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Abstract

For a nonlinear control system, by considering appropriate feed-
back laws, we prove results on null controllability and regularity of the
minimum time function.
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1 Introduction

Let X be a Banach space, A: D (A) C X =2 X be a (possible) multivalued
m-dissipative operator and f : D(A) — X a given function. Let U be
a Hilbert space, B : U — X a linear bounded operator and consider the
control system

{y' (1) € Ay (6) + f (y (1)) + Bu (1) )

y(0) ==,

where x € D (A) and u (-) is the control.
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Let r > 0 and denote by U the set of all admissible controls, i.e. mea-
surable functions w (-) satisfying ||u (¢)|] < r a.e. Denote by C (¢) the null
controllable set at time ¢ > 0, i.e. the set of points x € X for which there
exist u € U and a mild solution y (-) to (1) which transfers z to 0 at time

t. Set C = |J C () called the null controllable set, and define the minimum
>0
time function 7 : X — [0, 4o00] by

@)= {inf{t > 0; v e C)}, ifzecC
400, otherwise.

The aim of this paper is to provide a feedback control which leads to null
controllability and to get estimates for the minimum time function around
the target.

When B is the identity operator, this topic was studied in [5], in Hilbert
spaces setting, in [6], in Banach spaces, in the case when A is the generator
of a Cy-semigroup, using feedback controls of type —ry (t) /||y (t)||. See
also [1], [2]. For the semilinear case with B a surjective linear bounded
operator, we recall [7], [8], where null controllability and estimates for the
associated minimum time function were obtained, considering appropriate
feedback laws. For the case when A is m-dissipative and B is the identity
operator, we recall [9], where it was used the same feedback as in [5].

In this paper, we extend some results of [9] and [8] to the control system
(1), where A is m-dissipative and B is a surjective linear operator, by means
of Lyapunov pairs characterizations.

2 Preliminaries

First, we present some concepts and results concerning Lyapunov pairs,
which will be used to get the main results of the paper.
Let X be a Banach space, A : D (A) C X =% X a m-dissipative operator,

let M be a nonempty subset of D (A), F: M — X a function and consider
the Cauchy problem

y(0) =€ @)

where ¢ € M. By a mild solution to (2) on [0,7], with T" > 0, we mean
a function y : [0,7] — M which renders t — ¢ (t) = F (y(t)) integrable,

{y' (t) € Ay (t) + F (y (t))
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satisfies y (0) = £ and is an integral (or mild) solution on [0,7] to the
equation

v () e Ay(t)+o(t). (3)
We recall that y : [0,7] — X is an integral solution to (3) on [0,7] if y is
continuous on [0,77], y (t) € D (A) for each t € [0,T], and

ly () — =l < lly (s) — || +/ [y (T) =z, (1) +yl, dr,

for each z € D(A), y € Az and 0 < s <t < T. We denoted by [z, y]+ the
right directional derivative of the norm calculated at x in the direction ,
ie.
Az + byl — ||
= 1 .
[ yl+ = lim 0

We recall that [z,y + ax]y = [z,y]+ + al|z] for any z,y € X and a € R.
For more properties of [, .|+ see, e.g., [11].

It is known that, for each & € D (A) and ¢ € L' (0,7T; X), there exists
a unique integral solution y : [0,7] — D (A) to (3) which satisfies y (0) = &
(see [11, Theorem 3.6.1]). Also, we recall the following result of Benilan
(see, e.g., [12]).

Theorem 1. Let A: D (A) C X = X be a m-dissipative operator, let @, 1) €
LY (0,T;X) and let y (), 2 (-) be two integral solutions to (3) corresponding
to ¢ and 1), respectively, with y (0) =& and z(0) =n, {&,n € D (A). Then

ly (¢) = 2 (@] < [I€ = nll +/0 [y (s) = 2(s),p(s) = ¢ (s)] ds,

for any t € [0,T].

By a mild solution to (2) on [0,7") we mean a function y : [0,T) — M
which is a mild solution to (2) on [0,77], for each T € (0,T). A solution
y :[0,T) — M to (2) is called noncontinuable if there is no other solution
7:[0,T) » M with T < T and y (t) = § (t) on [0,T).

Following [10] and [9], we give the following definition.

