Ann. Acad. Rom. Sci.
Ser. Math. Appl.
ISSN 2066-6594 Vol. 18, No. 3/2026

EXPLORING SOME APPROXIMATION
PROCESSES IN QUANTUM CALCULUS®

Octavian Agratinif Mihaela-Diana Lupea?

Dedicated to the memory of Professor Mihail Megan
DOI 10.56082/annalsarscimath.2026.3.185

Abstract

The paper is a synthesis on a topic that concerns Approximation
Theory. We refer to the construction of some approximation processes
using ¢-Calculus. At first we recall the fundamental elements of ¢-
Calculus and then we focus on the presentation of special discrete-type
operators sequences using this theory. The main characteristics of the
new constructions are highlighted.
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1 Introduction

Quantum Calculus appeared as a connection between mathematics and
physics having the characteristic of describing nature more accurately. It
is known that the universe is quantized and if we are at a point x, then
the points that we can reach are in geometric progression ¢'z, in accordance
with the astronomer Edwin Hubble.
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There is no general definition of a ”g-analogue”. A g¢-analogue, also
called g-extension of a mathematical object X, is a family of objects X (gq),
g > 0, in general ¢ € (0, 1) such that linri X(qg) =X.

q—

In the last decades, Quantum Calculus began to be widely used in the
construction of linear positive approximation processes.

This work being a synthesis, after presenting the fundamental elements
regarding ¢g-Calculus in order to make the material essentially self-contained,
the authors pursued two distinct aspects: indicating the representative re-
sults in this field established by various specialists along with highlighting
the authors’ achievements published in time or newly developed. The archi-
tecture of the work was created by the second author.

Certainly, a work of this size does not include an exhaustive approach.
Our goal is only to offer readers a brief presentation of the application of
g-Calculus in approximating the signals belonging to different spaces of func-
tions with the help of linear and positive operators. We mention that we
will refer only to a few mathematicians who have made contributions in this
field, the selection being subjective therefore random. Among the pioneers
of this research direction we mention A. Lupas, G.M. Phillips and V. Gupta.
The article provides the reader with a mathematical background and a wide
variety of examples for key results.

2 Elements of ¢-Calculus

For the reader’s convenience, we recall basic definitions, notations and re-
sults regarding Quantum Calculus. In this direction, the book of Kac and
Cheung can be consulted [11]. Let ¢ > 0. For any n € Ny = {0} UN, the
g-integer [n], and the g-factorial [n],! are respectively defined by

n—1 n
[n]g = qu’ [n]y! = qu’ neN,
j=0 j=1
and [0]; = 0, [0],! = 1. The ¢g-binomial coefficients are denoted by [Z] and
q

are defined by
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Clearly, for ¢ = 1 one has [n]; = n, [n];! = n! and

n n
i, ()
q
the ordinary binomial coefficients.
In the sequel, we always will assume that ¢ € (0,1). Each g-binomial
coefficient is a polynomial in ¢ of degree k(n — k) with 1 as the leading

coefficient. Also, the g-binomial coefficients satisfy the following recurrence
relations (q-Pascal rule):

SR R
SRR

where 1 < k < n. These identities can be easily obtained using an elemen-
tary calculus, see for example [11, pp. 17-18].

(1)

Definition 1. Let ¢ > 0, g # 1, be a real number. The gq-derivative of a
function f: R — R is defined by

M’ z #0, Dyf(0) = lim D, f(x).

Dqf(w) = (1-q)x z—0

Definition 2. The function F' is a q-antiderivative of f if DoF = f. It is
denoted by

F(z) = / £() dg().

In the ordinary calculus, the uniqueness is up to adding a constant since
the derivative of a function vanishes if and only if it is constant. The sit-
uation in Quantum Calculus is more subtle. Dyp(z) = 0 if and only if
v(qr) = ¢(x), which does not necessarily imply ¢ a constant.

Definition 3. Let b > 0, ¢ € (0,1) and f : R — R. The real number
denoted by I(f;q;b) and defined by

b (9]
Ifsat) = [ f@)dgr = (=) 30 £ (0e") (2)
k=0

is called the finite g-integral of the function f on [0,0].
On a general interval [a,b], 0 < a < b, one defines
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/abf(t) dyt = /Obf(t) dgt — /Oaf(t) dt.

If f is Riemann integrable on [0,b], then

b b
/0 f(z)dx = lim f(x) dgz.

q—17 Jo

Moreover, the g-integral defined by (2) satisfies the relation
D, / (1) dgt = f(@), @ #0.

