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BAYESIAN STOCHASTIC MODELING OF SUPPLY CHAIN

Marcel ILIE! and Augustin SEMENESCU?

Rezumat. Sistemele lanturilor de aprovizionare sunt din ce in ce mai expuse incertitudinii din
cauza fluctuatiilor cererii, variatiilor timpilor de livrare si perturbarilor frecvente la nivelul
retelelor globale. Modelele deterministe si frecventiste conventionale esueaza adesea in a aborda
in mod adecvat aceste complexitdfi, deoarece nu dispun de mecanisme care sa integreze
cunostintele anterioare si sa actualizeze dinamic credintele. Acest studiu dezvolta un cadru de
inferenta bayesiana pentru managementul lantului de aprovizionare, care integreaza modelarea
probabilistica, invatarea si optimizarea intr-o structurd coerentd de luare a deciziilor. Cadrul
utilizeaza modele bayesiene ierarhice pentru a surprinde dependentele multi-etajate si foloseste
tehnici Markov Chain Monte Carlo (MCMC) pentru estimarea posterioarelor si calibrarea
parametrilor.Prin actualizarea continud a distributiilor anterioare cu date noi, modelul sprijina
prognozarea adaptiva a cererii, optimizarea inventarului in timp real i cuantificarea incertitudinii.
Experimentele numerice, bazate pe seturi de date simulate si empirice, aratd ca abordarea
bayesiana propusa ofera o acuratete predictiva mai ridicata, niveluri de serviciu imbunatatite si o
rezilientd crescutd in comparatie cu metodele traditionale de optimizare stocasticd. Rezultatele
evidentiaza capacitatea inferentei bayesiene de a oferi o fundatie flexibila si bazatd pe date pentru
sprijinul decizional robust in medii complexe i incerte ale lantului de aprovizionare.

Abstract. Supply chain systems are increasingly exposed to uncertainty due to fluctuating demand,
variable lead times, and frequent disruptions across global networks. Conventional deterministic
and frequentist models often fail to adequately address these complexities, as they lack mechanisms
to incorporate prior knowledge and update beliefs dynamically. This study develops a Bayesian
inference framework for supply chain management that integrates probabilistic modeling, learning,
and optimization within a coherent decision-making structure. The framework employs
hierarchical Bayesian models to capture multi-echelon dependencies and utilizes Markov Chain
Monte Carlo (MCMC) techniques for posterior estimation and parameter calibration. By
continuously updating prior distributions with new data, the model supports adaptive demand
forecasting, real-time inventory optimization, and uncertainty quantification. Numerical
experiments using simulated and empirical datasets demonstrate that the proposed Bayesian
approach yields higher predictive accuracy, improved service levels, and enhanced resilience
compared with traditional stochastic optimization methods. The findings highlight the capability of
Bayesian inference to provide a flexible and data-driven foundation for robust decision support in
complex and uncertain supply chain environments.
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1. Introduction

In today’s volatile global markets, supply chains face increasing uncertainty
driven by fluctuating demand, geopolitical risks, pandemics, and disruptions in
logistics networks. Traditional deterministic and frequentist models often struggle
to capture these complexities due to their limited capacity to incorporate
uncertainty and prior knowledge [22]. As a result, probabilistic and data-driven
frameworks have become essential tools for managing supply chain risk and
optimizing decision-making. Among these frameworks, Bayesian inference has
emerged as a powerful methodology for integrating prior information with real-
time data to update beliefs and enhance predictive accuracy [4-6]. Bayesian
inference provides a systematic approach to uncertainty quantification by treating
unknown parameters as random variables and updating their probability
distributions as new information becomes available [12]. This flexibility makes it
particularly suitable for supply chain contexts characterized by incomplete data,
stochastic lead times, and dynamic market behavior [3]. For instance, Bayesian
updating can be employed to refine demand forecasts, assess supplier reliability,
and adjust inventory policies as fresh data are observed. Moreover, hierarchical
Bayesian models enable multi-level inference across supply chain echelons,
improving coordination between manufacturers, distributors, and retailers [20].

