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1 Introduction

Time delays are often incorporated in mathematical models whenever the
present rate of change of a system depends on its past states. However,
in many applications, the delay is not concentrated at a single instant but
spread over an interval of past times. This leads to equations with dis-
tributed delay, where the memory term is weighted by a kernel that describes
the relative influence of the past. Such mathematical models may arise from
population dynamics, epidemiology, physiology, economics, neural systems,
and chemical kinetics, among many other areas [5,7,10,11, 15].

From the viewpoint of qualitative theory, retarded functional differen-
tial equations (RFDEs) form an infinite-dimensional dynamical system on
a phase space of history segments. For a fixed maximal delay r» > 0,
the natural state at time ¢ is the segment z; € C([—r,0],R") defined by
x¢(0) = z(t + 0). The general RFDE

&(t) = F(we, ), (1)

with parameter u € R, is well posed under standard smoothness assump-
tions, generates a local semiflow on the phase space, and admits a lineariza-
tion principle analogous to that for ordinary differential equations [5, 7].
If z* is an equilibrium and L, = DF(z*, 1) denotes the Fréchet derivative,
then the local dynamics near z* is governed by the linear REDE y(t) = L,y;.
For retarded equations, characteristic roots are isolated, have finite algebraic
multiplicity, and the spectral bound determines local asymptotic stability of
the equilibrium [5,7].

The nonlinear dynamics near a critical spectral configuration can be
reduced by center-manifold and normal-form techniques. In particular, if
the linearization has a simple pair of purely imaginary roots +iwg and no
other roots on the imaginary axis, then a local center manifold exists and
the dynamics near the equilibrium is locally topologically equivalent to a
finite-dimensional system. This reduction makes it possible to apply the
classical Hopf bifurcation theory to RFDEs: if the critical pair crosses the
imaginary axis with nonzero velocity as the parameter varies, then a branch
of small-amplitude periodic solutions bifurcates from the equilibrium [6—
8]. Therefore, in practical applications, a Hopf bifurcation analysis usually
requires two steps: first, the determination of the critical parameter values
for which purely imaginary characteristic roots exist, and the verification of
the transversality condition, namely that the corresponding characteristic
roots cross the imaginary axis with nonzero velocity.
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For equations with distributed delay, the characteristic equation involves
Laplace transforms of delay kernels. For example, for the linearized equa-
tion:

3(t) = Aoy(t) + /0 K (s, r)u(t — ) ds, (2)

where K(-,7) is a matrix kernel, seeking solutions of the form y(t) = e*v

leads to the characteristic matrix:
o0
A(z,7) =21 — Ay — / e “K(s,7)ds.
0

In a large number of models, after scalar reduction, factorization, or elimi-
nation, a scalar transcendental equation of the form

R(z) =H(z,71), (3)

is obtained, where R is rational or, more generally, analytic, and H (-, 7) is
the Laplace transform of a delay distribution kernel. Characteristic equa-
tions of this type are often encountered in the stability and Hopf analysis of
distributed-delay systems [2,3,9,12,14].

In the discrete-delay case, several criteria are available. Cooke and
Grossman [3] and Cooke and van den Driessche [4] derived methods for
locating purely imaginary roots and identifying stability switches by means
of auxiliary scalar equations. For delay-dependent parameters, Beretta and
Kuang [1] developed a geometric approach which expresses stability switch-
ing in terms of the intersection of explicitly computable curves. In the
distributed-delay setting, important results were obtained by Kuang [12]
on the nonoccurrence of stability switching in certain classes of models, by
Bernard, Bélair and Mackey [2] on stability criteria based on properties of
the kernel, and by Ruan and Wolkowicz [14] in the bifurcation analysis of
chemostat models with distributed delay. Recent work continues to study
stability and Hopf bifurcation for general distributed kernels and confirms
the continuing relevance of the topic [9].

The purpose of the present paper is to isolate a general transversality
criterion for (3). Our starting point is the following: write the characteristic
root as a local smooth branch z(7) and compute % by implicit differentia-
tion. The main observation is that, once R(iw) and H (iw, T) are written in
polar form, the sign of % Re z(7) can be expressed in terms of two scalar
equations in the variables (w, 7), more precisely, the modulus equation and
the phase equation. This leads to a precise Jacobian formula for the cross-
ing direction and provides a simple geometric interpretation: the spectral
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transversality condition is equivalent to the transversality of the two curves
defined by the modulus and phase relations.

