subsubsects. 3.2.3,
3.3.2, 3.3.4 and 3.3.6, depending on whether all £2; > 0, or otherwise.

The phase space for the system (65) is the triangle in the (£,,,€,)-
plane whose vertices are points with coordinates (0,0), (1,0) and (0, 1),
which are exactly the coordinates of the points Fy, F1 and Es in the plane
Qp = 0. Therefore, for the sake of simplicity we denote our phase space
with AEgE1 Es (Figure 2, see [17]).

1.0[E2

Figure 2: Phase space portrait of the dynamical system (65) with the values
wm =0 and w, = 1/3.

According to wy,,w, € [0,1] and w,, < wy, the equilibriums of the system
(65) are vertices Ey (0,0), Eq(1,0), and E5 (0,1). Utilizing linear stability
analysis near the equilibrium points, we infer the following.
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The equilibrium Eg. The eigenvalues of the Jacobian matrix at Fjy
are A\ = — (14 3wp), A1 < 0 and A2 = — (14 3w,), A2 < 0, wherefrom
we conclude that Fy is a stable node (asymptotically stable equilibrium).
Similarly as in the three dimensional case, we conclude that the universe
near the equilibrium FEj is the Milne universe (empty and open universe
without A).

The equilibrium FE;. In this case, the eigenvalues of the Jacobian
matrix at Ey are Ay = 1+ 3wy, A1 > 0 and Ay = 3 (wp, — wyr), A2 < 0.
Consequently, E; is a saddle point (unstable equilibrium). Furthermore, a
universe near the equilibrium F; is Einstein-de Sitter universe (flat universe
and matter dominated, without A).

The equilibrium E,. Finally, Es is an unstable node (unstable equi-
librium), given that the eigenvalues of the Jacobian matrix at Es are A} =
14 3wr, A1 > 0 and Ay = 3 (w, — wp), A2 > 0. The universe near the equi-
librium Fs is flat universe and radiation dominated, without cosmological
constant.

In conclusion, solutions of the system (65) are the orbits that start at Es
as £ - —oo and end in Ey as £ — +oo. That is quite interesting, because
it states that in the absence of A, nearly flat and radiation dominated uni-
verse will tend to evolve into the Milne universe, which is open and empty
universe. The exceptions are the orbits that connect Ey to E7 and E; to
Ey, i.e. the ones on the line €, = 1 — Q,, and on the {,,-axis. These or-
bits correlate either to a flat universe without A, or to a universe without
radiation and A. In the first case, they describe the tendency of evolving
flat and radiation dominated universe without cosmological constant into
the Einstein-de Sitter universe, or evolving the Einstein-de Sitter universe
into the Milne universe in the latter case.

4.2 A universe without radiation

Substituting €, = 0 into (19), we infer

Q) = Qi (— (14 3wi) + Qi (14 3wim) — 2Q0),

QA" = QA (24 Qi (14 3wim) — 2Q4) , (66

with Q,, + QA + Q. =1 and Q;/ = ﬁl, which is the same system as (44).

The solutions of the system (66) are obtained in Subsubsects. 3.2.2, 3.3.1,
3.3.4 and 3.3.5, depending on whether all 2; > 0, or otherwise.
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The phase space for the system (66) is the triangle in the (€,,, Q4 )-plane
whose vertices are points with coordinates (0,0), (1,0) and (0, 1), which are
exactly the coordinates of the points Ey, 1 and E3 in the plane €, = 0.
Thus, for the sake of simplicity we denote our phase space with AFEyFqFE3
(Figure 3, see [17]).

Figure 3: Phase space portrait of the dynamical system (66) with the value
wWm = 0.

Since wy, € [0,1], the equilibriums of the system (66) are the vertices
Ey(0,0), E1(1,0), and E3(0,1). Using the Hartman-Grobman theorem,
we infer the following.

