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Abstract

The paper investigates an initial-boundary value problem involv-
ing the competing (p, ¢)-Laplacian —A, + A,. Under some conditions,
which are different from the usual ellipticity and monotonicity con-
ditions, the existence of a generalized solution is proven through a
special Galerkin approach. An example illustrates the applicability of
our result.
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1 Introduction and main result
Our aim is to study the following initial-boundary value problem

u — Apu+ Agu = f(z,t,u) inQx(0,T)
u=20 on 9Q x [0,T] (P)
u(z,0) = up(z) on {2,
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on a bounded domain Q in R with Lipschitz boundary 992 and with fixed
real numbers T > 0, p > 2, ¢ € (1,p), and a function uy € L?(Q2). The
unknown in problem (P) is a function u(z,t) that will be subsequently
viewed as u(t)(x), with (z,t) € Q x (0,T). The notation u; (or v'(t)) stands
for the time derivative, i.e., the partial derivative of u with respect to the
time variable t.

The main difficulty in dealing with problem (P) comes from the operator
—A, + A, that we call the competing (p, ¢)-Laplacian. This operator is
not monotone and no ellipticity condition can be matched. We note that if
u € WO1 P(€)) is a nonzero function and X is a positive number, the expression

(=Ap(Au) + Ag (M), My ) = AP (=Bpu, u) —A(=Agu,u)

() WP () Wy ()

is positive for A sufficiently large and negative for A small enough. Until now,
problems involving competing operators like —A, + A, have been examined
only for stationary problems. Their study was initiated in [12] and after
that developed in [6,8,11,13,15,17,20] (refer also to the recent book [10]).

Here, we consider for the first time evolution problems with competing
operators. Due to the competing character, the monotonicity method of
Browder and Minty as well as the theory of semigroups are not applicable
(see, e.g., [9]).

Another major difficulty in treating problem (P) is the presence of the
operator A, which is not pseudomonotone. Indeed, if A, were pseudomono-
tone on W,'%(9), then for each sequence {u,} in W, 4() with u, — u in
WO1 () and

lim sup(Agup, uy — u>W1,q(Q) <0
n—00 0

it would hold limn_mo(Aqun,un)WOl,q(Q) = (Aqu,u) or equivalently

Wy 1(2)
Un — u in Wy?(Q) because the space Wy %(Q) is uniformly convex. Never-
theless, we always have

lim sup(Agtp, uy, — U>W01’Q(Q) = limsup(Aguy, — Aqu, uy, — u) <0

1,9
n—00 n—00 Wo ()

due to the monotonicity of —A,. Therefore the pseudomonotonicity of A,
would lead to the contradiction that the weak convergence and strong con-
vergence in I/VO1 (Q) are equivalent. We are thus prevented to use the sur-
jectivity theorem for pseudomonotone operators relative to time-derivative
(see [3, Theorem 2.152]) as well as the corresponding sub-supersolution ap-
proach (refer to [2,4,5,14]).

The lower-order term in the equation of (P) is described by a Carathéo-
dory function f : Q x (0,7) x R — R (i.e., f(+,-,s) is measurable for all
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s € R and f(z,t,-) is continuous for a.e. (z,t) € Q x (0,7)). Due to the
lack of needed convergence of the gradient Vu of the solution (see [1]), we
don’t consider the gradient dependence in the lower-order term.

We require the following growth condition:

H) There exist a function o € LT (Qx 0,7)) and a constant a € (0, A1
7p
such that
|f(2,t,5)| < o(x,t) +als[”~!

for a.e. (z,t) € 2 x (0,T) and all s € R,

where Aq ;, denotes the first eigenvalue of —A, on VVO1 P(Q), that is

Vullt
Atp=  inf Hﬂ
wewdr@\(o} ullno

(1)

In order to overcome the lack of ellipticity and monotonicity in problem
(P) we weaken the notion of solution as follows.