If we consider R(iw) = p(w)e?™@ and H(iw, ) = p(w,7)e @) then
purely imaginary characteristic roots are determined by

p(w) = p(w, 1), O(w) +60(w, ) = 2km, ke Z.

Our main result shows that the crossing direction is given by the sign of
the Jacobian determinant of this system with respect to (w,7). When the
phase equation can be solved locally as 7 = T (w), the criterion reduces to
the sign of the derivative of the auxiliary function

Fi(w) = p(w) — p(w, T(w)).

For self-similar kernels of the form H(z,7) = H(rz), this reduction becomes
particularly explicit and includes the classical discrete-delay formula as a
limiting case.

The paper is organized as follows. In Section 2 we briefly recall the
classical Hopf framework for RFDEs and formulate the class of characteristic
equations under consideration. Section 3 contains the main transversality
theorem, its proof, and several equivalent formulations. Section 4 discusses
consequences for stability switching. In Section 5 we specialize the theory
to the Dirac, exponential, and Erlang kernels and we work out a family of
second-order characteristic equations. The last section summarizes the main
conclusions.

2 Background and problem formulation

2.1 Classical Hopf background

Let » > 0 and let C([—r,0],R™) be endowed with the supremum norm.
For a continuous function = : [tg — 7,t1) — R™ and ¢ € [to,t1), we define
xt € C([—r,0],R™) by z4(0) = z(t+0), 6 € [—r,0]. Consider the parameter-
dependent delay differential equation

&(t) = Flae, p), (4)

where F : C([—,0],R™) x I — R" is sufficiently smooth and I C R is an
interval. Assume that = 0 is an equilibrium for all x € I, that is, F(0, u) =
0. Denoting L, = D,F(0, 1), The linearized equation in a neighborhood of
z=01s

§() = Ly (5)
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The operator L, admits a Riesz representation in terms of a matrix-valued
measure, and the associated characteristic roots are the zeros of a charac-
teristic equation of the form A(X, p) =0 [5,7].

The following theorem summarizes the classical Hopf scenario for delay
differential equations.

Theorem 1 (see [6-8]). Consider (4) and assume that F is of class CF,
k > 3, in a neighborhood of (0, 119). Suppose that the characteristic equation
of (5) at p = po has a simple pair of roots A1 2(po) = Fiwg with wy > 0,
that mo other characteristic root lies on the imaginary axis, and that

d
K H=Ho

Then a Hopf bifurcation occurs at (0, pg): there exists a local branch of
nontrivial periodic solutions bifurcating from the equilibrium as p passes
through L.

In applications, the main technical difficulty is usually the evaluation
of the crossing quantity d%L Re A(10), which provides the transversality con-
dition. The aim of the present paper is to derive an explicit formula for
the crossing quantity when the characteristic equation can be written in the
general form given in the following subsection.

2.2 Characteristic equations generated by distributed delays

We consider the scalar characteristic equation:
R(z)=H(z,7), (6)

where z € Cand 7 € I C (0, 00) is the bifurcation parameter. In applications
R is rational and H(-,7) is the Laplace transform of a delay kernel. More
precisely, if g(-,7) is a probability density function on [0, c0) with finite first
moment (mean) 7, then:

H(z,r):/oooe_zsg(s,ﬂds, /Ooog(s,r)ds:l, /OOo sg(s,7) ds (:7)7.

We consider the following assumptions.

Assumption 1. There exist an open interval J C (0,00), an open interval
I C (0,00), and a point (ws, %) € J x I such that:
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(A1) R is holomorphic in a neighborhood of iJ = {iw:w € J};

(A2) H is defined in a neighborhood of iJ x I, is holomorphic in z for each
fized T € I, and is of class C* with respect to T;

(A3) A(z,7):= R(z) — H(z,7) satisfies

A(iwy, 1) = 0, R(iwy) = H (iws, 74) # 0;

(A4) the purely imaginary root z, = iw, is simple, that is,

A, (iws, ) = R (iwy) — H, (iws, ) # 0.