Recent advances in computational statistics and artificial intelligence have
further expanded the applicability of Bayesian methods in large-scale and real-
time supply chain systems. Techniques such as Markov Chain Monte Carlo
(MCMC) and Variational Inference (VI) allow for efficient posterior estimation in
high-dimensional settings, while Bayesian networks facilitate causal reasoning
and probabilistic dependency modeling across supply chain components [7].
These developments have enabled the integration of Bayesian inference with
emerging paradigms like digital twins, Industry 4.0, and Internet of Things (IoT)-
based supply chain monitoring [11]. In addition to improving operational
efficiency, Bayesian inference supports strategic decision-making under
uncertainty by quantifying the likelihood of various scenarios and outcomes. It
allows decision-makers to evaluate risks, allocate resources, and plan
contingencies using probabilistic forecasts rather than point estimates. For
example, Bayesian decision theory has been used to balance the trade-off between
cost minimization and service-level reliability [5]. Furthermore, Bayesian
updating mechanisms are particularly beneficial for resilient and adaptive supply
chain design, where the system must continuously learn and adjust to unforeseen
disruptions [9].

Despite its promise, the adoption of Bayesian inference in supply chain
management remains limited by computational challenges, data availability, and
the need for interdisciplinary expertise. Many existing models rely on simplifying
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assumptions or static data sources, limiting their practical utility. Therefore, there
is a growing need for comprehensive Bayesian frameworks that leverage modern
computational tools and real-time data integration to enhance supply chain
visibility, resilience, and decision support [19].

The objective of this paper is to explore the application of Bayesian
inference in supply chain management, emphasizing methodological
developments, modeling strategies, and real-world applications. Specifically, the
study investigates how Bayesian approaches can improve demand forecasting,
risk assessment, and network optimization under uncertainty. By synthesizing
recent advances and proposing a unified Bayesian framework, this work aims to
contribute to both academic understanding and industrial implementation of
probabilistic decision-making in supply chain systems.

2. Literature review

The increasing exposure of global supply chains to disruptions has driven
extensive research into modeling uncertainty and developing quantitative risk
mitigation strategies. Among the diverse methodological approaches, stochastic
modeling has emerged as one of the most robust and widely applied tools for
analyzing and optimizing supply chain performance under uncertainty [15, 23].
Recent research has focused on integrating stochastic optimization and risk
management. Approaches such as stochastic programming [2], robust
optimization [1], and chance-constrained formulations [14] allow decision-makers
to model risk explicitly and derive policies that hedge against adverse outcomes.
Applications span network design [16], supplier selection [13], inventory control
[10], and transportation planning [18].

Modeling disruption risks, such as supplier failures and transport

interruptions, has also been a focus of recent studies. Stochastic network models
and simulation frameworks estimate the impact of rare but severe disruptions [9,
17]. Hybrid approaches combining stochastic modeling with agent-based
simulation, system dynamics, or machine learning enable adaptive risk
management informed by real-time data [8, 21].
Despite progress, gaps remain. Many models assume independent uncertainties or
static distributions, and risk mitigation is often reactive. Integrated stochastic
frameworks that unify uncertainty representation, resilience quantification, and
decision optimization across multiple temporal and spatial scales are needed. This
study addresses these gaps by developing a framework that balances cost
efficiency, robustness, and adaptability.
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3. Methodology
3.1 Overview of the Stochastic Modeling

Supply chain management involves complex, uncertain environments where
parameters such as demand, lead time, and supplier reliability are inherently
stochastic [17]. To handle these uncertainties systematically, Bayesian inference
offers a coherent probabilistic framework that updates parameter estimates as new
information becomes available [6]. According to Bayes’ theorem, the posterior
distribution of parameters given the data is expressed as:

P(DI6)P(8)

P(eID) = = "

where 0 represents the vector of model parameters (e.g., demand mean, lead time,
and reliability), ( D ) denotes the observed data (e.g., historical demand and lead
times), P(#) is the prior, P(D|8) the likelihood, and P(8|D) the posterior
distribution. This probabilistic updating allows for continuous learning and
adaptive decision-making as supply chain data evolve over time [19].

3.2 Model Structure and Parameter Definition

The Bayesian model defines key stochastic processes underlying the supply chain.
Let

8 ={uz o511} 2)
represent the parameters of interest, where uz4 and o; denote the mean and
variance of customer demand, A represents supplier reliability, and 7; indicates

the average lead time. Following previous studies [3, 11], customer demand is
modeled as a Normal process, and lead time as an Exponential process:

D.~Normal (u,,0;) 3)
L ~Exponential(r; 1) 4)

The joint likelihood of the data D = {D.}}=; and L = {L,}!=, is expressed as:
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P(.116) = | [ F(Duluacd) x 9(Lilz)
t=1 %)

This joint formulation enables capturing interdependencies between demand and
logistics delays, reflecting the stochastic nature of modern supply chain systems
[19].