Recalling that for any » € N, the 7" order difference operator of a
function f is recursively defined by

Abfe = A e — ¢ AT s

where AY fi = fi, and fi := f([kl¢/[n]q), k. n € N, we present the connection
between g-difference Ay fo and rth derivative f()

Agfo F(E)
S s 0 Gl

see [15, p.268]. This proves the existence of a bridge between ¢-Calculus and
classical analysis.

3 An extension of ¢-Stirling numbers of the second
kind
In this section, we present a new generalization of Stirling numbers based

on Quantum Calculus.
Following [3], for each (m,r) € Ny x Ny, the number o,(m, ) defined by

1 & S rl [r—J]7"
— 1V g(r=0)(r—5—1)/2 q
O-Q(mvr) - [T]q! jzo( ]-) q |:]:| . q(T*j)m ) (3)

represents a new g-analogue of Stirling number of the second kind.
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Theorem 1. The numbers o4(m,r), (m,r) € Ng x Ny, given by (3) enjoy
the following properties.

04(m,0) =0 (meN) and 040,0)=1, (4)
¢ og(m+1,7) =[rlgoq(m,r) + og(m,r —1), meNy, reN, (5
og(m,r) =0, r>m. (6)

Proof. The identity (4) follows immediately from (3). By using the same
definition, for each m € Ny, » € N, we can write

1 r . ) (i r—1 [T—]]m
Uq(m,r—1)=WZ(—1)J Lgr=nr=i=1)/2 [._1] e (1)
q- j=1 J q q
On the other hand,
q"og(m +1,7) — [rlqoq(m, )
[rly 1~ i (r—j—1)(r—j—2)/2 |7 — 1 [r—Jl7"
=304 (1) g7 . :
[r]q! JZ:;) J o 1g glr=am
I N i oo H r = 31§’
]! 2= i), g
1 i) gy T =G [ =1 i [r
_ _yigr—i-Dr—i-2)/2 ~ g’ H['}_THH
[r—1],! j:O( Va q(r=i)m 9 i, q il,
1 . i D 2 T Il o [ [r—1 1 [r
— (_1)Jq(7“ J=D(r=j=2)/2___24 or _ N )
[r—1]! = q(r=i)m il, @],

Taking into account (1) with n := r — 1, k := j and (7) the proof is
complete. For establishing relation (6), on the basis of (5), it is enough to
prove o4(m, m+ 1) = 0 for any m € Ny. Since

1 U .
1=l = g D (- (ZZ) DRI for 0 < j < m+ 1,
(1—q)m =
and
m+1

J 1 m+1
> :<1—> =0, for 0 < k < m+1,
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we can write

m+1

m—+1 .
gg(m,m+1) = i m(m+1/2z 3496 1/2[ j L[m—l—l—]]q

(I—g™™ - k(T k(m+1 1\™*
=t gt 20 ) =) =

Fasily it can be proved
. 1 . r—i [T\ m
lim og(m,r) = (=)™ . |4™, m € Ny, r € Ng,
7!
0

the limit representing S(m,r), the classical Stirling numbers of the second
kind, see [1, p.824].

It is known that a g-analogue of Stirling numbers is not unique. For ex-
ample Aral [5] introduced the numbers S, (m, r) in studying a ¢g-generalization
of Szasz—Mirakjan operators.

Further, we focus on using ¢-Calculus to obtain sequences of linear ap-
proximation operators. The first researches have been achieved by Lupas [12]
and Phillips [16] who proposed g-variants of the original Bernstein operators.
Also, along the way, other classes of operators have been extended, for ex-
ample: Meyer—Konig and Zeller operators [19], Bleimann, Butzer and Hahn
operators [6], Szasz—Mirakjan operators [5], Baldzs—Szabados operators [8].

4 A class of Stancu operators in ¢g-Calculus

For f € C([0,1]), @ > 0 and each n € N, Nowak [14] have been defined the
operators

(B 1) Zp f (). el (8

[n]q

where
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We mention, an empty product is taken to be equal to 1.

This class contains as special cases to following well-known sequences of
linear and positive operators:

(i) For a = 0, BV = B represents g-Bernstein operator introduced by
Phillips.

(ii) Forg = 1 and a = 0, BY = B, is the classical Bernstein polynomial.