The equilibrium FEgy. In this case, the eigenvalues of the Jacobian
matrix at Eg are Ay = — (1 + 3wy,), A1 < 0 and Ay = 2. Consequently, Ej is
a saddle point (unstable equilibrium). In the same manner as in the three
dimensional case, we conclude that the universe near the equilibrium Ej is
the Milne universe (empty and open universe without A).

The equilibrium E;. The equilibrium Fj is an unstable node (unstable
equilibrium), given that the eigenvalues of the Jacobian matrix at F; are
A1 =14 3wm, A1 >0 and A2 = 3(1 +wy,), A2 > 0. The universe near the
equilibrium E; is the Einstein-de Sitter universe (flat universe and matter
dominated, without A).

The equilibrium FE3. The eigenvalues of the Jacobian matrix at F3 are
A1 = —2and A\g = =3 (1 + wy,), A2 < 0, wherefrom we conclude that Ej3 is a
stable node (asymptotically stable equilibrium). Moreover, the universe near
the equilibrium Fj is the de-Sitter universe (flat universe and A dominated).
Solutions of the system (66) are the orbits that start at 1 as & — —o0
and end in E3 as £ — 4oc0. It implies that the Einstein-de Sitter universe
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will tend to evolve to the de-Sitter universe. The exceptions are the orbits
that connect F7 to Ey and Ey to E3, i.e. the ones on the €2,,-axis and on
the Qp-axis. These orbits correlate either to a universe without radiation
and A, or to a universe without radiation and matter. In the first case,
they describe the tendency of evolving the Einstein-de Sitter universe into
the Milne universe (we noticed this in Subsect. 4.1), or evolving the Milne
universe into the de-Sitter universe in the latter case.

5 Stability analysis of equilibriums when w,, = w,

If we let wy,, = wy, then Fj is not hyperbolic equilibrium (A = 3 (wp, — wy) =
0). Therefore we cannot determine its stability using the Hartman-Grobman
theorem. Instead, we will determine its stability using the Lyapunov stabil-
ity theorem. Concretely, we will show that the equilibrium F; is unstable
on (0, —1—00)3. Consequently, the equilibrium F; would also be unstable on
the tetrahedron on Figure 1, i.e. on the phase space of the system (19).

Let suppose that the Lyapunov function is in the form V; (2, Q,, Qy) :=
Q0 2Q,2Q, (see [18]). Then Vi (n, 0, Q4) = 3 (14 wim) QU 32,2Q4.
We see that function V; is differentiable on (0,400)*, Vi(E1) = 0 and
Vi (2, Qr, Q4) > 0 for every (2,2, Q) € (0,+oo)3. Since w,, € [0,1],
then Vi (Qum, 2, Q) > 0 for every (Q, Q,, Q4) € (0, —|—oo)3. Consequently,
the function Vj is a Lyapunov function for the equilibrium FE; and F; is an
unstable equilibrium on (0, +00)®.

Moreover, assuming the condition w,, = w,, the same result holds for
the equilibrium FEj5, i.e. the non-hyperbolic equilibrium FEs is unstable on
(0, +oo)3 and consequently, it is unstable on the appropriate tetrahedron. In
order to see that, we use the Lyapunov function in the form Vo (,,,, Q,, Qp) 1=
0,20, 73Q4.

To summarize, if w,, = w, then both equilibriums £ and F5 are unstable
on the phase space of the system (19).

6 Conclusion

In this paper we discussed the dynamics of the universe in the framework
of the ACDM model. We established the equivalence between the system
of the Friedmann equations (1) and the dynamical system (19), under some
assumptions that are standard in cosmology. Furthermore, all analytical
solutions of the system (19) are derived and represent new parameterizations
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of the density parameters with respect to the scale factor. All solutions of the
system (19) are connected with appropriate stage of the universe’s evolution.
We demonstrated that linear stability analysis near the equilibrium points
indicates some interesting behavior with respect to the dynamics of the
universe. Moreover, in order to obtain stability analysis of equilibriums
when w,, = w,, we found the appropriate Lyapunov functions.

Note. All computations are checked using the Wolfram Mathematica
package.
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