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Abstract

We study the evolution family generated by second-order parabolic
operators of the form

dyu—V - (a(t,z)Vu) + b(t,z) - Vu — V - (b(t, z)u) + V (L, z)u.

The diffusion matrix a is uniformly elliptic and Dini continuous in
the spatial variable. The lower-order coefficients b, b, V' belong to the
parabolic Kato classes K1 and Kj49, which are optimal for perturba-
tion theory. Using Moser’s iteration we prove the Harnack inequality
and then the two-sided Gaussian bound for the fundamental solution:

2
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with constants depending only on the ellipticity bounds and the Kato
norms. As applications we obtain well-posedness of the Cauchy prob-
lem in L' N L*> and a weighted maximum principle.
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1 Introduction

The study of fundamental solutions (heat kernels) for parabolic equations is
a classical topic with deep connections to analysis, probability, and geometry.
For operators in divergence form

Ou— V- (a(t, z)Vu)

with uniformly elliptic, bounded measurable coefficients a, Nash [13] and
Aronson [2,3] proved sharp two-sided Gaussian bounds. These bounds imply
the Harnack inequality, independently established by Moser [11,12], and
form the cornerstone of the regularity theory for parabolic equations; see
the monographs [6,8,9].

When lower-order terms (drift, adjoint drift, potential) are added, the
problem becomes more delicate because these terms may be singular — they
need not belong to any LP space with a high exponent, yet they can still
be treated as perturbations of the principal part. The natural framework
for such singularities is provided by the parabolic Kato classes. For a
measurable function f on Ry x Rl and p > 1, we say f € K, if

hm esssup/5+h/ A7 (t UQexp( ly = 2" )\f(t y)[P dy dt = 0.
(s,2) R! 4<t )

These classes are scaling-invariant and contain critical singularities: for ex-
ample, |z|~2 € K, in dimensions [ > 3, and |z|~! € K;yq for [ > 2. The
parabolic Kato classes were introduced in the context of Schrédinger op-
erators [1,7,14] and later extended to parabolic equations [15]. They are
optimal for perturbation theory: if the lower-order coefficients belong to
the appropriate Kato classes, the fundamental solution of the full operator
inherits the Gaussian bounds of the principal part.
In this paper we consider the operator

Lu = 0w — V - (a(t,z)Vu) 4+ b(t, ) - Vu — V - (b(t,z)u) + V (¢, z)u, (1)

where z € R!, t > 0, and [ > 2. The diffusion matrix a is assumed to be
symmetric, uniformly elliptic, and Dini continuous in the spatial variable
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(Assumptions 2 and 3). The lower-order coefficients satisfy
bvl; € Kl-‘rlv Ve Kl-l—?v

componentwise for the vector fields. These are exactly the critical exponents
that make the perturbation series converge.
Our main result is the following.

Theorem 1 (Main Theorem). Under the above assumptions, the operator
L has a fundamental solution U, (v, y) defined for 0 < s <t, z,y € Rl. For
any T > 0 there exist constants ¢,C > 0 depending only on the ellipticity
constants v, i, the Dini modulus w, the Kato norms of b, B, V, and T such
that for all0 <t —s < T and all z,y € R,

lz —y|?

m) < Ups(z,y) <C (t—s)72 exp(_‘x_yp)

c(t—s) /2 exp(— =)

Moreover, the evolution family U, is strongly continuous on L'RY N
L>®(RY) and satisfies |Utsll1=1 < C, ||Utslloosoo < C.

The proof proceeds in three main steps.

1. Principal part. We first construct the fundamental solution pg of
Ly = 0; — V - (aV). This is done by the classical parametrix method,
which exploits the Dini continuity of a to ensure convergence of the series.
The result (Theorem 5) gives two-sided Gaussian bounds and derivative
estimates for pg.

2. Harnack inequality and lower bound. Using Moser’s iteration
[11,12] we prove the Harnack inequality for non-negative solutions of Lou = 0
(Theorem 6). From this inequality and the semigroup property we deduce
the lower Gaussian bound for pg. This part relies only on uniform ellipticity,
not on Dini continuity.

3. Perturbation. The full operator L is treated as a perturbation of L.
The Duhamel formula
Ut s

)

<7< <<t

[eS)
= Pis + Z(—l)”/ Py, B(Tn) Pry gy - B(T1) Pry s dy -+ - dy
n=1 S

expresses the evolution family U; s of L in terms of the unperturbed family

P, s of Ly and the lower-order operator B = b-V — V- (b-) + V. The
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Kato class conditions guarantee that the integrated perturbation S(h) =
esssup, fss+h | B(7)Pr,s6;||1d7 tends to 0 as h — 0. Hence for sufficiently
small time steps the series converges in operator norm, and the Gaussian
upper bound for U; s follows by induction. The lower bound for small times is
obtained by comparing U; ; with P; s and using the smallness of 3. For larger
times a chaining argument (splitting the time interval into small pieces)
extends the bounds to arbitrary 7.

Applications and outline. The Gaussian bounds have immediate con-
sequences, including well-posedness of the Cauchy problem in L' N L™, a
weighted maximum principle, and LP—L9 ultracontractivity estimates. The
paper is organised as follows. Section 2 collects the precise assumptions and
recalls the definition of the parabolic Kato classes together with their basic
properties. Section 3 is devoted to the construction of the fundamental so-
lution of Ly and the proof of Gaussian bounds and derivative estimates. In
Section 4 we prove the Harnack inequality for Lo via Moser iteration and
derive the lower Gaussian bound for py. Section 5 contains the perturbation
analysis: estimates for the Duhamel series, convergence, and the proof of
the two-sided Gaussian bounds for Uy .

The results presented here improve upon earlier work by removing un-
necessary regularity assumptions on the lower-order coefficients and by pro-
viding a unified treatment of drift, adjoint drift, and potential terms. The
critical exponents [ + 1 and [ 4+ 2 are optimal, as can be seen from coun-
terexamples when the Kato norm is infinite. Moreover, the Dini continuity
of a is essentially optimal for the parametrix method; if a is only VMO, the
Gaussian bounds may fail in the sense that the heat kernel may not satisfy a
two-sided estimate (see [6] for a discussion of the necessity of Dini conditions
in the parametrix construction).

2 Preliminaries and assumptions

We work in Ry x R! with [ > 1. For a function f(¢,z), the LP norm in the
spatial variable is || f(¢, )|, = ([ | f(t, z)[Pdz) l/p, and when the dependence

on t is not essential we simply write || f||,. For a kernel K (x,y), the operator
norm from L' to L' is || K|[11 = sup, [ |K(x,y)| dz.

2.1 The diffusion matrix

Let a(t, x) = (a;(t, ac))ijzl be a symmetric matrix satisfying:
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Assumption 2 (Uniform ellipticity). There exist constants 0 < v < pu < 0o
such that for all (t,2) € Ry x R! and ¢ € R,

2 2
v[E]® < aij(t, )68 < plgl
Assumption 3 (Dini continuity). There exists a non- decreasing modulus

of continuity w : [0,00) — [0,00) with w(0) = 0 and f @) 45 < oo such
that for all £ > 0 and z,y € R,

|aij(t, 2) — ai;(t, y)| < w(lz —yl).