(iii) For ¢ = 1, By = BY turns into Stancu operator defined as follows

n

m—1

thmel = TT (¢ = jo)

Jj=0

represents the generalized factorial power with the step o € R, m € N. In [2]
the author proved the following identities

(Bi%eo)(x) =1,  (By®el)(z) =z,

_ 1
14«

1—x)

(x(x+a)+”“"(m), zel0,1], (9

where e, j € N, stands for the monomial of j-th degree and eg(z) = 1.
On the basis of Bohman—Korovkin theorem, the conclusion

(Bi“ez)(x)

lim (BI» f)(z) = f(z) uniformly in = € [0, 1], (10)

n—o0

takes place with additional hypotheses

0<gy<1l, limg,=1 and a«ap >0, lim a,=0. (11)
n—o0 n—oo
The operator B can be reintroduced by using probabilistic tools, see [2].
Let (2, F, P) be a probability space and Z; : N x [0,1] — M2(Q2) a ran-
dom scheme on [0, 1], where M2(2) stands for the space of all real square-
integrable random variables on ). We consider

P (Zq(n, T) = ﬂj) =pya@), 0<k<n, neN, zel01]
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As usual, the mathematical expectation and the variance of Z,(n, z) are
denoted by E(Z,(n,z)) and Var(Z,(n, x)), respectively. Setting Py, ,) the
distribution of Z,(n,z) with respect to P, one has

(B1° f)(x / f o Zy(n,x) dP = / J APy nay = E(f(Zy(n2))), (12)

€ [0,1] and, in harmony with (9), we obtain

1+ aln|,
(14 a)[nly

Theorem 2. Under the hypotheses (11), identity (10) holds.

E(Zy(n,z)) =z, Var(Zy(n,z)) = z(1—x). (13)

Proof. (probabilistic approach). For proving the statement, it is enough to
show the following. For any € > 0, there exist n. > 0 and n. € N such that

(B f)(x) = fx)] <e, (14)

for all x € [0,1], g, € (1 — s, 1), ay, € (0,7) and n > n..

Let € > 0 be arbitrarily fixed. Since f € C([0,1]), a constant M exists
such that |f(z)| < M for all z € [0,1]. Let € (0,1] be chosen such that
|f(t) — f(x)|] < e/2, whenever |t — x| < d, t € [0,1], x € [0,1]. For all ¢ and
x belonging to [0, 1] such that |t — x| > §, we can write

(t — =)
52
Let 7. := €62/M, where 6 < 1. The constant M can be taken as large

as we want, consequently 7, < 1.

On the other hand, since lim «, =0, hm qn =1, we get lim [n],, = o0
n—oo n—oo

and, for the above chosen 7., n. € N ex1sts such that

[f(t) = f(a)] <2M <2M

1
ap + —— < ne for each n > n.. (15)
rs

Taking in view both (12), (13) and (15) we can write successively

(B £)(z) — f(2)] < / () = £(2)] Py, oy ()
e 2M ,
- /te[o,u + /te[o,u <3 /0 APz, (na) + 5 5 (75*56) dPz. (nz)
[t—x|<d [t—x|>0
e 2M e  2M 1
=5 BVE Z, <3 BYE n T 1— .
5 T a0) 5+ G (o ) a1 <

Therefore, (14) is true and the proof is ended. O
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Further we explore the rate of convergence of BY*, 0 < ¢ < 1, a > 0,
n € N, in terms of the modulus of continuity wi(f;-), where

wi(f;0) = sup |f(z)— f(y)l, ¢>0.
x,y€[0,1]
lz—y| <o

Theorem 3. Let BY®, n € N, be defined by (8).
(i) If | € C(0,1)), then

\(B%’“f)(x)—f(x)|§2w1<f; &jjm> v e [0,1]

(i1) If f is differentiable and f' € C([0,1]), then

q,x ) — T § 1+0‘[n]q w /. La[n]q .
(BENE) ~ 1@< G 1<f, (Ha)[nq), € [0, 1]

Proof. (i) Based on a result due to Shisha and Mond [18], for any linear
positive operator L : C([0,1]) — B([0,1]) the following inequality involving
the modulus of continuity, takes place

(LA @)~ £ <17 |(Leo)(a) ~ 1 (16)
+((Lene) + 5V TR Eeal(@) ) e (5:0),

x €1[0,1], § > 0, where ¢, (t) =t —x, t € [0,1]. In view of (9) we obtain

(B (@) = ol =)

Since z(1 — z) < 1, = € [0, 1], choosing

1+ afn],

"=\ e,

)

the conclusion follows.
(ii) Under the assumption f’ € C([0, 1]) one has [18]

(LA@) — F@)] < F@(Lea)(@) = 1+ £ @) (L) @)
HED® (VD@ + 3T ) alf:0)

Since (Bp“¢,)(x) = 0 with the same choice of §, the conclusion follows.
U
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By definition the m-th iterate of B is
1Bgl,o¢ = BI, mBLe = B%oz((m—l)B%Oé)’ m=2,3,...