Definition 1. The functions V,g : D (A) — (—o0,+00] form a Lyapunov
pair for the problem (2) if dom (V) € M and for every £ € dom (V') there
exist 7' > 0 and a solution y : [0,7] — M to (2) such that t — g (y(t)) is
integrable on [0, 7] and we have

V(y (1) + / g(y(s)ds <V (€), (4)

for all t € [0,T].
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We denoted by dom (V') the domain of V i.e.
dom (V) = {IL‘ eD(A); Vi(x) < —i—oo}.
Definition 2. The A-contingent derivative DAV () (v) associated with the

m-dissipative operator A on a Banach space X of the function V' : D (4) —
(—00, +00] at « € dom (V) in the direction v € X is defined by

DAV (&) (0) = Jiminf 5V (Sae () + 1) = V (2],

where Sy, (t) : D (A) — D (A), t > 0, stands for the semigroup of nonex-
pansive mappings generated by A + v.

In [9] it was proved the following result.

Theorem 2. Let X be a Banach space, let A : D(A) C X = X be a
m-dissipative operator and let F' : M — X be a locally Lipschitz function,

where M is a nonempty subset of D (A). Let g : D(A) — R be a locally
Lipschitz function and let V : D (A) — (—oo, +0o0] be a proper function with
dom (V) € M and having a locally closed epigraph. Then V and g form a
Lyapunov pair for the problem (2) if and only if

DV () F (x) + g (v) <0,
for all x € dom (V).

Recall that the epigraph of the function V' is defined by

epi (V) = {(z.1) € D(A) x R V (&) < pu}.

3 Main results
First, we present the hypotheses we shall refer to in what follows.

(H1) X is a Banach space and U is a Hilbert space.
(H2) The operator A: D (A) C X = X is m-dissipative and 0 € A0.

(H3) The function f: D (A) — X is locally Lipschitz and satisfies

[, f (@) <Al ()

for any z € D (A).
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(H4) B :U — X a linear bounded surjective operator.

Remark 1. Since U is a Hilbert space, the operator B admits a right
inverse, i.e. there exists A : X — U a linear bounded operator such that
Bo A = Ix (see, e.g., [4, Theorem 2.12]). Moreover, since A is linear and
continuous, there exists v > 0 such that

[Az]| < vz (6)
for any z € X.

We provide an admissible control that will be used to reach the origin
starting from the initial point x € D (A) in some time 7', by mild solutions
to (1). More exactly, we use a feedback control of the form

Ay (t)
Ay @)l

First, we prove the following result.

u(t) =

Theorem 3. Assume (H1)-(H4). Then, for any x € D (A), z # 0, there
exist T >0 and y : [0,T] — D (A) solution to

) oy (@)
v (6) € Ay () + £ (0(0) = T .
y(0) ==z
which satisfies .
Iy ) < ] - Tt /0 Iy (s)]] ds (8)

and y (t) # 0 for every t € [0,T).

Proof. Define the functions V : D (A) — (—o0,4o00] by V (z) = ||z|| for z €
D (A)\{0} and V' (z) = +oo otherwise and g : D (4) = R, g (z) = L —A|z||
for z € D (A). Clearly, epi (V) is locally closed and g is Lipschitz on D (A).

We shall apply Theorem 2 to prove that V' and g form a Lyapunov pair for
the problem (2) with F': D (A)\ {0} — X, defined by F (z) = f (z) — ﬁ,

for x € D(A)\ {0}. Let us remark that the function z — ﬁ is locally
Lipschitz continuous on D (A)\ {0} . Further, we have to check that

rT

A x xT) — X
DV @) (o)~ g ) Fa @) <0




Feedback null controllability 42

for any x € dom (V') = D (A)\ {0} . Let = € dom (V') and define

z (t) = SA—i—f(ac)— rT (t) x, t > 0.

[Az]l

By Theorem 1 and assumption 0 € A0, we have

rT

=@ <loll+ [ |20, 72 s ©)

for all £ > 0. Definition 2, together with (9), (5), (6) and the properties of
[-,-], implies

DV () (1 @) = i) < it 0= )] - )

1 [t rT
Slimsu/ [zs, x)— } ds
£10 P 0 (), (@) Azl | ,

rT T

< [ns @ iy ] = e @ = g e

,
S Al = =
Y

Therefore, by Theorem 2, V' and g form a Lyapunov pair for the problem
(7). This proves the existence of a solution y (-) to (7) on some interval
[0, T] satisfying (8) for any t € [0,T]. Moreover, y (t) € D (A)\ {0} for any
te0,1]. O

By a continuation argument we can prove the following result.