Definition 1. By a generalized solution to problem (P) we mean a function
u € LP(0,T; Wol’p(Q)) for which u(0) = ug such that there exists the gen-
eralized derivative u' € L%(O, T; W_lﬁ((l)) and there exists a sequence
{up} in LP(0,T; W&’p(Q)) with the properties:

(1) wp — w in LP(0,T} Wol’p(Q)) and un(0) = up and up(T) — uw(T) in
L2(Q);

(i) there exists the generalized derivative u), € Lp%l((), T; W_lp%l(Q)) for
every n and u,, — u’ in Lﬁ(O,T; W_lﬁ(ﬁ)) as m — 0o;
(i) —Apun + Aqtin — f(, - u) — ' in L1 (0, T; W H51(Q));

(iv)

lim (u), — Apup, + Agup, up, = 0.

—u
Jim ) Lo (0wl P (<)
We state our existence result.

Theorem 1. Under hypothesis (H), problem (P) possesses a generalized
solution in the sense of Definition 1.

The proof of Theorem 1 proceeds along a special Galerkin-type approach
without any use of monotonicity, ellipticity and coerciveness, relying on a
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finite dimensional differential system associated with problem (P) that is re-
solved through the Carathéodory theorem for ordinary differential equations.
In Section 5 we illustrate the applicability of Theorem 1 by an example.

The rest of the paper consists of the following material. Section 2 com-
prises preliminary results. Section 3 focuses on resolving the finite dimen-
sional differential system associated with problem (P). Section 4 sets forth
the analysis of the sequence required in Definition 1. Section 5 contains the
proof of Theorem 1 as well as an example.

2 Preliminary results

For any normed space E we denote by || - ||g the norm of E, by E* its dual
and by (-, -)x the duality pairing between E and E*. The weak convergence
is denoted by — and the convergence in norm by —.

Throughout the paper, the space Y/VO1 P(Q) is endowed with the norm
||u||WO1p = (Jq |Vu]pdx)%. The gradient of u with respect to z € Q is
denoted Vu, while |Vu(x,t))| represents the Euclidean norm of the vector
Vu(z,t) € RN, The dual of W,?(Q) is the space W~ 1577 (Q). Noting that
p > 2, we have the evolution triple

WoP(Q) € L3(Q) € W hT(Q) (2)

with each embedding dense and compact Recall that L2(Q) is a Hilbert
space with the scalar product (u v L2 fQ

The space X := LP(0,T; VV0 P(Q)) is equlpped w1th the norm ||ul|x =

1
( fo [|lu(t) Hp dt)? making it a separable and uniformly convex Banach

space. The dual of X is X* = L —1(0,T; W o= 1(Q)) There is a dense
and continuous embedding

C([0,T), Wy P () € X. (3)

Moreover, the set P of polynomials Y"1 t'v; with v; € WO1 P(Q) and m > 0,
is dense in X, that is,
P=X. (4)

In the statement of problem (P) there appears the time-dependent neg-
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ative p-Laplacian —A, : X — X* given by
T
A = [ A0 o

= / ' / \Vu(z, t) [P Vu(z, t)Vo(z, t)dzdt (5)
0 Q

for all u,v € X. The operator —A,, in (5) is the time realization on the space
X of the ordinary negative p-Laplacian —A,, : Wol’p(Q) — Wﬁl’ﬁ(ﬂ). The
fact that the operator in (5) is well defined is seen by

T T
_ p—1 _ p
/0 I Apu(t)HW_l’%(Q)dt —/0 ||u(t)HW017p(ﬂ)dt for all u € X.
Likewise, the time-dependent negative ¢g-Laplacian
— Ay L0, T; Wy () — L1 (0,T; W~ a1 ()

is defined by
T
<_Aqu7v>Lq(07T;Wg’q(Q)) = /0<_Aqu(t)av(t)>W&’Q(Q)dt
T
= / /\Vu(x,t)]qQVu(a:,t)Vv(x,t)dxdt (6)
0 Q

for all u,v € L9(0,T; Wol’p(ﬂ)). Since g < p, Holder’s inequality produces a
constant C' > 0 independent of ¢ such that

</Ot/Q !VU(%S)quwds); <C </Ot/Q ]Vu(x73)|pd:cds>; (7)

for all w € X and t € [0,7]. Taking t = T, we obtain the continuous
embedding X C L9(0, T} Wol’q (€2)). Therefore the operator —A,+ A, is well
defined on the space X, so the formulation of problem (P) is meaningful.