Our next aim is to study the convergence of the iterates ™Bg® as m
tends to infinity. To achieve this, we recall a result obtained by using the
contraction principle.

Theorem 4. ( [4]) Let L,, n € N, be defined as follows
Ly C([a.b]) = C([ab]),  (Lnf)(@) = ) tup(@) fl@np),
k=0

where 0 = xp0 < Ty < -+ < Tpp = b and for each 0 < k < n, ¥ €
C(la,b]). We assume that Lye; = ej, j € {0,1}. Let us denote

Uy, = min (¢n,0($) + @bnn(:n))

z€[a,b]

If up > 0, then

lim ("Lnf)(z) = f(a) +

m—o00 —a
uniformly on [a,b].

Theorem 5. Let BY”, n € N, be defined by (8). For any fized n € N, one
has

lim ("BL%)(x) = £(0) + (F(1) ~ f(O)x, [ eC(0,1]),

m—0o0
uniformly on [0,1].

Proof. Choosing in Theorem 4.3 a =0, b =1, z, 1, = [klg/[n]g: Yn i = DL,
0 < k < n, and knowing the identities (9), all is left to be proved is the
relation

i, (p?{,%(w) + p%’,?i(fﬁ)) > 0.
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We get

n
Pro(x) +pio(x) = (
7

—

Il
=)

s=0 s=0

—_

n—

v

(1+ a[i]q)> (m” +(1- x)")

S (ﬁ<1+amq>>

=0

1 « -
> 1+ — ,
2n- 1—g¢q

and, consequently, Theorem 4.3 can be applied and the proof is complete.
O

5 q-Operators on unbounded intervals

We propose to present two families of operators that act on spaces of func-
tions defined on R4 = [0, 00).

5.1 qg-Baskakov operators

Aral and Gupta [7] defined a g-analogue of Baskakov operators, which for
€(0,1), f € C(R4), x € Ry, n € N, is defined by

Vsl @) =3 vnala: o) )5 (). (1)

k=0
where
(g:2) = ntk—1] sy o
Un,k\q;T) = k . (1+ )n+k'
Taking into account g-Taylor Theorem and the identity

k PRI
(—z)g = (—2)"¢ 2,

we get

1 -1 n—1
(1+a[i]q)> (H(x+a lo)+ [ = ¢z +als]y)

)
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It is clear that the operators given by (17) are positive and linear oper-
ators. For ¢ = 1, they reduce to the classical Baskakov operators.
In [10], the authors proved

Vagleosz) =1, Vy.(ersz) =z,
1y 5, 1 (18)
Vnglea; ) = ——— 2° + — .
7 Q[n]q [n]q

Based on ¢-integration, Gupta and Radu [10] also introduced the Kan-
torovich variant of the above operators as follows

VK, f;x)= [n]qzvn,k(%l“) /

k=0 UTnlq

S R+, n € N.
From Definition 2.3, by a simple computation arising from (18) , the
following identities

VKn,q<60; H?) = 17

VEKnq(enso) =+ [Q]Qq[n]q’
) = [n+1]qm2 q(1+ [Q]q)+ [3]qx q2
VEnglezia) = 2 P+ Tl = B

were obtained. Examining the last identity, it is clear that the sequence

of the operators (VK 4)n>1 does not satisfy the conditions of Bohman-
Korovkin theorem. The transformation of this sequence into an approxima-
tion process is achieved by replacing the parameter g with a certain sequence,

as can be read in the following result.

Theorem 6. ([10]) Let (gn)nen be a sequence satisfying 0 < ¢, < 1, nlggo Gn =

1. Then, for any compact J C Ry and for each f € C(R4), we have
lim VK, g, () = f(z),

uniformly in x € J.

5.2 ¢-Baskakov—Mastroianni operators

Let (¢n)n>1 be a sequence of real valued functions defined on R, continu-
ously infinitely g-differentiable on R, g € (0, 1), and satisfying the following
conditions:
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(P1) ¢a(0)=1, ne€N,
(P2) (=1)*DF¢n(z) >0, neN, keNy, z>0.