The Dini condition is a mild regularity assumption; it is satisfied, for
example, by Holder continuous coefficients with any exponent o > 0 (since
w(d) = C6* gives fol §%71d§ < o00). It also allows logarithmic moduli such
as w(0) = |log§|~1—¢

2.2 Parabolic Kato classes

We recall the standard parabolic Kato classes, which are optimal for per-
turbation of the heat kernel. For a detailed treatment we refer to [1,14,15].

Definition 1 (Parabolic Kato class K,). Let p > 1. A measurable function
f: Ry x R — R is said to belong to the parabolic Kato class K, if

s+h
}le esssup/ / (t—s,y—2)|f(t,y)Pdydt =0,

(s,2)ER4 XRL
where G(t,x) := (4mt) V2 exp(—|z|?/(4t)) is the standard heat kernel.

The exponent p is chosen according to the scaling properties of the op-
erator. For a drift term b - Vu, the natural condition is b € K;1 (or equiv-
alently |b|? € K;,2). For a potential Vu, the condition is V' € K 5. These
classes are scaling-invariant under the parabolic scaling (t,z) — (A\%¢, \x)
in the sense that if f € K, then the scaled function fy(t,x) = f(\?t, \r)
also belongs to K,. They contain functions with critical singularities, e.g.,
V(z) = |2|~2 in dimension [ > 3 belongs to Kj o, and b(z) = |z|~! in
dimension [ > 2 belongs to K.

A useful property is that for f € K, the map

t
(t,S,Z)'—)/ Rl G(t_T’y_Z)|f(7-7y)|pdydT

is continuous in ¢, s and tends to 0 uniformly in z as t — s — 0. This allows
us to treat the lower-order terms as a small perturbation on short time
intervals.
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Lemma 1 (Basic estimate for Kato functions). If f € K, then for any
e > 0 there exists hg > 0 such that for all 0 < h < hg,

s+h
esssup/ / Gt —s,y—2)|f(t,y)|Pdydt <e.
(s,2) Js R!

Proof. This follows directly from the definition of K. O

Assumption 4. The lower-order coefficients satisfy:

1. b,l; € Kj41 componentwise,

2. Ve Kl+2-

For the adjoint drift term —V - (bu) we work in the weak sense; estimates
for this term are obtained by duality using only b € K;+1. No additional
regularity on V - b is required.

Remark. If b is not regular enough to define V - b classically, the operator
-V (lN)u) is interpreted as the adjoint of b- V in the usual distributional
sense. The L' estimates needed for the perturbation series can be derived
by duality from the estimates for the drift term; see [15] for details.

2.3 Notation for Gaussian kernels

For any a > 0 and t > 0, € R!, define

2
_ x
Ko(t,x) = (4rat) /2 exp(!ét).

The standard heat kernel (corresponding to o = 1) is denoted by G(t,z) =
K (t,z). These kernels satisfy the semigroup identity: for 0 < s < 7 < t,

lKa(t—T,x—z)Ka(T—s,z—y)dz:Ka(t—s,x—y).
R

In the estimates that follow, we will often use K, with different parame-
ters « that arise from the ellipticity constants or from the Gaussian bounds
of the fundamental solution. Specifically, the frozen kernel pf(t,z;s,y) is
bounded between two such kernels with = v and a = pu, and the deriva-
tive estimates involve K, with a = v/2 (see Theorem 5). The parameter
a will always be a positive constant depending only on v, u, and we will
systematically exploit the scaling and convolution properties of K.

We note that the notation K, is not to be confused with the Kato classes
K, introduced in Definition 1; the distinction will be clear from the context
(the former has a subscript a > 0 and appears with arguments (¢, x), while
the latter is a function class denoted by K, with p > 1).
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2.4 The fundamental solution and evolution families

For a parabolic operator of the form 9; — V - (aV) with a satisfying As-
sumptions 2 and 3, there exists a unique fundamental solution py(t,x; s, y)
defined for 0 < s < t, z,y € R!, with the properties:

1. po(t,z;s,y) is twice continuously differentiable in x for ¢t > s (and the
required spatial derivatives up to order two satisfy Gaussian bounds),

2. limyys [ po(t, 235, y)(y) dy = ¢(z) for all ¢ € CZ°,
3. (0 — Va - (alt,z)Va))po(t, z;8,y) = 0 for t > s,
4. (0s+ Vy - (a(s,y)Vy))po(t,x;s,y) =0 for s < t.

The construction via the parametrix method is carried out in Section 3. The
evolution family {P; s}+>s is defined by

(Praf)@) = [ polt.:5.0) ) d

It satisfies P, s = P, Py for s <7 <t and || P sll151 = 1, || Prs|loosoo = 1.

For the full operator L = Lo + B, the evolution family U; s is defined
similarly via the Duhamel formula; its existence and basic properties are
established in Section 5.

2.5 Function spaces and conventions
We will often use the following shorthand:

1. For a kernel K (t,x;s,y), we write K(t,x;s,y) as a function of (z,y)
for fixed ¢, s.

2. The convolution in space is denoted
(K1 Ka)(o,w) = [ Ka2)Kaloy) de

3. All constants ¢,C' may change from line to line but depend only on
the parameters indicated (e.g., v, u,w, Kato norms, dimension /).

4. The notation A < B means A < C'B with a constant that is universal
or depends only on the fixed parameters.

These preliminaries provide the necessary background for the subsequent
sections. In the next section we construct the fundamental solution of Ly
and prove its Gaussian bounds.
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3 Fundamental solution of the principal part
Consider the operator
Lou = 0yu — V - (a(t,z)Vu), (2)

with a satisfying Assumptions 2 (uniform ellipticity) and 3 (Dini continuity
in z). We construct its fundamental solution py(t,x;s,y) for 0 < s < t,
z,y € R! using the parametrix method [6,9].

3.1 The frozen kernel

For a fixed y € R/, freeze the coefficients at y and consider the constant-
coefficient operator
L¥u = dyu — a;j(t,y)0;0;u.

Its fundamental solution is given explicitly by
_ _ 1 _
pg(tyl";&?/) = (47T) l/2(detQ(87t7 y)) 1/2 eXp(—ZiL' ' Q(S,t,y) 11‘), (3)

where Q(s,t,y) = fsta(r, y)dr. By ellipticity, v(t — s)I < Q(s,t,y) <
p(t — s)1I, hence

_ Colz|? B colal?
colt —5)~"2 exp(—td_L ) < ph(twis,y) < Colt — )72 exp(—to‘_ |S ).