The following lemma provides important properties of the operator —A,,
in (5). Similarly, we can proceed with the operator —A, in (6).

Lemma 1. The time-dependent negative p-Laplacian —A, : X — X* is
well defined, demicontinuous, strictly monotone, bounded (i.e., bounded on
bounded sets), and satisfies

| = Apullx- = |[ul% " for allu e X. (8)
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Proof. From (5) and Holder’s inequality we infer that

T
|<—Apu,v>X]§/ /|Vu(x,t)|p1|Vv(x,t)|da:dt
0 Q

= </0T/Q|Vu(x,t)’pdxdt>ppl < /0 ! /Q yvu(x,t)ypd:cdt>’l’

-1
= llullx " llvllx

for all u,v € X. It turns out that the operator —A, from X into X* is well
defined and bounded. Taking v = u shows that (8) holds true.

Since —A,, in (5) is the time realization on the space X of the negative
p-Laplacian —A, : Wol’p(Q) — WL (Q), the operator —A, : X — X* is
demicontinuous (see [3, Theorem 2.153]). The strict monotonicity of —A,
in (5) is valid because the mapping & ~ |£[P~2¢ is strictly monotone on RY.
The proof is complete. O

Recall that the Nemytskii operator Ny associated with the Carathéodory
function f:Q x (0,7) x R — R is defined as N¢(u) := f(-, -, u(-,-)).

Lemma 2. Assume condition (H) holds. Then the mapping Ny : X — X*
1s well defined, bounded and continuous.

Proof. The growth condition in (H) guarantees that
F(ul,) € LT(Q x (0,T)) for all u € X. (9)

The continuity and density of the embedding X C LP(Q2 x (0,7")) implies
that LP%(Q x (0,T)) C X* continuously. According to (9), through Kras-
noselskii’s theorem (see [7]), the mapping Ny is bounded and continuous
from LP(Q x (0,T)) to L7 (€ x (0,T)). Then the restriction Ny : X — X*
is bounded and continuous, which completes the proof. O

Next we briefly discuss the generalized derivative u' associated with the
evolution triple (2) for a function u € X. More details can be found in
[3,16,18,19].

The function v/ € X* is called the generalized derivative of u € X if
there holds

T T
/ o (u(t)dt = —/ e(t)d (t)dt  for all ¢ € C2°(0,T).
0 0
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A necessary and sufficient condition is that

T T
| @0 @t =~ [ @O 0ygsged (10
0 0

for all p € C2°(0,T) and v € WyP(Q).
Definition 1 shows that each generalized solution to problem (P) belongs
to

W:={weX:uw e X"} (11)

which is a Banach space endowed with the norm ||w|w = [|Jw|x + [|w'|| x*.
There is the continuous embedding

W c C([0,T], L*(Q2)) (12)

(see [18, Proposition 23.23]). Due to inclusion (12), the initial condition
u(0) = up € L?() in problem (P) makes sense.
Thanks to the Lions-Aubin theorem, we have the compact embedding

W C LP(2 x (0,7)) (13)
(see [16, p. 106]).

Lemma 3. Assume condition (H). Then the mapping Ny : W — X* is
completely continuous (i.e., up — u in W implies N¢(un) — N¢(u) in X*).

