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Abstract

In the framework of a complete b-metric space, we will discuss ex-
istence and uniqueness results for the fixed points of triangular opera-
tors. Using various classical metric conditions on the operators, we will
obtain a generalization of the well-known fibre contraction principle in
complete metric spaces.

Keywords: fixed point, complete b-metric space, contraction, Picard
operator, Ulam-Hyers stability, well-posedness in the sense of Reich-Zaslavski.
MSC: 47H10, 54H25.

1 Introduction

Let (X, d, s) be a b-metric space with coefficient s > 1. (see [1], [3], [4], [18]).
The only difference between a metric and a b-metric is given by the triangle
inequality. In the b-metric case, the third axiom of the metric (the triangle
inequality) takes the following form:

d(z,y) < s(d(z,2) +d(z,y)), for all z,y,z € X.
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A special case of b-metric spaces is the strong b-metric space, when the
triangle inequality has the following relaxed form:

d(z,y) < d(z,z)+ sd(z,y), for all x,y,z € X.

For example, if (X, d) is a metric space and p > 1, then dP is a b-metric with
constant 2P, i.e., (X, dP,2P) is a b-metric space, see [1]. Another well-known
example is the space Ly([0,1]), 0 <p <1, where

1
L,([0,1]) = {f: [0,1] — R measurable : /0 |f()|Pdt < oo}.

Define dp(f, 9) fo |f(t) —g(t)|P dt) Then d), is a b-metric on Ly([0, 1])

with coefficient 27. For other examples, see [7].

In this paper, we will prove a fibre contraction principle in the framework
of a complete b-metric space. A saturated form of this principle is also
presented. Some stability properties are also obtained. Our results are in
connection to the research directions proposed in [10]. For more details on
fibre contraction principle in metric structures (theory and applications),
see [5], [11], [15]- [19].

2 Preliminary notions and results

Throughout this paper, N is the set of natural numbers including 0, while
N* = N\ {0}. The symbol R} denotes the set of all real non-negative
numbers.
Let (X,d, s) be a b-metric space and f : X — X be an operator. Then, we
denote by

Fiz(f) :={x € X : x = f(z)} the fixed point set of f,

and by f":= fo---o f (n-times) the n-th iteration of f. For zo € X, the
sequence T, := f"(xg),n € N,n > 1 is called the sequence of Picard iterates
starting from xg.

In the case of a complete b-metric spaces, a (nonlinear) variant of the
Banach-Caccioppoli Contraction Principle was given by Czerwik in [3]. The
correction of a gap from the original proof was pointed out in [6]. We present
here a linear form of the Czerwik’s Principle with an additional conclusion

Theorem 1. Let (X,d,s) be a b-complete metric space and f: X — X be
an a-contraction, i.e., o € (0,1) and the following relation takes place

d(f(@), f(4)) < ad(w,y), for every z,y € X.
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Then, the following conclusions hold:

(1) Fix(f) ={2"};

(2) for each zy € X, the sequence x, := [f"(x¢),n € N of Picard
iterates starting from xo converges to x*;

(3) if additionally, o < %, then the following retraction-displacement
condition holds

d(zg,z") < d(zo, f(x0)), for each xp € X.

S
1—sa
Definition 1. Let (X,d,s) be a b-metric space and f : X — X be an
operator. Then, f is called a Picard operator if:

(1) Fix(f) ={«"};

(2) for each xo € X, the sequence x, = f"(xo),n € N of Picard
iterates starting from xo converges to x*.

A Picard operator for which there exists ¢ > 0 such that

d(xg,z*) < cd(zo, f(x0)), for each xg € X,

1s called a c-Picard operator.
A Picard operator for which there exists a map ¥ : Ry — Ry increasing,
continuous in 0 with ¥(0) = 0, such that

d(zo,x*) < W(d(zg, f(x0))), for each xy € X,
is called a V-Picard operator.

Remark 1. In terms of the Picard operator theory, the first two conclusions
of the above result can be stated in a concise form as f is a Picard operator.
All three conclusions of the above theorem can be stated by the sentence

"Then f is a 1=°-Picard operator.”

The following lemma (see [18]) is important for the proof of our main
theorems.