3.2 Prior Distribution Specification

Prior distributions represent the analyst’s knowledge before observing current
data. In line with previous studies [6], informative priors are used when historical
data are available, while weakly informative priors ensure model flexibility when
uncertainty about prior beliefs exists.

For the parameters defined above, the priors are set as:

pg~Normal(u,y, of) (6)
o;~Inverse — Gamma(eay, ;) (7)
A,~Betal(ag, by) (8)
T,~Gamma(cy, d,) )

These prior forms are consistent with the probabilistic nature of each parameter
and have been applied in Bayesian modeling of supply chain variables [3].
Hyperparameters are estimated from historical operational data, expert elicitation,
or simulation-based calibration.

3.2 Posterior Estimation via Markov Chain Monte Carlo (MCMC)

Since analytical solutions for the posterior distribution are rarely obtainable,
Markov Chain Monte Carlo (MCMC) techniques are employed to approximate
the posterior distribution [6]. The Metropolis—Hastings (MH) and Gibbs sampling
algorithms are adopted to iteratively draw samples from the posterior. At iteration
(k), a new parameter vector 8° is proposed from a distribution q[9*|9"k_1}}, and
the acceptance probability is given by:
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[, POIEIPE)a(6%P6")
a = min ;P[D|E|:k—1})lp(g':k—l}:]q[ﬁ*|E':k—1:') (10)

If the proposal is accepted, 8%’ = 8*; otherwise, the chain retains the previous
state. After convergence, posterior means and credible intervals are estimated as:

N
1 .
E(6|D) ~ EZ gl
=1

The MCMC-based estimation provides a full probabilistic characterization of
uncertainty around each parameter, which is crucial for robust decision-making in
supply chains [19].

(an

3.2 Convergence Diagnostics and Model Validation

Convergence of MCMC chains is assessed using Gelman—Rubin diagnostics [ﬁ),
trace plots, and autocorrelation checks [6]. Multiple chains are run with different
initial values to ensure stability of the posterior estimates. For model validation,
posterior predictive checks are performed. New simulated data D are drawn from
the posterior predictive distribution:

P(5|D) = fp(me)p(em)de )

The similarity between simulated and observed data distributions serves as a
diagnostic measure for model adequacy. This process ensures that the Bayesian
model faithfully represents real-world supply chain behavior before integrating
results into operational decision systems.

3.2 Computational Implementation

The computational implementation is carried out using Matlab. Simulations are
run for 20,000 iterations with a 5,000-sample burn-in period. The methodology is
designed for scalability, allowing integration of multiple supply chain echelons
(e.g., supplier, manufacturer, and distributor). The Bayesian updating mechanism
enables real-time learning, where posterior distributions are continually revised as
new demand or supply data become available [19].
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3.2 Integration with Decision Models

Posterior estimates are used to support inventory optimization, supplier selection,
and demand forecasting under uncertainty. For instance, the posterior mean of
demand E(D,.|D) feeds into reorder-point calculations, while the posterior of
supplier reliability P(4,|D) is incorporated into multi-sourcing models [3]. By
integrating Bayesian inference with operational decision tools, the framework
enhances adaptability and robustness in uncertain and dynamic supply chain
environments [17].

4. Results

Bayesian inference provides a systematic framework for estimating the mean
demand in a supply chain by combining prior knowledge with observed demand
data. Unlike traditional frequentist methods that rely solely on historical
observations, Bayesian inference treats the demand rate as a random variable with
an associated probability distribution that updates as new data becomes available.

4. 1 Model Formulation

Let D = {d,,d, ...d,} represent the observed demand over n periods. The demand
is assumed to follow a stochastic process such as the Poisson distribution, where
the mean demand per period is denoted by A. Mathematically

d.A = Poisson (4) fori=1,2,...n (13)

14 Bayesian Inference for Poisson Demand
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Figure 1. Bayesian inference for Poisson demand
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4. 2 Prior Distribution
Before observing data, prior beliefs about the mean demand A are represented by a

prior distribution, commonly chosen as a Gamma distribution because it is the
conjugate prior for the Poisson likelihood:

A~Gamma(ay, f,) (14)

where @, and ff, represent prior knowledge about the expected demand level and
uncertainty. The prior and post distributions are shown in Figure 1.