Assumption 1 (A4) implies, by the implicit function theorem, that there
exists a unique C! branch z(7) of characteristic roots near 7, such that

A(2(1),7) =0,  2(7) = iws.

The transversality condition relevant for the Hopf bifurcation is

d
e Re z(7) # 0. (8)

T=Tx

3 A general transversality theorem

By Assumption 1 (A3), both R(iw,) and H (iws, 7+) are nonzero. We choose
local C'! polar representations

R(iw) = pw)e?™,  H(iw,7) = plw, 7)e ), (9)

where p(w) > 0 for w € J and p(w,7) > 0 for (w,7) € J x I. Define the
scalar functions

Gl(wa T) = ﬁ(W) - Io(wa T)? GQ(W, T) = H(OJ) + 9(w7 T) - Qkﬂ', (10)
where the integer k is chosen so that
O(ws) + O(ws, ) = 2k

Then the condition A(iw,7) = 0 is equivalent to the system

Gi(w,7) =0, Ga(w,T) = 0. (11)
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Theorem 2. Assume that Assumption 1 holds. Let z(T) be the unique local
root branch satisfying z(7.) = iws. Then

d
e Re z(7)

0uG1 0:G
_ PTG ! ! . (12)
T=Tx ‘Az(lwxq T*)’ 0,G2  0-G2 (s,

In particular,

d
sgn ( — Re z(7)
dr

) = sgndet DG (ws, Ts), G =(G1,Ga).  (13)

T=Tx

Therefore the spectral transversality condition is equivalent to the transversal
intersection of the modulus and phase curves in the (w,T)-plane.

Proof. Since A(z(7),7) = 0, differentiation with respect to 7 yields
A, (2(1), 1) (T) + Ar(2(7),7) = 0.
Because A, = —H., we obtain at 7 = 7,

H: (wy, 7x) H: (iwy, 7x)
(1) = ’ - LT 14
) = We) = HoGwonr) ~ Baion ) (14)

Taking real parts gives

_ Re (HT(iw*, T ) Az 1wy, 7'*)> 15)

T=T | A (iws, 7) |2

d
e Re z(7)

We now compute the derivatives in terms of the polar representation (9).
Since

d . . o .. o
ER(W) = iR (iw), %H(lw, T) =1iH,(iw, ),
a direct calculation yields
R'(iw) = (p(w)f () — i (w))e?), (16)
H,(iw, 1) = —(p(w,T)Qw(w,T) + ipw(w, T))e_ie(“’T), (17)
H (i, 7) = (pr(,7) — ip(w, 7)65(w, 7)) e, (18)

At the critical pair (ws, 7« ), the identity R(iws) = H (iws, 7« ) implies

plws) = plws, ), O(ws) + 0(ws, ) = 2km. (19)
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Hence e?@+) = ¢=10(w«m) and therefore

H; A, = (pr +ipfr)e” [(755’ —ip)e” + (pbs + ipw)e‘“’]

(W)
= (pT + i,OQT) [p(gl + 9w) + i(Pw - ﬁ)} (@e72) .
Taking real parts, we obtain
Re (H: A;) = ,o[pf(g’ +0,,) + 0 (7 — pw)] o (20)

On the other hand, from (10) we have

8.G1 =7 — pu, 0:G1=—pr, 0,Ga=0 40, 0.Go=0,.

Therefore _

det DG = (¢ — pu)0r + p- (0 +0,,). (21)
Combining (15), (20), and (21) proves (12). Since p(ws,Tx) > 0, the sign
identity (13) follows immediately. O

Remark 1. The Jacobian determinant in (12) is independent of the par-
ticular local branches chosen for the arguments in (9). Indeed, replacing 0
or 0 by another local branch only adds an integer multiple of 27, which does
not affect derivatives.

Theorem 2 is especially convenient when one of the two equations in (11)
can be solved locally with respect to 7.