Proof. As noted in the proof of Lemma 2, the mapping N; is bounded and
continuous from LP(Q x (0,7)) to X*. In view of the compact embedding
(13), the restriction of Ny to W is completely continuous, so achieving the
result. O

3 Finite dimensional approximation for problem
(P)

Since the space VVO1 P(Q) is separable, there is a countable family {wy}r>1
of linearly independent vectors in T/VO1 P(Q) such that if E, is the linear span
of {wi,...,w,}, we have

fj E, =W ?(Q). (14)
n=1
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Hence E, is a vector subspace of VVO1 P(Q) of finite dimension n with the
basis {w1,...,w,} that we endow with the scalar product of L?(f2). Given
the initial condition ug € L?(Q), we fix a sequence {ug , }n>1 With ug, € Ey,
for each n satisfying ug,, — ug in L*(Q). This is possible according to (14)

(note p > 2). We can uniquely express ug, = Y, CgpWk, With ¢z, € R,
1<k<n
1<k <n.

On the interval [0,7] we consider the Cauchy problem

Iél 01,(t) (w, wi) 12(0)
=8+ By = NS 0xthwn). wi) gy =0, (SP)
0;(0) =cin, 1<i<mn, .
with the unknowns (61(t),...,60,(t)) € R™.

Proposition 1. Assume that condition (H) holds. Then the system of or-
dinary differential equations (Sp) admits an absolutely continuous solution
(01(t),...,0,(t)) which is defined on the entire interval [0,T].

Proof. The Gram determinant det(wy, w;)r2(q) is nonzero because the vec-
tors {wi, ..., wy,} are linearly independent, so the matrix ((wk, wi)r2); <k i<n
is invertible. Hypothesis (H) permits to apply Carathéodory’s theorem
(see [19, p. 1044]) to the ordinary differential system (Sp) noting that
the term involving Ny can be locally bounded by an integrable function in
t due to the imposed growth condition. Consequently, there exists an ab-
solutely continuous solution (61 (%), - ,0,(t)) of system (Sp) on a maximal
subinterval [0,7},) of [0,T]. We are going to show that T,, = T.
Set

n

un(t) = Ox(t)wy. (15)

Then system (Sp) takes the form
kZI 05 () (Wi, wi) 12 ()
+<(_AP + Aq — Nf)(un(t))a wi>W01’p(Q) =0 (16)
91(0) = Cin, 1 < 7 <n.
It follows that

(un(£), un(t) 2(0) + (= Bp + Ag = Np) (un(t), un(®))yynqy =0 (17)
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for almost all ¢ € [0,7,,). Integration over the interval [0, ¢] results in

1 t 1
5 lun(®) 720+ /0 (~Apt-Dg=Np) (tn(5)), tn () ymyds = 3 luomllfa(e

for all ¢ € [0,7},). By hypothesis (H) and Holder’s inequality, in conjunction
with (1), it turns out

1 t
Sl Oy + [ T gy ds = [ im0

< / / x)un(x, s)drds
2
t
-l-a/ /|Un(l‘75)|pdxd5
0 JQ
1
1 t » P
P

2
1 t
- p
+oAT) [ 6

Taking into account (7), this amounts to saying that

1
Sl Oy + (1= axE) [ a0

1 2 C p ;
ooy + 0 ([ Tm(o) 100 s

t »
e ( /0 lun(s)IP, g,p(mds) , (18)

with positive constants C7 and Cs independent of t. Using that 1— a)\ 1p>0
and p > ¢ > 1, it is seen from (18) that the set {u,(t) : t € [0,T5,)} is
uniformly bounded in L?(Q2). Hence the solution (61 (t),--- ,0,(t)) of system
(16) is uniformly bounded on [0, T},), which renders T;, = T'. This completes
the proof. O

IN

Corollary 1. The function uy, : [0,T] — Wy P() in (15) fulfills u, € W,
where W is the space described in (11).