(4)
with constants cg, Cy > 0 depending only on v, u. Moreover, for any multi-
index a with |a| < 2,

2
08Py (t, 3 5,y)| < Ca(t — s)~HD/2 eXp<_Cta|_xL)' )

3.2 The error kernel and the parametrix equation

Define the error kernel
F(t,z;s,y) = (Lo — LY)p§(t, ;5 5, y).
Since Ly and L§ differ only in the diffusion matrix,

F(tv'xa Say) = (a’lj(t?x) - aij(ta y))ala]pg(taxv Svy)-
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Using (5) with |a| = 2 and the Dini continuity |a;;(t, z) — a;;(t, )| < w(|z —
y|), we obtain

2
F(t255,9)| < Ol — ) (1 — 502 exp - FIZZI0)

with constants C'r,cr > 0 depending only on v, u.
We seek the fundamental solution of Ly in the form

t
po(t,x;s,y) =p3(t,w;8,y)+/ /Rlpé(t,x;T,Z)¢(7,Z;s,y)dzd7,
S

where ® is an unknown kernel. Substituting into Lgpg = 0 leads to the
Volterra equation

t
¢(t,w;8,y)=F(t,w;s,y)+//F(t,fc;T,Z)q)(T,Z;s,y)dsz- (7)
s JR!

3.3 Solution of the Volterra equation

Equation (7) is solved by successive approximations. It is a classical result

(see [6, Chapter 1]) that under the Dini condition fol @dé < 00, the series
converges uniformly for 0 < t—s < T', and the solution @ satisfies a Gaussian
bound of the same type as the heat kernel:

2
_ Cp|T —
(1,23 5,)| < i (1 — )1 exp( - 90), 0

with constants Cg, cg > 0 depending only on v, p, w,T.

3.4 Fundamental solution of the principal part

Theorem 5. Under Assumptions 2 and 3, the operator Lo = 0y — V - (aV)
has a fundamental solution po(t,x;s,y) defined for 0 < s < t, x,y € R.
There exist constants c1,Cy > 0 depending only on v, i, w and the dimension
l such that for allt > s:

1. (Two-sided Gaussian bounds)

o (t—s)7V/? exp(—M)

!w—yP)

< polt,x;s,y) < Cy (t—s)71/? eXp(— =)
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2. (First spatial derivatives)

|z —y|? )

N = (D2
[Vapo(t, =3 5,9)] < Cy (t — s) eXp( Ci(t—s)

(Estimates for higher derivatives are not required in this paper; they would
demand additional regularity and are omitted.)

Proof. Step 1: Frozen kernel and parametriz. For fixed y, freeze the co-
efficients at y and consider the constant-coefficient operator Liu = dyu —
a;j(t,y)0;0ju. Its fundamental solution is

it 55,) = (4m) 2 (det Q(s, 1,) 2 exp(— g Q. 1,9) ),

where Q(s,t,y) = fst a(t,y) dr. Ellipticity gives v(t — s)I < Q < u(t — s)1,
hence

co(t — 5) M2 Colal?/(t=5) < P < Colt — 5)~H2emcolzl?/(t=s), (9)

and ,
Vaph(t, z55,y)| < Co(t — s)~ TV 2emeolel™/ (=), (10)

The constants ¢y, Cy depend only on v, u.
Write Lo in non-divergence form: Lou = Oyu — a;;0;0;u — (V-a) - Vu.
The error kernel is

F = (Lo — L§)pg = (ai;(t, z) — aij(t, y))0id;pg — (V-a) - Vpg.

Using Dini continuity |a;;(t, ) — ai;(t, y)| < w(|z —y|) and the boundedness
of V-a, we obtain

crlr — y|2>

F(ta55,9)] < Cr(w(la—yl) + (= 9)/2) (¢ — )7/ exp - LEE0),
(1)

with Cr, cp > 0 depending only on v, .
We seek pg in the form

t
wolt.isy) =phtais,)+ [ [ pittam )0 esg) dzdr,
s JR

where @ solves the Volterra equation

t
O(t,x;8,y) = F(t,x;8,9) +/ / F(tyx;7,2)®(7, 25 8,y) dz dr. (12)
s JR!
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Under the Dini condition fol @dé < 00, the series converges uniformly on
every finite time interval, and the solution ® satisfies a Gaussian bound
colr — ?JP)

—_), 13
P (13)

[(t,a5,y)| < Co (t = 5) "/ exp(=

with Cg,ce depending only on v, u,w (and not on ¢t — s). The proof is
standard; see e.g. [6, Chapter 1].

Step 2: Remowing the time horizon by scaling. The parametrix construc-
tion on an interval 0 < t — s < T yields constants that may depend on T
However, the special form of the estimates (9)—(13) is scale-invariant: if we
replace (t, s, z,y) by (A%t, \2s, Az, \y) and define

ﬁ()(tv €58, y) = )‘lpﬂ()‘2t7 )\.T, >‘257 )‘y)a

then pg is the fundamental solution of the same equation with coefficients
a(t,r) = a(\%t, A\r). The ellipticity constants v, 4 and the Dini modulus w
remain unchanged (the modulus for a is @w(r) = w(Ar), which still satisfies
the Dini condition). Consequently, it suffices to prove the Gaussian bounds
for a single reference time, say t — s = 1. The bounds for arbitrary t — s
then follow by scaling back: set A = (¢t — s)~%/? and apply the scaling
transformation to the solution for unit time. This argument shows that the
constants c¢1, C in the final bounds can be chosen independent of ¢ — s (and
hence of any T"). We therefore only need to establish the bounds for the case
t — s = 1, which we do next.
Step 3: Upper Gaussian bound for pg. From the representation,

t
pﬁng+/ / pg(',T,Z)q)(T,Z;S,y)dZdT = IO+11-
s JR!

By (9), ol < Co(t - 3)_1/2€_C°‘x_y|2/(t_s). For Iy, use (9) for p§ and (13)
for ®: 2
PE(t, 7, 2)| < Co(t — 1)~ /2e—cole=2/(t=)

B(r, 2:5,9)| < Calr — s) 2ecol=l/7=5),

The spatial convolution gives

/ o—cole—22/(t—7) g—calz—yl2/(r—3) 1,
R!

_ (j)lﬁ((t — 7)1 - S))l/2e—6|w—y\2/(t—s),

c t—s
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~ _ _Cocap
where ¢ = cores” Hence

/2 .
/ Ip5l|®| dz < CoCo (@) (t — s)_l/2e_c|~”f—y|2/(t—8)_
R! c

Integrating in 7 yields a factor (¢ — s). We absorb this factor into the
exponential by noting that for any r > 0,

(t — s)e Ce—ul?/(t=s) < %e—(f?/?)lz—yIQ/(t—s)

o

Thus .
L] < coccp(i) 2t — 5) 2@y (1=s).
C C

Choosing ¢; = min(cg, ¢/2) and

C) = max(Cg, COCQ(”)I/?),

¢
we obtain the Gaussian upper bound

polt,z;5,) < Ci(t — s) 7 2eerla=vl?/(t=s),

Step 4: First derivative bound. Differentiate the representation:
¢
Vapo = Vap + / / Vap§(t, z;1,2) ®(1, 23 8, y) dz dT.
s JR!