Corollary 1. Assume that Assumption 1 holds and that

07 (wi, 74) # 0. (22)

Then there exist a neighborhood U of wy and a unique C function Ty, : U —
I such that Ty (ws) = T and

O(w) + 0(w, Ti(w)) = 2km, weU. (23)
Define
Flw) = () — ple Tu(w)): (24)
Then Fi(ws) =0 and

d Rez(T) — p(w*,r*)QT(w*,T*) Flg(w*) (25)

T=Ty |A (1w, Tx) |2

dr
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In particular,

sgn (d Re z(7)

I ) = sgn (07 (ws, 7)) sgn(Fy(ws)). (26)

T=Tx

Proof. Condition (22) allows us to solve (23) locally for 7 = Tj(w) by the
implicit function theorem. Differentiating (23) with respect to w gives

0 (ws) + O (Wi, T)
O (wWs, )

Ti(ws) = — (27)

Differentiating (24) and evaluating at w,, we obtain
Blw) = 7(02) = puwes 7) — pr (s ) T ().
Using (27), we find
O (e, 7o) Ff(w) = Or(we, ) (7 — po) + pr (0" + 6,,),

all quantities being evaluated at (ws, 7). The conclusion follows from (12).
O

Corollary 2. Assume that Assumption 1 holds and that

pr(ws, i) 7 0. (28)

Then there exist a neighborhood U of wy and a unique C* function Sy : U —
I such that Si(wy) = T« and

pw) = pw, Sp(w)) =0,  wel. (29)

Define

Pr(w) :==0(w) + 0(w, Sp(w)) — 2km. (30)
Then Pg(ws) =0 and

_ p(w*,T*)pr(w*vT*)Pl::(w*), (31)

d
— Re z(7) 5
T=Tx |AZ (iW*, T*)|

dr

Hence

) = sgn(pr(w, 7)) sgn(Pp(ws)). (32)
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Proof. The proof is analogous to that of Corollary 1. Differentiating (29)
yields
P (we) = poo (W, T)

Si(ws) = Pr (W, T)

and therefore
pr(wee, Te) Ph(wi) = pr (0" + 0,) + 0-(F — pu).-
The claim now follows from (12). O
A particularly important class of kernels is given by self-similar families.
Remark 2 (Self-similar kernels). Assume that
H(z,7) = H(r2) (33)
for some analytic function fAI, and let
H(ig) = ple)e 0. (34)

Then

and

(36)
Oo(w,7) =70 (wT), 0r(w,7)=wb (wT)
Moreover, if @(w*ﬂk) £ 0, from Corollary 1 we have
Or (Wi, Te) = w*a/(w*n) #0,
and hence:
sy Tx *é\l * Tx F] *

iReZ(T) — p(w T )w (w T )2 k(w ) (37)

dr —r |A (iws, 7))
Hence

d
sgn ( — Re z(7)
dr

) = sgn(@(w*h)) sgn (Fy(ws))- (38)

T=Tx

In particular, if o is positive on the relevant interval, then the crossing
direction is determined solely by the sign of F](wy).
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In the particular case of a discrete time delay, we consider the Dirac
kernel, and we obtain:

Corollary 3 (Discrete delay). Suppose that H(z,7) = e~ "*. Then

wip (wy) d
A 2R
e Il )P sgn ( I ez(7)

d
T Rez(7)

) = sgn p (wy).

(39)
If, moreover, R = P/Q with polynomials P and Q, then at a critical fre-
quency wy the crossing direction satisfies

T=Tx

d

sgn ( Re z(7) (40)

) — sen - (1P(iw) 2~ Q)

T=Tx W=wWsx

Proof. In this case H(¢) = e €, s0o p = 1 and :9\(5) = ¢. Hence Fi(w) =
p(w) — 1, and (39) follows from Remark 2. If R = P/Q, then

-\ |P(iw)]
)= 156w

Therefore
Qi) |45 [P (iw)| — |P(iw)| 45 |Qiw)]
|Q(iw)? '
At a critical frequency we have p(w,) = 1, hence |P(iw.)| = |Q(iw4)|, and
consequently
UJUJ*)

This is equivalent to (40). O

plw) =

san /() = sen (|P<iw*>| ZIPG)l| Q)] - |Qew)

W=Wx

4 Consequences for stability switching

The previous section provides a local formula for the crossing direction of a
simple pair of imaginary roots. We now provide a standard consequence for
the variation of the unstable dimension.