Lemma 1. (Cauchy-Toeplitz Lemma) Let (ap)nen be a sequence in Ry,

such that the series Z an, s convergent and let (by)nen be a sequence with
n>0
nonnegative terms, such that lim b, = 0. Then
n—oo

n
711320(;) an—kbr) = 0.
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3 Main results

The following general problem is well-known. Let X,Y be two nonempty
sets and

f:XxY—>X><Y,f(x,y):(fl(a:,y),fg(:z,y))

be an operator.
The problem is: if f: X xY — X x Y satisfies the following conditions:

(h1) f1(-,y): X — X has at least one fixed point for all y € Y;

(h2) fa(z,:) : Y — Y has at least one fixed point for all x € X,

under which conditions the map f has at least one fixed point?
It is known that if (X,d), (Y, p) are two complete metric spaces there
may be mappings

f:XXY—)XXY,f(IL‘,y):(fl(ﬂi‘,y),fg(l‘,y))

with no fixed points, even if

(al) f1(-,y): X — X is a contraction, for all y € Y;

(a2) fa(z,-): Y — Y is a contraction, for all z € X.

For example, take f(z,y) = (%ﬂ +1, x—;ry +1),z,y € R, see [8].
The following results are partial answers to the above problem (see [8]).

Theorem 2 (S.B. Nadler Jr. (1968)). Let (X, d) be a complete metric space
and let (Y, p) be a metric space. Let f : X xY — X x Y be a mapping.
Suppose:
(i) f is uniformly continuous on X XY (in particular, if f is Lipschitz);
(ii) f is a contraction mapping in the first variable.
Then f has at least one fixed point.

Theorem 3 (S.B. Nadler Jr. (1968)). Let (X, d) be a complete metric space
and let (Y, p) be a metric space with the fized point property. If f : X XY —
X XY is a contraction mapping in each variable separately, then f has at
least one fized point.
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A particular form of the above mentioned general problem is the case
of triangular operators. We formulate the problem in the context of b-
metric spaces. Let (X1,d,s) and (X, p,t) be two b-metric spaces. Given
t1 : X1 — X1 and t5 : X1 X X9 — Xo we define the following triangular
operator

t: X1 x Xo— Xy x Xy given by t(x1,x2) := (t1(x1), t2(x1, x2)).

Under which conditions on ¢; and t, the operator ¢ has at least
one fixed point?

We present now the first main result of this paper, which is an extension
to the case of b-metric spaces of the classical result of Hirsch and Pugh [5].

Theorem 4. Let (X1,d1,r) be a b-metric space with coefficient r > 1 and
t1 :+ X1 — Xy be an operator having an attractive fized point 7 € Xj.
Let (Xa,da,s) be a complete b-metric space with coefficient s > 1 and let
to : X1 X Xo — Xo. Suppose:

(1) there exists a € (0,1) such that ta(z1,") : Xo — Xo is an a-
contraction, for all x1 € X1. Denote by x5 the unique fived point of to(x73,-);

(2) the operator t : X1 x Xo — X1 X Xo, t(x1,22) := (t1(x1), t2(x1,x2))
18 continuous.

Then (z7,x3%) is an attractive fized point of t.

In fact, the following more general result can be proved.

Theorem 5. Let (X1,d1,7) be a b-metric space with coefficient r > 1 and
(X2, da, s) be a complete b-metric space with coefficient s > 1. Letty : X1 —
X1 and ty : X1 X Xo — X5 be two operators. Suppose:

(1) t1 : X1 — X1 is a Picard operator (denote by x7 its unique fized
point);

(2) there exists o € (0,1) such that the operator ta(x1,-) : Xo — X is
an a-contraction, for all x1 € X1 (denote by % the unique fized point of
t2 (‘ffv ))!

(3) the operator t : X1 x Xo — X1 X Xo, t(z1,2z2) := (t1(x1), ta(z1,22))
18 continuous.

Then t is a Picard operator and Fix(t) = (zF, z5).

Proof. Let (x(l),x%) € X X Xg be arbitrary. Define the sequences
) and 53721+1 = ty(z), 22),n € N.

1 _ 1
Lnt+1 = t1 (:En
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By (1), we know that Fiz(t1) = {23} and the sequence (x}),cn converges to
x%. We will show that the sequence (22 ),en converges to 5. We successively
have:

dy(x n+1>352) = da(ta(ay, 27,), b2 (], 23))
< s [da(ta(ar,, 23, to (2, €3)) + do(ta(y, 3), ta (], 23))]
< sado(x2,23) + sdo(to(zl, 23), tao (27, 23))
< s [sada(a7, _y,75) + sda(ta(2y 1, 23), ta(2], 23))| +sda(ta (2, 3), t2 (2], 23))
= (sa)’da(a;,_y, 23)+sada(ta (21, 3), ta(a], 25))+sda(ta(ay, 13), ta(27, 25))
< e < (s0)" o (af, 23) + s(sa)"da(ta (g, 23), ta(27, 23))
+o o s(sa)da(ta(y, 1, 75), t2(a], 03)) + sda(ta(ay, 3), ta(a], 23))
< (sa)"dy(af, 43) + s[(s)"da(t2(wg, 3), ta (a7, 43))
+ o (se)da(ta(wy_y, 03), ta(], 25))+da(ta (2, 23), ta (27, 23))] = 0,1 — o0,
where the convergence to 0 follows by the Cauchy-Toeplitz Lemma 1. [