Corollary 1. Assume (H1)-(H4). Then, for any x € D (A), x # 0, there
existsy : [0,0) — D (A)\ {0} a noncontinuable solution to (7) which satisfies
(8) for every t € [0,0). The solution is unique.

Now we can state the main result of the paper, which leads to null
controllability of the system (1).

Theorem 4. Assume (H1)-(H4). Moreover, assume that f is bounded on
bounded sets. The following properties hold.

(i) In case A < 0, for any x € D (A), v # 0, there exist a control u ()
and a mild solution y () to (1) that reaches the origin of X in some time
T < I|z| and satisfies

MOIESEE %t (10)
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for any t € [0,T]. Therefore,

v
T (z) < - [l
r
for any x € D (A).
(ii) In case A > 0, for every x € D (A) satisfying 0 < [|z[| < 75, there emist
a control u () and a mild solution y(-) to (1) that reaches the origin of X
wmn some time

1 r
T<<log—+—
AT =X lz|
and satisfies
B < eM SR I 11
ol < e (Il - 5 ) + 5 (1)
for any t € [0,T]. Considering 0 < p < T and defining p = we
YA T —"Ap
have
T (x) < =] (12)

for any x € D (A) with 0 < ||z|| < p.

Proof. Since the first situation is simpler, we present the proof for the

second case. Let z € D (A) with 0 < |z|| < . From Corollary 1, we
get a noncontinuable solution y () to (1) on [0,0), with the feedback con-
trol u(t) = —rAy(t))/||Ay (¢))||, which satisfies (8) and y(¢) # 0 for any
t € [0,0). Let us remark that ¢ < co. Indeed, from (8), using the Gron-
wall inequality, we obtain that (11) holds for any ¢ € [0, ), which leads to
o < 3 log W Moreover, it follows that y () is bounded on [0, o).

Let F(z) = f(x) — Ay for « € (A)\ {0} . Since f is bounded on

rT

TAz] ‘ < r||B| for any x € D (A)\ {0} (we have used

that BoA = Ix), we obtain that F' maps bounded subsets in D (A)\ {0} into
bounded subsets in X, hence F (y (-)) is bounded on [0,0). So, there exists
limyo y (t) which belongs to D (A). If limy, y (t) # 0, then, by Theorem
3, we obtain that y(-) can be continued to the right of o, which is false.
Therefore, limy,y (t) = 0. To get (12) we use the elementary inequality

log (1 + 2) < z for any z > 0. O

bounded sets and

Proposition 1. Assume (H1)-(H4). Moreover, assume that f is globally
Lipschitz of constant L > 0.
(i) If A <0, then, for any x,z € D (A) we have

T(2) < T (@) + 2T o 2.
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Moreover, T (+) is locally Lipschitz continuous on C.

(ii) Suppose A > 0, let 0 < p < L)\ and define pu = T
Y

r—y\p

If x € C and

z € D (A) is such that

Iz = || < pe= T,

then z € C and
T (2) T (2) + peT® ||z — 2|

Moreover, C is open and T (+) is locally Lipschitz continuous on C.

Proof. We present the proof for (ii). We use the same idea as in [5, Propo-
sition 3.3] (see also [7, Proposition 2.1]). Let x € C and z € D (A) such
that

Iz = || < pe= T

To simplify the exposition we assume the existence of an optimal control
u for z, i.e. y(T (x)) = 0, where y (-) is the solution to (1) starting from
x. Denote by y (-) the solution to (1) with the initial data y(0) = 2. By
Theorem 1, we have that ||y (t) — 7 (t)|| < e ||z — z||, for any ¢t > 0. Hence,

17 (T (@)l < T ||z — 2| < p.
Using now Theorem 4, we get that y (7 (z)) € C and
T@(T) < plg(T @) < ue’™ o -z

From the dynamic programming principle (see [3]), we have that, for any
t €0, 7(2)],
T(z) <t+T([H(t)).

It follows that
T() <T@ +T@GT (@) <T (2)+peTE ||z — 2.

Let zg € C and take § = ge_L(T(’COH"p). By the first part of the proof,
we obtain
T (x1) = T (w2) < pe T@H00) |12y — g,

for any 1,22 € Bx (20,0). O

Remark 2. If X is a Hilbert space too, then we can also take the feedback
law —B*y (t) /||B*y (t)||, where B* is the adjoint operator of B, with a
similar proof.
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