Proof. Proposition 1 combined with (3) entails that u, € X. From (15) and
n

Proposition 1 we infer that the derivative u;, = " 6, wy, defined almost
k=1
everywhere on [0, 77, is an element of X*. Altogether, we have u, € W. [O
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4 The sequence of approximate solutions

Now, we focus on the sequence {uy},>1 C W introduced in (15). The next
proposition relies on key uniform estimates for the Galerkin approximations
uy, and their time derivatives u),.

Proposition 2. Assume that hypothesis (H) holds. Then there existsu € W
such that

(i) up — u in X;

(iii
(i

Proof. From (18) we infer for ¢ = T the estimate

)
(i) ul, = v’ in X*, s0 up, — u in W and in C([0,T], L3());
1) —Apun + Aqun = Ny(u) — o' in X*;

V)

u(0) = up and u, (0) = vy and u,(T) — u(T) in L*(£).

1 _
5 (D) 220y + (1 = aAT}) llunllk

1
< HUOnHLz + Chllunl|x + Collun ||%,

with positive constants C; and Cy. Since 1 — a)\lp >0and p > q > 1,
it follows that the sequence {uy,}n>1 is bounded in X and the sequence
{un(T)}n>1 is bounded in L?(Q). Thanks to the reflexivity of X and of
L?(2) we can pass to a subsequence for which there exist u € X and h €
L*(9) such that

U, — u in X and u,(T) — h in L*(Q). (19)

The first weak limit in (19) proves item (i).

By virtue of Lemmas 1 and 2, the sequences {—A,u, }n>1, {—Agun tn>1
and {N¢(un)}n>1 are bounded in X*. Due to the reflexivity of X*, up to
subsequences there hold

—Apuy =&, —Aquy — 1, Ny(u,) = ¢ in X7, (20)

with some £ € X*, ne€ X* and ( € X*.
From (16) we get for almost all ¢+ € |0,7] and all ¢ € C*([0,T]) and
v € B, that

(1), (0)0) L2y + PO~ Dp - Dy = N)(un()), 0) gy = 0. (21)

0
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Let v € U, | Ep. Fix an m with v € E,, and thus (21) is valid for all
n > m. Integration by parts over |0,7] in (21) entails

T
—/0 @' () (un(t), v) 2()dt + @(T) (un(T),v) 12(0) — (0) (Uo,n, V) L2(02)

T
+/0 P~y + Ay = Np)(ua(t)), Ohyanydt =0, ¥n=m. (22)

Letting n — oo, by means of (19) and (20) we find
T
— [ SO0 00yt + TR 0) e
T
0w V)zzer + [ POE =1 G ohypoaydt = 0. (23)

Thanks to the density in (14), we have that (23) holds for all v € I/VO1 P(Q).
In particular, taking ¢ € C2°(0,T), we arrive at

T

T
| Ot == [ oO€+ 1+ o)yt
0 0

for all o € C°(0,T) and v € Wy (). According to (10), there exists the
generalized derivative v’ € X* of u with

u'=—-E4+n+C. (24)

From (11) we conclude that u € W.
We pass now to uniformly estimate the time derivatives u},. Return to
(22) that can be written in the form

T
/0 (ul (1), 0) L2y ()t

T
" /0 (A + g — Np)(un (1) 0}y gyt = 0

whenever p € C1([0,T]), v € Ep, and n > m. In the limit as n — co we
obtain

T
lim { /0 (ul (), (£)0) 12yt

n—o0

T
[ =8y 8= Nn0). Oyt | = 0
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for all ¢ € C1([0,7]) and v € |Jo2, E,,. Using the density properties de-
scribed in (4) and (14), we get

T
lim [ / (uly (), w) L2yt

0

n—oo

T
[ U8y 8 = N 0). )y tt] = 0 (25)

for all w € X. On the basis of (20) and (24), this yields u], — «/ in X*. In
view of (11) and assertion (i), we infer that uw,, — w in W. The continuous
embedding (12) implies u, — u in C([0,T], L*(f2)), thereby assertion (ii)
follows.