By (10), |Vapgl < Co(t — s)~(+1)/2g—colz=yI?/(t=5)  The same convolution
estimate as above, but now with (¢ — 7)~(+)/2(7 — 5)=/2 gives a factor
(t — s)~U+D/2 after integration. The extra (t — s) from the time integral
is again absorbed into the exponential. Hence there exists a constant Cy
(possibly enlarged) such that

[Vapo(t,;5,9)] < Cu(t —s)~ D 2emerlemvl /(=)

Step 5: Lower Gaussian bound via Harnack. For fixed y, s, u(t,z) =
po(t,z;s,y) is a positive weak solution of Lou = 0 for ¢ > s. By Theorem 6,
it satisfies the Harnack inequality with a constant Cy depending only on
v, i, . From this we derive the lower bound.

Diagonal lower bound. Using the already proved upper bound, for any
A>0,

/ u(t,z) dx < Chre= a4,
|z—y|>A\/t—s
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Choose A so large that 016_01A2 < 1/2. Then

u(t,x) de >

l\D\}—t

/|x—y<A\/t—s

Apply the Harnack inequality to the cylinder (t—(Avt — )%, t)x B, z=5(y)-
A standard argument (see [3] or [8, Theorem 8.11]) yields a constant ¢, > 0
such that

u(t,y) > et —s)7V2. (14)

Near-diagonal lower bound. If |z — y| < y/t — s, then two applications of
Harnack give

1 Cx —1/2
ult,) 2 ) 2 Gt =)
Thus there exists ¢,q > 0 such that
eyl <VE—s = polt,z;s,y) = cult —s)2 (15)

Chaining for arbitrary x,y. Set R = |z —y|, h = t—s. Choose an integer
n = [4R?/h]. Let § = h/n and ¢ = y,21,...,T, = x equally spaced on
the segment, so |z; — z;—1| = R/n < %\/5 By the semigroup property,

n
po(t,z;5,y) = /l( ) HPO(TivziQTi—lazi—l)dzl"'dzn—l,
RI(—1) 3

with 7; = s +id, z0 = ¥, z» = x. Restrict the integration over z; to balls
B; = B(mi,ex/g) with ¢ = i. Then for any z; € B;, z;—1 € B;_1,

|z; — Zz1’<2€\/>+*< \[—I— \[ \[
so (15) applies to each factor: po(7i, zi;Ti—1, Zi—1) = Cnd 672, The volume
of each B; is w(eV0)! = wiels!/2. Hence
po(t,z;8,9) > (cng) ™ (wie) 16~ 2 = = (cna)" (wlsl)”flnl/zh*l/z.

Now n < R%/h, 50 (¢pq)” > exp(—CR?/h) and n'/? < exp(CR2/h) after
adjusting constants. Therefore there exist ¢,C > 0 (depending only on
v, b, w, 1) such that

2
e S e hU2 e 1T U0
pg(t,x,s,y) el ch eXp( Ch )

This completes the proof of the lower Gaussian bound.
Thus all claims of Theorem 5 are established. 0
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4 Moser iteration and the Harnack inequality

In this section we prove the Harnack inequality for non-negative weak solu-
tions of
Lou = 0w — V - (a(t,z)Vu) =0

under the sole assumption of uniform ellipticity (Assumption 2). The co-
efficients may depend on t in a measurable way; no spatial continuity is
required. The constants depend only on the ellipticity constants v, and
the dimension [. The proof follows Moser’s iteration [11,12] as presented
in [8].

4.1 Parabolic Sobolev inequality

Let Qr(to, z0) = (to — R%,t0) x Br(zo). When the center is clear we write
simply Qr. The parabolic cylinders are scaled in the natural way: the time
length is R?, the spatial radius is R.

Lemma 2 (Parabolic Sobolev inequality). There exists a constant Cs =
Cs(l) > 0 such that for any u € L?(ty — R, to; HY(Br(z0))),

1 2(14+2/1) == 1 // 2 2 2
— Uu dx dt < (Cg—— ul® + R*|Vu|?) dz dt.
<|QR| //R| | ) *1Qrl R(| | vul’)

Proof. The inequality is a parabolic analogue of the classical Sobolev em-
bedding. It is obtained by combining the Gagliardo—Nirenberg inequality in
space with Holder’s inequality in time.

Scaling. If we rescale the cylinder to unit size by setting & = (x — o) /R,
t = (t—to)/R?, and define i(f, &) = u(to+ R*t, xo+ R%), then |Va| = R|Vu|
and dz dt = R~U+2dzdt. The inequality for u on Qg is equivalent to the
same inequality for @ on the unit cylinder Q1(0,0) but with the term |Vu/?
replaced by |Va|? (the factor R? disappears from the right-hand side after
the change of variables). The constant Cg therefore does not depend on R.

Proof for the unit cylinder. For the unit cylinder Q1 = (—1,0) x B1(0),
one uses the Sobolev inequality in the spatial variables: for each fixed ¢ €
(_17 0)7

1—2)/1
(/ \u(t,x)|21/(l—2)d1;>( / gcl(/ yvU(t,x)|2dx+/ |u(t,a:)]2da:),
By By B

where C7 depends only on [. Then integrate in time and apply Holder’s
inequality to raise the exponent to 2(1+2/1). The details are standard; see
e.g. [8, Chapter 2] or [9]. O
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Remark. The factor R? on the right-hand side is essential for the inequality
to be dimensionally correct and invariant under parabolic scaling. Without
it, the constant would depend on R in a non-trivial way. The inequality
is valid for functions that vanish on the lateral boundary; for arbitrary
functions in L2(H") it still holds after adding a cutoff, as we will use in the
energy estimates with a smooth partition of unity.

4.2 Energy estimates with cutoffs

Let w > 0 be a weak solution of Lou = 0 in QQor. For any p > 1 we introduce
a smooth cutoff function ((z) such that 0 < ¢ <1, (=1 on Br, ( =0 on
R\ Byg, and |V(¢| < C/R. Multiply the equation by ¢?uP~! and integrate
over R!. Using integration by parts and the ellipticity,

1d
pdt/CQUP d-fU‘“ V(p — 1)/C2up—2|vu‘2 dx S 2/<up—1|avu . VC‘ dz.
By Young’s inequality,

-1
scurYavu - ve| < LP=D e2p-2gy2 4 Muqu%

2 vip—1)
Thus
1d -1
p(ﬁ/{2updx+lj(l)2)/g2up2|Vu]2dx§ C(V,u)/up|vg2dx.

Observe that
IV (CuP?) P = IV (uP?)]? 4 2¢uP >V ¢ -V (uPl?) + uP| V¢ 2.

Using |V(u?/?)]? = %up_2|Vu\2, we can absorb the cross term again by
Young’s inequality. A standard computation (see [8, Lemma 8.1]) yields the
following energy estimate: for any t; < ta,

— t2
sup / u(t)? dx + 41/(1)1)/ / IV (uP/?)|? dz dt
Br p t1 Br

tE(tLtQ)
C (& »
<= uP dx dt + u(ty)? dx. (16)
R t1 JBagr Bar

The constant C' depends only on v, p.
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4.3 Local boundedness: from L? to L™

We now prove that for any 0 < 6 < 1,

C 1 ) 1/2
< dx dt 17
Zii“—u—e)(mv?(w //Q“ wdt) an

where C depends only on v, i, . The proof follows a standard Moser itera-
tion; see [8, Theorem 8.2] for the complete details. Here we outline the main
steps.