A similar result takes place if we replace the contraction condition with
a Ciri¢-Kannan-Reich-Rus type condition (see [2], [12], [18]). We recall first
a Kannan type fixed point theorem in complete b-metric spaces.

Theorem 6. Let (X,d, s) be a b-complete metric space and f : X — X be a
Kannan a-contraction, i.e., o € (0, max{z, 1JrS}) and the following relation
takes place

d(f(x), f(y)) < eld(z, f(x)) + d(y, f(y))), for every x,y € X.

Then, the following conclusions hold:

(1) Fiz(f) = {z"};

(2) for each zy € X, the sequence x, := [f"(x¢),n € N of Picard
iterates starting from xo converges to x*;

(3) if we denote v := %, € (0,1), then the following retraction-
displacement condition holds

d(zo,2") <

s
X.
= s*yd(xo’f(xo))’ for each xg €

Remark 2. In the language of Picard operator theory the conclusion of the
above theorem is that f is a

1-
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Theorem 7. Let (X1,d1,7) be a b-metric space with coefficient r > 1 and
(X2,ds, s) be a complete b-metric space with coefficient s > 1. Let t; : X —
X1 and ty : X1 x X9 — Xo be two operators. Suppose:

(1) t1 : X1 — X1 is a Picard operator (denote by x7 its unique fized
point);

(2) there exists o € (0,5) and B > 0 such that

da(ta(w1, 22)t2(y1,y2)) < Bdi(21, y1)+a[da(tz(w1, 72), ¥2) + do(t2(y1, y2), y2)] ,

for all (xz1,x2), (y1,y2) € X1 X Xo;

(8) the operator t : X1 x Xo — X1 X Xo, t(x1,22) := (t1(x1), t2(x1, x2))
18 continuous.

Then t is a Picard operator and Fix(t) = (zF, z5).

Proof. Let (z},23) € X1 x X2 be arbitrary. Define the sequences
zhy1 = ti(z)) and 2 4 = to(zp, 2),n € N

By (1), we know that Fiz(t;) = {z%} and the sequence (z}),en converges
to 7 as n — oo. We notice first that, using (2), we obtain that ta(z7,-) :
X9 — Xo satisfies the following relation

da(ta(x], x2), ta(x],12)) < a[da(ta(z], x2), x2) + da(ta(x], y2), y2)]

for every xa,y2 € Xo. Thus, t2(z7, ) : Xo — Xs satisfies the assumptions
of Kannan’s fixed point theorem (see Theorem 6) and, as a consequence,
there exists 25 € Xy such that ta(a7, 25) = 25. We will show now that the
sequence (z2),en converges to z3. We successively have:

da (711, 75) = da(ta(xy, 27,), t2 (27, 23))

< Bdi (2, 7) + o [da(ta(wy, 73), 73) + da(ta(a], 73), 23)]
< ﬁdl(x}w .%‘T) + sa [d2($721+17 J);) + d2(5f§» 33‘31)] .
From here, for each n € N, we get

sa *
mdﬂxiaxz)- (1)

a2l 25) < dy(zy, 2}) +

—1-s«a

Then, we successively have
2 *
d2 (an,»l I xQ)

B sa 1 sa

p d(ah o) +

S Pda(ed1,3)

di(zp, ) +

l—sal-—sa 1 - s«
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B B s
sa sa
o (2 (o )] + () (a8 )
Hence, by (1) and the Cauchy-Toeplitz Lemma 1, the right hand side of the
above relation tends to 0. The proof is complete. 0

We will conclude our study by analyzing some stability properties (see
[9], [13], [14]) for the above problem.