The fact that u, — u in W allows us to apply Lemma 3 that provides
the strong convergence Ny(u,) — Ny(u) in X*. Combining with (20) and
(24) leads to item (iii) in the statement of proposition.

Insert (24) (with ¢ = Ny(u)) into (23), which gives

T
_/0 Sp’(t)(u(t),v)Lz(Q)dt—f— SD(T)(h”U)LQ(Q)

T
— o (0) 10, ) 2 — /0 (1) (0 (1), 0yt = 0
for all ¢ € C1([0,T]) and v € VVO1 P(Q). The integration by parts provides

o(T)(h,v) r2(0) — ¢(0)(u0, v) 2(0)
= o(T)(u(T),v)r2(q) — »(0)(u(0),v) L2(0)-
Since ¢ € C1([0,T)) and v € W, () are arbitrary, and W, (Q) is dense in
L?(2), we deduce that u(0) = ug and «(T) = h. Hence item (iv) is proven.
The proof is complete. O

Corollary 2. Assume that condition (H) holds. Then the time derivative
u’ of the function u € W constructed in Proposition 2 can be estimated as
follows

/]| - < limsup || = Apun||x + limsup || = Agun||x+ + [ Np(w) x-.
n—oo n—oo

Proof. From item (iii) in Proposition 2 and the weak lower semicontinuity
of the norm we infer that

Il < lminf | = Ayt — Aqunlx- + [ Np(w)x-

< limsup|| — Apun — Agun || x+ + || Np(u)| x+

n—oo

The stated conclusion holds true. O
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5 The generalized solution

Proof of Theorem 1. Proposition 2 ensures the existence of an u € W
for which assertions (i)-(iv) are satisfied with the sequence {up}n>1 C W
constructed in Proposition 1. We check that the requirements in Definition
1 for a generalized solution to problem (P) are fulfilled. We know from
Proposition 2 that u € LP(0, T; WEP(Q)) with o/ € L5-7(0,T; W ™51 (Q)).
Item (iv) in Proposition 2 entails u(0) = ug. Part (i) in Definition 1 is the
direct consequence of items (i) and (iv) of Proposition 2. Parts (ii) and (iii)
in Definition 1 are verified by the statements (ii) and (iii) of Proposition 2;
respectively.

It remains to justify property (iv) in Definition 1. By (17) we have that

(uy, — Apty + Aguy, — Ny(up), up)x =0 (26)
for all n. On the other hand, items (ii) and (iii) of Proposition 2 provide
(up, — Apun + Agun, — Ny(uy), u)x — 0 as n — oo. (27)
Then (26) and (27) ensure that
(up, — Apuy, + Aguy, — Ny(up),un —u)x — 0 as n — oo.
Since u, — u in W, Lemma 3 implies that
(N¢(un),un —u)x — 0 as n — oo.

Therefore property (iv) in Definition 1 holds true. The proof of Theorem 1
is complete.

Finally, we present an example illustrating the applicability of Theo-
rem 1.

Example 1. Consider the initial-boundary value problem

wp = A+ Agu = p(a, 1) + B in @ x (0,7)
w=0 on 8 x (0,T) (28)

u(z) = up(z) on 052

on a bounded domain © in RY with Lipschitz boundary 9 and for fixed
real numbers T > 0, p > 2, g € (1,p), a € [0,p — 1), and given functions

peLiT(Qx (0,T)) and ug € L2(9).
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Problem (28) matches the statement of (P) by setting
’S‘a+1

1+ s

f(x,t,s) = p(x,t) +

whenever (z,t,s) €  x (0,7) x R. Using the assumption o € [0,p — 1), we
obtain through Young’s inequality that for each £ > 0 there is a constant
c(e) > 0 such that

|f(@,t,8)] < pla,t) +[s|* < |p(x, )] +e|sP~" + (o).

Choose € € (0, A\1). It results that hypothesis (H) is verified with o(x,t) =
lp(x,t)| + ¢(e) and a = e, which permits to apply Theorem 1 to problem
(28).
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