Define a decreasing sequence of radii

Ry = 04 R, O =0+1—-0)(1-27%), k=0,1,2,...

Thus Ry = OR, R, /' R, and Ry, — Ry, = (1 — §)R27%~1. Corresponding
time levels are
ty = to — RE, Qr = QR,,-
Set pr = 2(1+2/1)*, k=0,1,2,.... Note that py = 2 and p; — ooc.
We claim that for every k& > 0,

1 1/ 1 1/
(7 // uPk+t dg dt) e < C’é/pk (— // uP* d:cdt) pk, (18)
‘Qk+1‘ Qrt1 ’Qk’ k

with a constant Cj depending only on v, u, 1 and the ratio Ry/(Rx — Rp+1)-
Because Ry — Rpy1 > (1 — 0)R27%72, the factor (1 — #)~! will eventually
appear.

To prove (18), apply the parabolic Sobolev inequality (Lemma 2) to the
function v = uP+/2 on the cylinder Q). We obtain

// uPk+1 do dt = // 242D o qt
Qk k

1+2/1
SCS(//Q (Rzyvfuy?w?)dxdt) .
k

Now use the energy estimate (16) with p = pp and with the time interval
chosen so that the spatial domain is Bg, ., and the time interval is (tx1,tx).
A standard cutoff argument (see e.g. [8, Lemma 8.1]) shows that

Ch
(R Vo] +v?)dedt < ———— // uP* dz dt,
//Qk (1-0)? Qk+1
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where C depends on v, and the dimension. Substituting this into the
previous inequality and taking the py1-th root yields (18) with

Co = (C’Scll+2/l)1/(Pk(1+2/l)) ) ((1 _ 9)72(1+2/l))1/1’k+1'

After iterating (18) from k=0 to k = K — 1 we get

// upKd:ndt Vo Ii‘[ol/”k // udxdt V2
’QK\ X |Q0|

As K — oo, the left-hand side converges to supg,, u (by the Lebesgue
differentiation theorem and the fact that w is continuous — solutions are
Holder continuous, see [13]). The product [];2, Cé/ Pk is bounded by a
constant depending only on v, i1, 1 and (1 — 6)~(+2)/2 (the geometric series
> 1/py converges). This establishes (17).

4.4 Reverse Holder inequality and the Harnack estimate

To obtain a lower bound for inf u, we consider v = u~'. Because v > 0 in
Q2r (by the strong maximum principle for parabolic equations, which holds
for divergence-form operators with bounded coefficients), a direct computa-
tion shows that v satisfies

0w — V- (aVv) +2aVInu - Vv =0.

This is a linear parabolic equation with a lower-order term that is locally
integrable. The Moser iteration can be adapted to such equations; the cru-
cial point is that the drift aV Inw is in leOC because of the energy estimate
(16) with p = 2. The same iterative argument applied to v yields

é)f;iuz (10027 (|QR\ //QRu d:cdt) . (19)

The constant ¢ > 0 depends only on v, i, l. (See [11] or [8, Theorem 8.7] for
the detailed proof.)
Now combine (17 ) and (19) with = 1/2. By Hélder’s inequality,

1
u” dx dt - // wdzdt > 1,
Qx| //R 1Qr| JJos
—1/2
// u dxdt < // _2d:cdt /.
|QR! n |QR| .

hence
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Therefore,

C 1 9 1/2
sup u < (1/2) 72 <|QR\ //QRU d:zdt)

Qry2

<~ (— <
S 50522 (|QR| //QR u " de dt) < Cu éﬁiu’

where Cy = Q(H% -1 (with ¢ from (19)) depends only on v, u,l. This is
the Harnack inequality.

Theorem 6 (Harnack inequality for Lg). There ezists a constant Cg > 0
depending only on v, u and the dimension | such that for any non-negative
weak solution v of Lou = 0 in Q2R,

sup u < Cpg inf w.
QRr/2 Qry/2

4.5 From Harnack to the lower Gaussian bound for p,

We now apply the Harnack inequality (Theorem 6) to the fundamental solu-
tion po(t, x; s,y) of Lg. For fixed y and s, the function u(t, z) = po(t, x; s,y)
is a positive weak solution for ¢ > s. The Harnack inequality gives a con-
stant C'y > 0 depending only on v, i, such that for any parabolic cylinder
Q2R>

sup u < Cg inf u.
Qryo QRr/2

Diagonal lower bound. Using the Gaussian upper bound (already
proved for py with scaling-invariant constants) and the fact that
Ju(t,z)dz =1 for all t > s, one can show that there exists ¢g > 0 such that

poltyss,y) > ca(t—s) 2, 0<t—s<L (20)

The proof is standard: choose A large so that the Gaussian upper bound
gives flfv—yIZA\/ﬁ u(t,z)dxr < 1/2. Then the complement ball contains at
least half the mass. Apply Harnack to relate the value at the center to
the average over that ball, and use the fact that the volume of the ball
is w(Av/t —s)!. The constant ¢y depends only on v, u,l and A, but A is
fixed once and for all by the upper bound constants, so ¢gq is universal. For
t —s > 1, the bound follows by scaling (see below).
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Near-diagonal lower bound. Let |z —y| < v/t —s. Choose an interme-
diate time 7 = t — |z — y|?>. Then both (¢,2) and (¢,y) lie in the top half
of the cylinders with radius |z — y| centered at y and x respectively. Two
applications of the Harnack inequality (one forward, one backward) give

1 Cd _
po(t,x;s,y) > Cﬁpo(tyy;s,y) > en (t—s)"/2
H H
Thus there exists ¢,gq > 0 such that
lz—y| <Vi—s = polt,z;5,y) > coa(t —s)7V2 (21)

Chaining to arbitrary z,y (for t—s <1). Let R=|z—y|,h=t—s <1.
Choose an integer n = [4R?/h]. Set § = h/n and partition the time interval
into n equal subintervals: 7; = s +1id,7=0,...,n, with 7o = s, 7, = ¢. On
the spatial side, take points zg =y, z1, ..., T, = = equally spaced along the
line segment, so |x; — x;—1| = R/n < %\/5 By the semigroup property,

n
po(t, z; s, y) :/z( 1)Hpo(7i7zi;7’i—1,zi—1)d21”-dzn—l,
REm=H =1
with zp =y, 2z, = . Restrict each integration z; to the ball B; = B(z;, 5\/5)
with ¢ = 1/4. Then for any z; € B;, z;—1 € B;_1,
|2i — zic1| < |z — | + |2 — w1 | + |1 — 21

gs\/5+§+a\/5§%\/5+%\/5:ﬁ.

Hence each factor satisfies the near-diagonal
bound (21): po(7i, 2i; Tie1,2i—1) = Cnd 5=U/2. The volume of each ball B;
is wy(eV/9)! = wi(1/4)'6/2. Therefore,

po(t,x;s,y) > (cnd)"(wl(1/4)l)"_16_l/2 = (cnd)"(wl(1/4)l)"_1nl/2h_l/2.