Theorem 8. Let (Xi,d1,r) be a complete b-metric space with coefficient
r > 1 and (Xa,da, s) be a complete b-metric space with coefficient s > 1. Let
t1: X1 — X1 and to : X1 X Xo — Xo be two operators. Suppose:

(1) t1 : X1 — Xy is a k-contraction with k € (0,%) (denote by x7 its
unique fized point);

(2) there exists o € (0, s%) such that the operator ta(x1,-) : Xo — Xo is
an a-contraction, for all x1 € X1 (denote by % the unique fixed point of
the mapping ta(x3,-));

(3) there exists L > 0 such that the operator to(-,x2) : X1 — Xo is an
L-Lipschitz, for all xo € Xs.

Then the fized point problem for t is Ulam-Hyers stable and has the
well-posedness property in the sense of Reich and Zaslavski.

Proof. By Theorem 4 we know that Fiz(t) = {(«7,2%)}, where z3 is the
unique fixed point of the mapping t2(x7, ) : Xo — Xo.

For the Ulam-Hyers property, take any ¢ > 0 and let (Z1,%2) € X7 X X»
satisfying the relation

doo((Z1,Z2),t(Z1,T2)) < €.
Then, we have
max{d;(Z1,t1(Z1)), do(Z2, t2(Z1,22))} < e.
We must now estimate the following value
doo((T1, T2), (27, 23)) = max{d1(Z1, 21), da(T2, 73)}.
First, we have
dy (1, 27) < rldi(Z, 61 (21)) + di(t1(21), 81(27))]

< re+rkdy(z1, 7).
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Thus, we conclude

Next, we have
do(T2,73) < s[da(T2,t2(T1,T2)) + da(ta(T1, T2), t2(27, 23))]
S se + 82 [dg(tz(.fl, .fg), tg(.%'f, .f'Q)) + dQ(tQ(f{, i’z), tz(xi, x%))}
< se + 82 Ldy (31, 2]) + s*ady (T2, 13).
As a consequence, we have

L s
dy(Zo, x5) < o [1 +

s2L
1—sk
Thus,

doo((Z1, Z2), (3«"?,:63)) < Ce,

where C' := max{~,

1504

[1 + 1= }} This shows that the fixed point
problem for ¢ is Ulam-Hyers stable.

For the well-posedness property, con81der ((zk, 22))pen in X7 X Xo with the
property that hm doo (), 22), t(x}L, 22)) = 0. We will show that

lim_doo((2y,27), (1, 23)) = 0. (4)

Indeed, we have
di(zh, 27) <7 [di(zh, t1(2)) + di(ta(zh), t(2F))]
< [di(ag, tr(ay,)) + kdi (2, 27)] -

As a consequence, we have

% r

dl(x St (zh)) = 0,n — oo. (5)

Similarly, we get

dy(x3, x5) < 5 [da(x} 7t2( Ty, 15)) + do(ta(zy,, 27, ta (2], 25))]
< sdo(a2, ta(xy, 22))+5° [da(ta(zy, 22), to(x], 22)) + da(ta(2F, 25), ta(2], 23))]
< sdy(22, to(x) )) + %Ly (z), 23) + s*ady (22, x5).

As a consequence, we have

2 S
da (2, 23) < 1T- 24

By (5) and (6) we obtain (4). O

[dg(x to(zk, 22)) 4+ sLdy (x}, z})] = 0,n — co. (6)
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In fact, the following saturated form of the fibre contraction principle in
b-metric spaces can be established.

Theorem 9. Let (X1,d1,r) be a b-metric space with coefficient r > 1 and
(Xa,da, s) be a complete b-metric space with coefficient s > 1. Lett) : X1 —
X1 and ty : X1 X X9 — X9 be two operators. Suppose:

(1) t1 : X1 — Xy is a ci1-Picard operator (denote by x7 its unique fized
point);

(2) there exists o € (0, s%) such that the operator ta(x1,-) : Xo — Xo is
an a-contraction, for all x1 € X1 (denote by % the unique fized point of
the mapping ta(x3,-));

(8) there exists L > 0 such that the operator to(-,z2) : X1 — Xo is an
L-Lipschitz, for all x9 € Xo.

Then t is a V-Picard operator with V(t) := max{c;t t + sLeqt}.

_ s
' 1—s2a
4 Conclusions

In this paper, two fibre contraction principles in b-metric spaces were es-
tablished. The approach is based on some fixed point results for self op-
erators in complete b-metric spaces (Banach-Caccioppoli contractions and,
respectively Kannan contractions) and the Cauchy-Toeplitz Lemma. Some
stability results (well-posedness in the sense of Reich and Zaslavski and
Ulam-Hyers stability) are also proved.
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