4. 3 Likelihood Function

The likelihood function expresses the probability of observing the data given a
specific value of A is obtained as

n
e~ A

i=1 d;! (15)

P(D|2) =

This likelihood summarizes the information that the observed data provides about
the unknown mean demand. Figures 1 and 2 show the density distributions for
prior, posterior and likelihood.

Figure 2 shows the density distributions of the prior, likelihood, and posterior for
the mean daily demand rate of a key product in the supply chain. The prior

distribution was modeled as a normal distribution with mean > = 100 units/day

and standard deviation @2 = 13 units/day, representing initial uncertainty about
demand based on historical experience. The wide spread of the prior indicates
that, before observing current data, the demand could reasonably vary across a
broad range. The likelihood function, derived from observed daily demand over a
two-week period, peaks around 105 units/day, suggesting that the most probable
demand value based on the data is higher than the prior expectation. The relatively
narrow width of the likelihood indicates that the observed data provides a precise
signal about the true demand rate. The posterior distribution, resulting from the
Bayesian update of the prior with the likelihood, is more concentrated than the
prior and centered around 103 units/day. This shift toward the data-driven
likelihood peak reflects the strong influence of the observed demand on updating
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prior beliefs. The posterior standard deviation decreased to approximately 2
units/day, demonstrating that incorporating data significantly reduced uncertainty
about the demand rate. These density distributions quantitatively illustrate the
Bayesian updating process. The prior provided a baseline expectation, the
likelihood summarized evidence from recent observations, and the posterior
combined both sources to yield a refined probabilistic estimate. This approach
allows supply chain managers to make informed inventory and replenishment
decisions while explicitly accounting for uncertainty in demand.
Bayesian Inferencc? for Mean Demand ‘
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Figure 2. Bayesian inference for mean demand

A second analysis was performed as well. The prior distribution was modeled as a
normal distribution with mean #o = °® units/day and standard deviation %0 = 15
units/day, reflecting initial uncertainty about demand based on historical data. The
wide spread of the prior indicates substantial initial uncertainty. The likelihood
function, derived from observed daily demand over a two-week period, peaks
around 60 units/day, suggesting that the most probable demand value based on the
data is higher than the prior expectation. The relatively narrow width of the
likelihood reflects precise information provided by the observations. The posterior
distribution, obtained by updating the prior with the likelihood, is more
concentrated than the prior and centered around 58 units/day. The posterior
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standard deviation decreased to approximately 8 units/day, indicating a significant
reduction in uncertainty after incorporating the observed data.

Table 1 summarizes the key statistics for the distributions:

Table 1. Summary of key statistics

Distribution Mean Standard Deviation Notes
(units/day) (units/day)
Prior 50 15 Initial belief before data
Likelihood 60 6 Derived from observed
demand
Posterior 58 8 Updated belief
combining prior and data

These results demonstrate the Bayesian updating process: the posterior reflects a
compromise between prior knowledge and empirical evidence, providing a refined
estimate of the demand rate with reduced uncertainty. Such probabilistic
information is critical for informed inventory and replenishment decisions in

supply chain management.

Posterior: Supplier Lead Time
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Posterior: Retail Demand Posterior: Reorder Point
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Figure 4. Bayesian inference for Poisson demand

The analysis of the retail supply chain focused on three key parameters: customer
demand, supplier lead time, and the reorder point policy. The results are
summarized below. Historical sales data indicated that demand follows a
stochastic pattern with notable variability across periods. Using probabilistic
modeling, the mean daily demand was estimated at 120 units/day, with a standard
deviation of 15 units/day, reflecting the uncertainty inherent in customer
purchasing behavior. The demand distribution was found to be approximately as
shown in Figure 4a, which supports the use of inventory policies that account for
variability and risk of stockouts.

4.4 Customer Demand

In the following the analysis of the customer demand is presented and some of its
elements are defined. Thus,

D, — average demand over time t
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D _D:+D:—l+"'ﬂt—r.+l
e n (16)
n- number of periods for averaging
Demand with safety stock is defined as
S5=2 g (17)
SS-safety stock
Z-service level factor (from normal distribution)
g; — standard deviation of demand during lead time
The Reorder Point (R) is defined by
R=d:L+35 (18)
d- average demand per period
L-lead time
Backorder or Stockout Probability is defined in the following.
If demand is normally distributed
R —dlL
P(stockout) =1 — CI:*( ]
(19)
where @ is the cumulative normal distribution
Demand over lead time
Di = Z ﬂ’!
i=1 (20)

d; — 1s the demand in each period i during the lead time
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The hierarchical Bayesian model was applied to estimate customer demand across
five SKUs over a 30-day observation period. Demand for each product was
simulated from a Poisson process with distinct underlying rates, representing
realistic variability in product popularity. Using a Gamma—Poisson (conjugate)
framework with hyperpriors @y = 2 and f; = 1, posterior distributions of the

demand rate parameter 4 were computed for each SKU.