Since n =< R?/h, we have (c,q)" > exp(—CR?/h) and n!/? < exp(CR2/h)
after adjusting constants. Consequently, there exist ¢, C' > 0 depending only
on v, i, such that for all 0 < h <1,

C\ﬂﬁy\Q)'

po(t, z;s,y) > ch™/? exp(— ;
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Extension to arbitrary ¢ — s by scaling. For t —s > 1, set A = (t —
s)_l/ 2 <1 and use the scaling argument described in Section 3. The scaled
fundamental solution po(7,&;0,n) = Apo(A727, A71E; A 720, A1) satisfies
the same bounds with ¢ — s = 1. Rescaling back yields the lower bound for
all t — s > 0 with constants ¢, C that are independent of the time horizon.

Thus, together with the upper bound from Theorem 5 (which is also
scale-invariant), we obtain the two-sided estimate

c(t—s)7/? exp<—7C’x — yP)

t—s

cle — y|2>

< polt,@5,y) < C (1 — ) exp( -

for all 0 < t — s and all z,y € R!, where ¢, C > 0 depend only on v, u,w,
(and not on 7).
5 Perturbation by lower-order terms
Now consider the full operator
L=Ly+B, Bu=b-Vu—V-(bu)+Vu,

with coefficients satisfying Assumption 4. Let U; s be the evolution family
generated by L on L'(R!) N L>®(R) (its existence will be proved via the
Duhamel series). Let P; s be the evolution family generated by Lo = 0; —
V - (aV); its kernel po(t,z;s,y) satisfies the two-sided Gaussian bounds
and derivative estimates from Theorem 5. The families are related by the
Duhamel formula

t
Ut,s = Pt,s - / Ut,’TB(T)PT,S dT, (22)

which is understood as an identity on L'. Iterating gives the series expansion

o0
Us =Y (-1)" / Pom, B(1) Pry s -+ B(71) P dry - dy,
n=0 s<T1 << <t

(23)
with the n = 0 term being P;,. Our goal is to show that this series con-
verges in operator norm on L' and L and that its kernel satisfies two-sided
Gaussian bounds.
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5.1 Estimates for the perturbation on short time intervals

For a function f on RY, denote the Dirac delta at z by d,. For the operator
B(7) we have

B(T)Py 30, = b(7,") - VPrs(-,2) = V - (b(7,") Prs(-,2)) + V(7,) Prs(-, 2).

We need to estimate the L' norm of this quantity. Using the derivative
estimate from Theorem 5:

2
: ERS(ESY Y. DA Ll nl
V(. 235, 2] < Colr — )~/ exp ~ 25 )

< Ci(1 — s)*l/zKX(T —8,x—z),
where K, (t,z) = (4mxt)~Y2e~ 1o/ (X)) with y = v/2 (the constant C de-
pends only on v, ). Similarly, |po(7, z;s,2)| < CK\ (T — s,z — z).

Estimate for the adjoint drift term. We consider the operator

Bagj(T)u = =V - (b(7,-)u). For fixed z and s, set ur(x) = Prs(x,2). We
need an L' bound for Bagj(T)ur.

Lemma 3. For every T > s,

Basf(MVPrb-lis <€ [ om0l [V, Pra )]

where the constant C depends only on the dimension | and the ellipticity
constants.

Proof. The L' norm of a function (or measure) w can be expressed via
duality:

lwllp = sup / w(z) b(x) da.

P€Ce, l|9lloo<1

For w = Bagj(7)Prsd., integration by parts gives
/ (=V - (bur))(z) d(z) da = / b(t, z)ur(z) - Vo(x) de.

Now we use the fact that the dual space of VVO1 *°(R!) (Lipschitz functions
with compact support and zero boundary) is the space of divergence-measure
vector fields, and the norm is

V-l = sup /U'V(;S.

P€CE, [Volloo<1
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Thus we may restrict the supremum to test functions with | V¢|l.c < 1. For

such ¢,
\/mw\ s/rérufwwr < /|6\u7.

This gives || Bagi(T)ur||1 < [ |blur, which involves u, rather than its gra-
dient. To obtain the desired bound with |Vu,|, we use a duality argument
with the adjoint evolution.

Consider the operator Badj(T)PTVS as a map from L' to L'. Its adjoint
maps L to L™ and is given by

(Baqj(1)Prs)" = Prb(r,") - V,

where P is the adjoint of P s (the evolution of the backward equation).

The kernel of Pf is the same as that of Prs with variables swapped:
po(T,y; 8, z). In particular, it satisfies the same Gaussian bounds and deriva-
tive estimates as pg.

For any g € L*°,

(Prs(b-Vg)) / b(1,y) - Vypo(T, y; 5, 2) 9(y) dy.
Hence
(P26 V) @) < [ e (90l :5,2) dy gl
Therefore,
12,0+ Vo)l < ([ 7, 19007 :5.2) ) g
Now, for any g with ||g|lcc < 1,
(Badj (7) Prs02, ) = (8=, P} b+ Vg)
= (PLb-Vg)( /Ib 7, 9)| [Vypo(T, y: 5,2)] dy.
Taking the supremum over all such g yields
[Ba(7)Protlls < [ ()| V0. ) s

which is exactly the desired estimate (with C' = 1). This completes the
proof. O
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Lemma 4. Under Assumption 4, define

s+h
5(h) = esssup [ |B(r)Prad

z,8

Then 5(h) — 0 as h — 0. More precisely, there exists a constant C' depend-
ing only on v, u,l such that

B(h) < C(Bu(h)HT + By(h)PT + By ()72 ),

where for f € K, we set

s+h
By = essswp [ [ Gle—s.y—2)lf )Pyt

$,2

Proof. We estimate each term separately. For the drift term,
s+h
[ = [l = sy -2 dyn
S
Apply Holder’s inequality in space with exponent [ + 1:

[ < ([ bR / K)"7 = ( / bR

Thus the drift contribution is bounded by

s+h %
c/ (Ts)_1/2</|b|l+1Kx> r.

Now use Hélder’s inequality in time with exponents [ + 1 and (I + 1)/I:

s+h 1
/ (7‘—8)_1/2("')de

s+h 1, psth 1
< (/ (r— 8)7%(17') " </ / 0" K dy dT) T

-1
Since —l;r—ll > —1 for all [ > 1, the first factor equals Ch20+1). Hence the
drift term contributes at most

1—1 1
Ch20+1) By (h) 1.
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1—1
Because h2(+D < 1 for h < 1, we can absorb it into the constant. Therefore
1
drift contribution < Cfy(h)H1.

The same estimate holds for the adjoint drift term with b.
For the potential term,

s+h
/ / V()| (7 — s,y — 2) dy dr

< (/SJrh/‘VH_ZKXdydT)H—lQ(/S+h/deydT>$.

l
The second factor is C’hl%. Thus the potential contribution is
1 1 1
< Chz+25v(h)l+2 < Cﬁv(h) +2 .