Proposition 1. Let v(7) denote the number of characteristic roots of (6) in
the open right half-plane, counted with algebraic multiplicity. Assume that
at T = Ty the only characteristic roots on the imaginary axis are the simple
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conjugate pair +iw, and that Assumption 1 holds. Then there exists € > 0
such that

v(t) =v(r, ) +2 sgn <(f¢ Re z(7)

for T € (Tu, T + €),
T=Tx

while v(T) = v(1y) for T € (1w — &,7«). In other words, the unstable dimen-
sion changes by +2 or —2 according to the sign of the crossing direction.

Proof. The simplicity of the roots +iw, implies that they admit local con-
tinuations as a conjugate pair of characteristic roots. Since all other roots
remain a positive distance away from the imaginary axis, the number of
roots in the right half-plane can change only through this pair. The sign of

d
— Rez(7)
dr T=Tx
determines whether the pair moves from left to right or from right to left as

7 increases. This provides the stated jump in v(7). O

An immediate consequence of Proposition 1 is:

Corollary 4 (Monotone crossing criterion). Assume that all critical values
of T are simple Hopf points and that no two distinct pairs of characteristic
roots cross the imaginary axis simultaneously. If at every critical pair (wj, ;)

one has
> - +17
T=Tj

then v(T) is increasing. In particular, an equilibrium which has become
unstable cannot regain stability as T increases.

d
sgn (dT Re z(7)

The self-similar case gives a convenient sufficient condition for the avoid-
ance of stability switching.

Corollary 5. Assume that the hypotheses of Remark 2 hold, and suppose
that 5’(5) > 0 for every admissible critical value £ = wr. If, in addition, each
critical frequency is a simple zero of the corresponding auziliary function Fj
and satisfies

Fy(ws) >0,

then every simple Hopf crossing occurs from left to right as T increases.
Consequently, the unstable dimension is increasing and restabilization can-
not occur.

Proof. By (38), the sign of the crossing direction is the sign of F}(w.). The
conclusion follows from Corollary 4. 0
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5 Examples

5.1 Erlang kernels

For n € N, consider the Erlang (gamma) family

n' -1 - T
In(s,T) = msn ™"/ ) s >0, (41)
which is a probability density on [0, 00) with mean 7. Its Laplace transform

1S
TZ

H,(z,7) = /000 e “gn(s,7)ds = (1 + 7)—71. (42)

n

The cases n = 1 and n = 2 correspond to the classical weak and strong
gamma kernels, respectively.
Then, we can write the polar form:

Hy(iw,7) = pa(wr)e™ 77, (43)
where
Pn(§) = <1 + §2>”/2 0,(¢) = narctan<§> ) (44)
n 3 , n >
Moreover,
0,(¢) = 1+§2/n2 > 0. (45)

Consequently, Remark 2 applies. Solving

~ ~

On (W pn(w)) = 2kT — O(w)

gives

n

Ty (w) = gtan (WM) (46)

and

Fn(w) = () — cos” (WM) . (47)

n

At any simple critical frequency w, satisfying F}, ,(ws) = 0 one has

d
sgn (dT Re z(7)
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Remark 3. For n =1 one obtains the exponential or weak kernel,

1_:7_27 ﬁl(ﬁ):; 0, (¢) = arctan €.

VI+e

For n =2 one obtains the strong kernel,

Hi(z,7)=

TZ\~ 2\ 1 -
Hy(z,7) = (1 + ;) 27 p2(§) = <1 + §4> ) 02(§) = 2arctan<§> )

Both kernels satisfy 971 > 0, so the crossing direction is determined by Fy, .

5.2 A second-order characteristic equation with weak kernel

Consider the family

c —
1+7\

AN tal+b+ 0, a,b,c> 0. (49)
This equation appears, for instance, after linearization of second-order sys-
tems with exponentially distributed delay. The second-order terms capture
inertial or oscillatory behavior, which can be found in mechanical systems,
biological and economic processes. The rational term ﬁ to the Laplace
transform of the weak, or exponential, delay kernel (see, for example, the

references [5], [10], [11], [15]).