The posterior shape (@,,.;) and rate 5,,.. parameters are summarized below

Table 2. Posterior shape (@,,.-) and rate ,,., parameters

SKU apost Bpost
1 302 31
2 361 31
3 241 31
4 453 31
5 271 31

From these parameters, the posterior means [E’ [A,]= apm.m,«’ﬁppm) and

posterior standard deviations (SD[A;] = /@ ,,.¢:/Bpss:,;) Were obtained as:

Table 3. Posterior mean and standard deviation

SKU Posterior Mean A Posterior SD
1 9.74 0.56
2 11.65 0.61
3 7.77 0.50
4 14.61 0.69
5 8.74 0.53

These results align closely with the true underlying demand rates ([10, 12, 8, 15,
9]), confirming that the Bayesian updating effectively recovered the true
parameters given only 30 daily observations per product. The posterior density
plots (Figure 1) reveal narrow, unimodal distributions for all SKUs, reflecting low
parameter uncertainty after observing sufficient data. Higher-demand SKUs (e.g.,
SKU 4) exhibited slightly broader posteriors due to increased stochasticity at
higher Poisson rates, though the posterior modes remained close to their true
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means. Predictive distributions for the next-period demand (Figure 2) show that
each SKU’s demand follows a negative binomial distribution, capturing both
intrinsic Poisson variability and parameter uncertainty. These predictive
distributions highlight a right-skewed shape, implying a nonzero probability of
unusually high demand realizations — a critical consideration for inventory
planning and safety stock policies.

Overall, the hierarchical Bayesian approach provided a robust probabilistic
characterization of customer demand across products, efficiently pooling
information while retaining SKU-level heterogeneity. This framework enables
data-driven decisions in reorder point optimization, safety stock setting, and
demand forecasting under uncertainty.
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Figure 5. Posterior distribution of demand rate
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Predictive Distribution for Next Period Demand
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Figure 6. Predictive distribution for the next period demand

Posterior Distribution of Demand Rate for Multiple SKUs
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Figure 7. Posterior distribution of demand for multiple SKUs
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Figure 8. Predictive distribution for SKUs
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Predictive Demand with Reorder Points (95% Service Level)
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Figure 12. Predictive demand with reorder points

The hierarchical Bayesian framework offers several important insights and
practical benefits for managing customer demand uncertainty across multiple
SKUs. Unlike classical estimation methods that produce single-point forecasts,
the Bayesian approach provides full posterior and predictive distributions,
quantifying both the expected demand level and the uncertainty surrounding it.
This richer probabilistic output enables more informed inventory and
replenishment decisions.

The close alignment between the posterior means and the true underlying demand
rates demonstrates that the model effectively learns from limited data. Even with
only 30 daily observations per SKU, the posterior variance was small, suggesting
rapid Bayesian convergence. The use of hierarchical priors also allowed the model
to share statistical strength among SKUs—particularly valuable for items with
sparse or noisy data—thereby stabilizing estimates while preserving individual
SKU differences.

From a managerial perspective, these results imply that Bayesian demand
estimation can improve stock control and service-level decisions. The posterior
predictive distributions reveal asymmetric risk: occasional high-demand spikes
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that are not captured by deterministic models. Accounting for this uncertainty
allows managers to allocate safety stock more efficiently, avoiding both stockouts
and excess inventory.

In practical implementation, the predictive distributions derived here can feed
directly into reorder point optimization, service-level analysis, and lead-time
demand forecasting. Future extensions could incorporate covariates (such as price
or promotion effects) or temporal structures (such as seasonality or trend) within a
dynamic hierarchical framework, further enhancing forecast accuracy and
decision quality.

4.5 Supplier Lead Time

Lead time from suppliers exhibited variability due to production schedules,
transportation delays, and other logistical factors. The mean lead time was calculated
as 6 days, with a standard deviation of 0.25 days. Analysis of the lead time
distribution showed approximately normal, suggesting that occasional delays are
likely and must be incorporated into inventory planning to maintain service levels.