Combining the three estimates gives the stated bound. By definition of the
Kato classes, 8f(h) — 0 as h — 0 (Lemma 1), hence §(h) — 0. O

5.2 Convergence of the Duhamel series in L! and L*

Choose hy > 0 such that S(hg) < 1/2. For 0 < t — s < hg, we estimate
the operator norm of the n-th term in (23). Because || P, ;|l1»1 = 1 and
| Prsllis1 = 1, we have

n

| Ptr B(Tu) Pryr -+ B(1) Pry sl < [T I1B(0) Pryri s i,
i=1

where we set 79 = s. Integrating over the simplex s < 71 < --- < 7, < 1
yields

n
/ H |1B(7i) Pry iy 11 dry - - - dm,
S

<11 << <t ;¢

Bt —s)"

I n
< ([ 1B Pliar)” < 5
n!'\J, n!

Hence the L' operator norm of the n-th term is at most 3(t — s)"/n!. Sum-
ming over n gives

oo t_s n .
Ul <3 /3<n,> L B-9) < 12 < o,

n=0
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For L°°, note that the adjoint of Uy s satisfies the same Duhamel series with
B replaced by its formal adjoint B*u = —b-Vu+b-Vu+Vu—(V-b)u+(V-b)u.
Under the same Kato class assumptions (and assuming b,b are such that
Vb, V-b are also in the appropriate Kato classes, or by a density argument),
the same estimate holds. For simplicity, we work with the kernel estimates.

5.3 Pointwise Gaussian upper bound for U, ,

We prove that for sufficiently small hy > 0 (to be chosen later) and for all
0 <t — s < hg, the kernel of U;  satisfies

lev—y|2>
t—s J°

Uss(, )| < C (¢ = 5)™ 2 exp( - (24)
The extension to arbitrary t —s < T is then obtained by a standard chaining
argument (see the end of this subsection).

5.3.1 Kernel estimates for the elementary building blocks

Let P; s be the evolution family of Lg. Its kernel po(t,z;s,y) satisfies the
two-sided Gaussian bounds of Theorem 5. In particular there exist constants
Co, co > 0 such that

colr — y‘g)

0 < po(t,as5.y) < Co (¢ — )/ exp( =

(25)

For the first-order part B(7) = b-V—V-(b-)+V we consider the operator
Qrs = B(T)Prs. Its kernel ¢ (z,y) is a distribution, but under the Kato
class assumptions it is a function that satisfies a Gaussian estimate with a
small factor.

Lemma 5. There exist constants Cp,c1 > 0 (depending only on the elliptic-
ity and the Kato norms) such that for all 0 < 7 — s < hg and all z,y € R,

C1|Z—y|2)
T—s /J’

grs(z9)| < CLB(r = 5) (7 — )/ exp(

where B(h) is defined in Lemma 4 and satisfies f(h) — 0 as h — 0.

Proof. Recall that Q; s = B(7)P: s and ¢, s(2,y) is the kernel of this opera-
tor, i.e.,

Q@uf)E) = [ 4l dy. anuen) = (BOP6)C)

(26)

We have three contributions from B(r) =b-V — V- (b-) + V.
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1. Drift term b- VP, ,. Using the derivative estimate from Theorem 5,

2
o) < Ol )-3D/2 o (1Tl
|vxp0(7—> €TS8, y)| = CO(T S) exp( C()(T _ S)>

< C ( - S)_l/QKX(T — 5T — y)v

where K, (t,z) = (4nxt)~"/? exp(—|x|?/(4xt)) with x = v/2 (the constant
Cq depends only on v, 11). Hence the kernel of b- VP, ¢ is bounded by

|b(7-a Z)| |vzp0(7—a 258, y)| < Cd(T - 3)_1/2|b(7-7 Z)| KX(T — 52— y)

2. Adjoint drift term —V - (l;PT,s). By Lemma 3, for each fixed y the
operator —V - (bP; ;) maps the Dirac delta d, to an L' function. Moreover,
the duality argument in the proof of that lemma shows that for almost every
2,

(=9 (5P3,) ()] < [ [b(rw)] Vool s 5,0)] du

Indeed, approximating J, by a sequence of smooth functions ¢.(x — z) with
|IVe|loo < C/e and letting € — 0 yields the pointwise bound. (The right-

hand side is independent of z, so the inequality holds for every z outside a
null set.) Using the Gaussian estimate for V,,pg, we obtain

12 (2, y)| < Calr 1/2/|b7w|K< —syw—y)dw.

3. Potential term VP.,. The kernel is simply V (7, z)po(7, 2; s,y), and
we have

V (1, 2)po(T, 23 8,y)| < ColV (1, 2)| (T — 8) V2K (1 — 5,2 — ).
4. Combining the three contributions. All three terms have the form
(r— s)_l/Q /Rl |f(m,w)| Ky (T — s,w —y) dw
multiplied by a constant that may also include a factor (7 — s)~1/2 for
the drift and adjoint drift. However, the time integral in the definition of

B(T —s) already contains the factor (7 —s)~%/2 from the derivative estimate.
To obtain a unified estimate, we define

s+h
Bp(h) = ess sup/ K\ (t — s,w — 2)|b(t,w) " dw dt,
R!
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and similarly for b and V with exponents | + 1 and [ + 2, respectively.
Using Holder’s inequality exactly as in Lemma 4, we obtain for each term
an estimate of the form

’qﬂs(z, Y)|

1 1 1 o 2
< C(By(r— 8) T + B (7 — 8) 1 4 By (7 — 5) 772 ) (7 — 5) /2 eXp(_c!j_z;I)?

where ¢ > 0 depends only on y and the constants from the Gaussian bounds.
By definition, B(h) in Lemma 4 is precisely this sum (up to a constant
factor). Therefore, there exist constants C1,c; > 0 such that

01|Z—Z/|2>
T—35

4r.s(2,9)| < CLB(r = 5) (7 = )2 exp(

for all 0 < 7 —s < hg. The factor (7 — s) tends to 0 as 7 —s — 0 by
Lemma 4, which completes the proof. O

5.3.2 Induction for the iterated kernels
Recall that the n-th term in the Duhamel series (23) is

Kn(t,.’l:‘, $7y)

n
=/ / po(t, 257, 20) [ [ @rimics (20 2im1) doa - - dzg dry - - d,
s<T << <t JRI i1

where we set 79 = s, 29 = y and z, is the integration variable for the
outermost py. For n = 0 we define Ky = py.

Lemma 6. For every n > 0 and all 0 < t —s < hg (with hg < 1 and
B(ho) < 1/2) we have

— n _ 2
Kt @5 5,)] < ™1 WMS)) (t—s)71/? exp(—c‘a;_g), (27)

where ¢ = min(co, ¢1) and C' = max(Cy, Cy(m/e)/?, 1).

Proof. We proceed by induction on n.
Base case n = 0: By (25) and ¢ < ¢p we have |Ky| < Cy(t —
0
!

S)—l/2e—CQ|$—y|2/(t—S) S Clg(t — 3)_1/2€_C|1_y|2/(t_3)7 SO (27) hOldS.