For all (n, k) € N x Ny there exists a positive integer ix, 0 < i, < k, such
that

(P3)  Dgt'on(z) = (=1)" "D % dn (¢ ) Bogip,a(2),

where
1‘ ﬁn’k7lk’q(0) .
M ki
n—00 {n]q q k

Inspired by the general class introduced in [13], Radu [17] defined the
following operators

(o]
k(k 1)

Tng(f;2)

Do) 1 (1

feFRy) :={f:Ry — R, the series in (19) is convergent},

see also [3, Eq. (16)].

For each n € N, T;, ; are linear positive operators satisfying the inter-
polating property T, ,(f;0) = f(0). With the help of ¢-Stirling numbers
presented at Section 3, the next result indicates the moments of the opera-
tors Ty, 4, see [3, Lemma 4].

Theorem 7. Let T, ,, n € N, be defined by (19). One has

m

,q ema E

r=0 q

’I”

q" Dy én(0) og(m, ), x> 0. (20)

Proof. Let f € F(R4) be arbitrarily fixed. By using Agfkﬁ = frs fros =

f(qlﬁlﬁq) ,k € Ng, s € Z, the operator T}, ;, can be expressed as follows

0
k(k k(k—1)

nq fa Dkgbn( ) (?fk,k—l-

k=0
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On the basis of the product rule in ¢g-Calculus, the g-derivative of T}, , f
is given by

© —X k k(k+1)
Dy(Tual i) == 3 o a5 D 1600) Al
k=0 a
- (—x)k A G D R I | 0
+ g 7 Do onl@) By ik
k=0 7

= (—x)F ke-v
=- Z ([k] ), ¢ 7= ¢" D' én(x) (A frrin — A frk-1)
=0 :

=)

(—2)" men g 1
[k]q q 2 q Dq+ ¢TL($) Aqfk:Ji"

0
R, by induction with respect to r € N we can prove

I
M

ol

For n € N and x

m

r r - (_'I)k k(1) k+r r
DyTog(f;2) = (1" D a7 07 Dy on(w) Af frrrt.

Choosing z = 0, we deduce
DT q(f;0) = (=1)"Dg én(0) og(m, 7).

Consequently, taking into account the identity [3, Eq. (11)], we obtain

q .
A(;fo,?“—l = O'q(m,T), (S NUa f = Em,

involving

D! Ty q(em:0) = (—1)7q™ ["]a! DY én(0) og(m, 7).

! [y
Choosing a = 0 in the ¢g-Taylor theorem (see [9, p. 103]), we obtain

:Er

0 [r]q!

Tn,q(emQ T) =

hE

DTy 4(em;0)

ﬁ
Il

q" Dy ¢n(0) oq(m, 7).

I
NE
|
3%

1
Il
=)

[

Taking into account (6), the proof is complete. O

q
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Formula (20) gives the explicit form of the first three moments of T}, 4,
n € N, operators.
Dy¢n(0)
Thgler;z) = — o —L22—=
n,q(elv ZL‘) T [n]q )
2 ngbn(()) Dq¢n(0)
7~ 7 7
q[nl3 ]
Consequently, the second central moment of T, 4, n € N, is given as
follows

Thqle;x) =x

Tog(93: %) = tnga® +bpga, >0,
where where
Dy$n(0) . Dgén(0 Dyhn(0
tng =112 ool )+ o (2)7 bn,q:_Lz()- (21)

Clearly, lim T;, 4(e2;x) # z2. To transform these operators into an ap-
n—o0
proximation process, the constant ¢ will be replaced by a ¢, € (0,1), such
that lim ¢, = 1.
n—oo
We are able to present both the convergence of the operators and their
rate of convergence. The results appear in [3], see Theorems 1 and 2.

Theorem 8. Let (¢n)n>1, 0 < gn < 1, be a sequence and let Ty, 4,, n € N,
be defined as in (19). If lim g, = 1, for any compact K C Ry and for each
n—oo

feFRy)NC(RS) one has
Ii_>m T, (fi2) = f(x) wuniformly in x € K.

Moreover, for every f € Cg(Ry) one has

T (fi2) = £(@)] < (1+ Vinax{e,2}) wi(fi eng,) . w20,

where
Cnygn = |an,g,| + bng,,
these sequences being defined by (21).
Proof. The first statement is based on the Bohman—Korovkin theorem and
the expression of the first three calculated moments.

For determine the convergence speed, we used relation (16) written to
an arbitrary interval [0, z] and the inequalities

0< Tn,qn(wi;x) < max{a:,:nQ} Crgn -
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