Bayesian Inference of Supply Chain Lead Time
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Figure 13. Bayesian inference of supply chain lead time
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Posterior inference for demand rate (1)

Using the conjugate Gamma posterior for the Poisson demand model, the
posterior for the daily demand rate A is

Gamma (a;A + z V.by +ngay. N

with X ¥ = 250 observed units over 60 days, the posterior parameters are (a=252)
and (b=61) (rate). Posterior draws give:

« Posterior mean 4 = 4.130 units/day.
e 95% credible interval: ([3.634, 4.668]) units/day.

The posterior is tightly centered near the true data-generating value (4.2) and
reflects the amount of observed demand data (60 days).

Posterior inference for lead-time (u, 6)
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We fit the Normal—-Inverse—Gamma model for lead time (L~Normally(u,a*))
using Gibbs sampling for (g, o). After discarding a burn-in of 3,000 iterations,
posterior summaries are:

o Posterior mean of lead-time mean: fi = 5.785 days.

e 95% credible interval for p: ([5.242, 6.323]) days.

o Posterior mean of lead-time standard deviation: 54 = 1.375 days.
e 95% credible interval for o: ([1.065, 1.805]) days.

These estimates show moderately tight posterior uncertainty around the true-
generating mean (6.0 days) and a posterior SD slightly below the true value (1.5),
consistent with the finite lead-time sample (n = 25) and the chosen priors.

Posterior predictive distribution: demand during lead time

We constructed the posterior predictive distribution of demand during lead time
by pairing posterior draws of A and L, sampling L~Normal(u, o) and then
D,;~Poisson(A - L). Summaries:

o Posterior predictive mean demand during lead time: E[D;;] % 23.96
units.
e 95% posterior predictive interval for D;r:[10,40] units.

The predictive distribution is right-skewed (Poisson mixing with a continuous L)
and reflects joint uncertainty in both demand rate and lead time.

Reorder points for target service levels

We recommended reorder points (R) as the empirical quantiles of the posterior
predictive demand during lead time (i.e., the minimal R such that
P(D,r < R) = target service level). Using the posterior predictive sample, the
round-up reorder points are:

o Cycle service level 90%: Rgg. = 34 units
e Cycle service level 90%: Rggy, = 37 units
o Cycle service level 90%: Rgqq, = 44 units
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These R values incorporate both parameter uncertainty and natural stochasticity of
demand during lead time, so they are larger than what a point-estimate approach
using 4 and /i alone would typically produce for the same nominal service levels.

Model fit and operational implications

o Posterior predictive checking (histogram and quantiles of D);7) indicates
the model reproduces the observed variability in lead-time demand
without obvious systematic misfit.

e Operationally, using the full posterior predictive distribution to choose
reorder points reduces the risk of underestimating safety stock that arises
from ignoring parameter uncertainty. In this example, the predictive mean
demand during lead time (~24 units) and the 95% upper bound (~40 units)
show the potential gap between an average-based policy and a risk-averse
service-level policy.
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Figure 15. Bayesian inference predictive distribution
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03 Posterior predictive: lead time distribution
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Figure 16. Bayesian inference predictive distribution

Posterior of Mean Lead Time
T T

N
o

-

o
®

Posterior Density
[=} o
-~ o

<
[N}

o

4.5 5 55

6 6.5 7
M (Mean Lead Time)

Posterior of Lead Time Std Dev
1.5 T

N

Posterior Density
o©
(5]

1 15

2 25 3
o (Lead Time Std Dev)
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Figure 18. Bayesian inference posterior of lead time

4.6 Reorder Point Analysis

Rogy,=44 |

40

The reorder point (ROP) in supply chain management is the inventory level at
which a new order should be placed to replenish stock before it runs out.
Essentially, it’s a trigger point that balances the risk of stockouts with the cost of

holding inventory.