Equation (49) can be rewritten as (6) with

24+a
RO = —w, HOLT) = < jm. (50)
Let
d(w) == /(w? — b)? + a2w?. (51)
Then
w? — b —iaw w
Rliw) = LTI ) = A9 (52

Choosing the local argument branch in the lower half-plane, we also have

~ w—>5 ~ aw

cosf(w) = sinf(w) = “dw)

(53)
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Proposition 2. For equation (49), the purely imaginary roots tiw are de-
termined by the relations

w® > b, (54)

and
p(w?) =0, p(z) =2 + (a®> — 2b — c)z + b* + be. (55)

Moreover, if w, > 0 is a simple positive root of (55), then the corresponding
crossing direction is given by

d
sgn < e Re A(7)

> = sgn(2w? +a® — 2b — ¢). (56)

Proof. Since the weak kernel is self-similar with
1 -
D = —, 0 = arctané,
p1(§) e 1(8) 3

Remark 2 applies. The phase condition is
0(w) + arctan(wr) = 0
for the relevant local branch. Taking the tangent and using (53), we obtain

wr = —tanf(w) = %,

which yields (54). Next, the amplitude equation is

~ w?—b
p(w) = p1(wr) = cos(arctan(wr)) = cosf(w) = i)
Hence i) 2,
v_w 2 ie. w)? = ¢(w? —b).

F(w) = pw) = pr(wT(w)) = _ _

If p(w?) = 0 and w, > 0, then

d

sgn F'(wy) = sgn (p(WQ)’

> = sgn(2wf + a? —2b—c>.
dw

W=Wsx

Since 9/\3 > 0, formula (56) follows from Remark 2. O
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Remark 4. For the discrete-delay we have:
A faX+b4ce ™ =0. (57)

This equation relies on the Dirac kernel, meaning the system’s memory
is localized at a single past moment. The exponential term e~ can model
a strict transport lag, a fived processing time in neural signal propagation,
or a specific maturation period in population models, where the historical
influence is strictly delayed rather than continuously distributed across an
interval.

Corollary 3 gives the critical-frequency equation
qW?) =0,  q(z):=2"+(a® = 2b)x +b* - &, (58)

and the crossing direction

d _ 2 2
sgn <d7‘ Re \(7) > = sgn (2w* +a® — 2b>. (59)

T=Tx

For instance, if a = 1, b= 3, and ¢ = 2, then ¢(x) = 2> — 5z + 5, so the
critical values are wiQ = 5i2‘/5. The corresponding crossings have opposite
directions because 2w? — 5 < 0 and 2w? — 5 > 0. Thus, the characteristic
equation admits two simple crossings with different orientation, a typical
mechanism behind stability switching.

Using the formula (54) we calculate the critical value of the time delay.
In Proposition 2 we have the condition w? > b so that 7 is positive. In our
example b = 3, the frequency ws (w3 ~ 3.618) leads to a valid critical value

T« = 1.618.

6 Concluding remarks

A general formula for the Hopf transversality condition has been derived,
associated with characteristic equations of the form R(z) = H(z, ), where
H is the Laplace transform of a distributed-delay kernel. The main contri-
bution is the Jacobian identity (12), which shows that the spectral crossing
direction is exactly the Jacobian determinant of the modulus and phase
equations in the (w,7)-plane. This gives a direct geometric interpretation
of the transversality condition and places a number of existing criteria into
a single framework.
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In addition, several particular cases have been discussed. When the
phase equation can be solved locally for the delay parameter, the cross-
ing direction is reduced to the derivative of an auxiliary scalar function Fj
multiplied by the sign of §,. An analogous reduction is available when the
modulus equation is solvable. For self-similar kernels, the formula becomes
particularly simple and immediately provides the classical discrete-delay cri-
terion as a special case.

From an application perspective, the results are useful for two reasons.
First, they provide a unified formula for % Rez(1). Second, they make it
possible to formulate monotonicity criteria for stability switching directly
in terms of the functions governing the amplitude and phase relations on
the imaginary axis. Several examples, including the Dirac, exponential, and
Erlang kernels are given to illustrate the theoretical results.

Directions for future research include considering determinant-type char-
acteristic equations associated with higher-dimensional systems, kernels de-
pending on several shape parameters, and situations in which the charac-
teristic equation cannot be reduced globally to a single branch of the phase
relation. Combining the present criterion with center-manifold and normal-
form computations can also be investigated, in order to obtain a unified
treatment of existence, direction, and stability of Hopf bifurcations in gen-
eral classes of distributed-delay models.
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