Harnack inequality and Gaussian bounds 64

Induction step: Assume (27) holds for some n > 0. Then, we have

t
KnJrl(tvm;S)y) = / / pO(tvx;Ta Z) </ /
s JRI 5<T < <Tpn<T JRI

Grrn (2, 2n) H Griri 1 (Ziy zic1) dzy -+ - dzp dry - - - dTn) dzdr.
i=1

The inner double integral is exactly the kernel of the operator Q; -, - - @+, s
evaluated at (z,y). By the same inductive estimate applied to the product
of n kernels ¢ (instead of one py and n ¢’s) we obtain

‘/ : /‘ < C7 (m/c)/? (f] B(o —s)do)™ (r— 5)71/2 eXp<7c|z - y2)’

n! T—38

where we used that the convolution of n Gaussians with parameter ¢ pro-
duces a factor (m/¢)"/? and the time integrals give ([T B)™/n!. (A straight-
forward induction on the number of g-factors yields this bound; the proof is
identical to the one we are giving, with Cj replaced by Cj.)

Now insert this estimate into the expression for K, 11 and use the bound
(25) for po:

t
|Kn+1‘§// Co(t—T)_l/Ze_CO‘x_ZP/(t—T)
s JR!

X c?(w/c)"l/z(fsn!ﬁ P ) V2l 2

—colz—z|2/(t—T)

Since ¢ < ¢y, we may replace e by the larger quantity

e—cle==1?/(t=7)  Then the spatial convolution becomes

2
ez (1) ey (r—s) 5, _ (FE=T)T = 8)\W/2 o clz—y|
/Rz c ¢ dz ( c(t — s) ) exp( t—s )

Multiplying by (t —7)~%2(7 — s)~4/2 yields (7 /c)"/?(t — s)V2e—cle—yl?/(t=s)
Therefore
‘Kn+1|

1 t T n
< CoCP(m /)P HDU2 — (¢ — s)_l/Qe_”_le/(t_s)/ (/ Blo —s) da) dr.

n!

The time integral is elementary:

/st(/sfﬂ(a—s)da>ndr = n—1|- - (/:,8(0_ ) d0>n+1.
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Because t — s < hy < 1 and S is non-decreasing, we have fstﬁ(a —38)do <
Bt —s)(t—s) < B(t—s). Hence

L[y (Bl s
< .
n+1</s”8> - (n+1)!
Now set C = max(C’o, C’l(w/c)l/Q, 1). Then Cy < C and C’1(7r/c)l/2 < C.
Consequently

CoCp (/)" TVV2 = Cy (Cr(nfe)*) " (m)e)/2 < C - C™ - C = O™ T2

Thus (& o
n t—s))" - —clz—y|?/(t—s
|Kpy1| < CF2 T (t — )~V 2e=clo—yl?/(t=s),
which is exactly (27) with n replaced by n+1. This completes the induction.

O]

5.3.3 Summation and small-time upper bound

For 0 <t —s < hg we have 5(t —s) < 1/2. Summing the series (23) and
using Lemma 6 gives

> n
\Up,s(z,y)| < chHM(t A

|
ne0 n:

= CeCBU=5) (¢t — g)~l2e—clo—yl?/(t=5) < CeC/2(4 — g)~1/2e—cle—yl?/(t=5),

Replacing Ce“/? by a new constant (still denoted C') we obtain (24).

5.3.4 Extension to arbitrary time intervals

For any T' > 0 and any 0 < t —s < T, choose an integer m > 1 such that
(t — s)/m < hg. Then split the interval [s,t| into m equal subintervals:

. S
Uts = Uty sUtios itz Utisy ti=s4i——.

Each factor satisfies the Gaussian upper bound (24) with the same constants
C,c. Convolving m such kernels yields (see e.g. [3, Lemma 2]) a bound of
the form

clz —yl?

Vel )] < C™ (¢ = )7 exp ~

) - (polynomial factor),
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where the polynomial factor comes from the finite number of convolutions
and is bounded by a constant depending only on m (hence on T'). Since
C™ = exp(mInC) < exp((T'/ho + 1)InC) =: C(T), we finally obtain

a2
Uesle)] < C(T) 1 - 5)2 exp( -T2 =20
-5
for all 0 < t —s < T. This is the required Gaussian upper bound for the full
evolution family.
5.4 Lower Gaussian bound via perturbation

For small times, start from the Duhamel formula (22):

t
Ut75 == Pt,s - / UtJB(T)PT’sdT.
s

Taking pointwise values and using the upper bound for Uy » (proved above)
and the estimate for || B(7)Pr s0,| 11, we obtain

t
Ura(2,) — Pralr,y)] < / / Usr (02 2)| | B(r) Pradiy| 1z dr

T — 2
< (e =)t =5 exp~ ),

where we used that [ |U;(z,z)|dz < C uniformly (by the L' bound on the
kernel). Now recall that P; s satisfies the lower bound

2
> _oa—l2 . [z —yl
Pt,s('r? y) - C(](t 8) eXp( C()(t _ 3) )7

with constants ¢y, Cy > 0 from Theorem 5. Choose hy < hg such that
C
CB(hy) < 50
Then for 0 <t —s < hy,

€0

2
_ T —
Urs(,y) = Pos(w,y) = 5 (¢ — )72 exp(_¢>,

co(t — s)
If the Gaussian exponent in the error term is larger (i.e., ¢o is larger than

the exponent in the lower bound of P), we need to adjust. In fact, the
lower bound of P has constant Cj in the exponent, while the error term has
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constant ¢g. Without loss of generality we may assume Cy > ¢y (otherwise
swap the names). Then

 — ul2 — 2
e~ i) =g )

because ¢g < Cj implies the exponent is larger (more negative). Thus the
error term is bounded by the same Gaussian as P. Hence

€O N—l/2 _ |z —yl
U s(x,y) > 5 (t—s) exp( 700(75_8)).

This gives the lower bound for small times.
For larger times, we again use the semigroup property. Write ¢t — s =
mhy +r with 0 < r < hy. Then

Ut,s = Us+mh1+r,s+mh1 Us+mh1,s+(m—1)h1 T Us+h1,s-

Each factor satisfies the lower bound with constant c¢/2 and exponent con-
stant Cp. The convolution of m + 1 such kernels yields

co\™ - ‘-T — y‘Q
Ups(a,y) > ()"t — 5) 12 eXp<—m>‘

Since m + 1 < (t — s)/h1 + 1, we have
(%))m-‘rl _ exp((m +1) ln(co/2)) > exp(—thlsl In(co/2)| — |ln(co/2)\).

This factor can be absorbed into the exponential by replacing Cy with
a slightly larger constant C' (because exp(—a(t — s)) times exp(—|z —
y|?/(Co(t — 5))) is still a Gaussian with a modified constant). Thus we
obtain

z — 2
Urs(a,y) = e(t —s)7'/? eXp<_(’j(t_yL))

for all 0 < t — s < T, with constants depending only on v, y,w,T and the
Kato norms.

5.5 Completion of the proof of the main theorem

Combining the upper and lower bounds for U;, and the existence of the
evolution family via the convergent Duhamel series, we have proved Theorem
1. The constants ¢, C' depend on the parameters as stated.
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