Reorder point (ROP) = Average Demand during Lead Time + Safety Stock

where:

eAverage Demand during Lead Time = demand per day x lead time in days
eSafety Stock = extra inventory to protect against demand or lead time

variability

e[ ead Time Demand: The expected consumption while waiting for the new

order.

eSafety Stock: Buffer to prevent stockouts if demand or lead time is

unpredictable.

eGoal: Avoid stockouts while minimizing holding costs.
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The reorder point (ROP) was computed considering both demand variability and
lead time uncertainty. Simulation of inventory dynamics using this ROP
demonstrated that stockouts were minimized while avoiding excessive inventory
holding costs. Sensitivity analysis further showed that increases in demand
variability or lead time require proportional adjustments to the reorder pint to
sustain service reliability.
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Figure 19. Bayesian reorder point vs lead time
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Product 1: Expected cost vs R (R = 588.8)
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Figure 23. Expected cost vs. R; product 1
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Figure 24. Expected cost vs. R; product 2

Product 3: Expected cost vs R (R" = 1021.6)
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Figure 25. Expected cost vs. R; product 3
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800 Product 4: Expected cost vs R (R* = 360.9)
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Figure 26. Expected cost vs. R; product 4

The hierarchical Bayesian reorder-point analysis was implemented for four
products with unequal-length demand and lead time observations. Gibbs sampling
was performed for 8,000 iterations with 3,000 burn-in and thinning every two
iterations, yielding 2,500 posterior draws. The model successfully estimated both
demand and lead-time distributions while accounting for cross-product variability
through hierarchical priors.

Posterior results indicate clear differences in product demand and replenishment
behavior. The estimated posterior mean daily demand [E.' [,u }-] )and mean lead time

[E [A}-]) for each product are summarized below, along with their corresponding
optimal reorder points (R*).

Table 4. Posterior mean daily demand and mean lead time

Product | Posterior Mean Daily Posterior Mean Optimal Reorder
Demand (units/day) Lead Time (days) Point (R*) (units)

1 106.1 5.0 540.2

2 45.3 4.0 180.4

3 157.6 6.0 960.8

4 72.1 4.3 310.5

The posterior predictive distributions of demand during lead timeD; revealed
distinct uncertainty levels across products. Product 3 exhibited the highest
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variability due to its larger demand scale and longer lead times, while Product 2
showed the tightest posterior spread. Expected cost functions were evaluated
across a grid of reorder points for each product using the loss function:

C(R) = hE[max(0,R — D;)] + pE[max(0,D; — R)] Q1)

where h=1 and p=10. The cost curves were convex and well-behaved, with
clearly defined minima at R*. The optimal reorder points balanced the trade-off
between holding and shortage costs, increasing proportionally with both the mean
demand and the variability of D;. Visual inspection of posterior predictive
histograms confirmed that the Bayesian model adequately captured uncertainty in
demand and lead time. Products with more limited data (e.g., Product 2) benefited
from hierarchical pooling, producing stabilized posterior estimates and realistic
reorder thresholds. The hierarchical Bayesian reorder-point model provided
meaningful insights into the demand and inventory behavior of the four analyzed
products. Posterior estimates revealed that products with higher average demand
and longer lead times required substantially larger reorder points to mitigate the
risk of stockouts. For example, Product 3—characterized by both high mean
demand and longer replenishment time—showed the highest optimal reorder
point, reflecting the system’s need for greater safety stock. In contrast, Product 2,
with low and stable demand, exhibited the smallest reorder threshold and
narrowest uncertainty range. These findings illustrate the balance between
inventory holding costs and shortage penalties in the reorder-point decision. The
convex cost functions derived from posterior predictive simulations showed clear
minima, confirming that the Bayesian optimization effectively identified cost-
efficient thresholds. The results also demonstrated the advantage of hierarchical
modeling: products with limited or noisy data benefited from shared information
across the product hierarchy, resulting in smoother posterior distributions and
more realistic reorder policies. The hierarchical Bayesian approach provided a
robust probabilistic foundation for inventory control. It integrated uncertainty in
both demand and lead time while sharing information across products, leading to
more reliable and data-driven reorder-point decisions compared with deterministic
or non-hierarchical models.

Overall, the model captures the full uncertainty in both demand and lead time,
producing actionable probabilistic reorder points rather than fixed, deterministic
values. This probabilistic insight is particularly useful for supply chain managers
facing variable demand or unreliable supplier performance.
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5. Conclusions

This study applied a hierarchical Bayesian model to estimate and forecast
customer demand across multiple SKUs, demonstrating the effectiveness of
Bayesian inference in capturing both expected demand levels and the uncertainty
surrounding them. The results showed that posterior estimates closely matched the
true underlying demand rates, confirming the model’s ability to learn efficiently
from limited data. By modeling demand probabilistically rather than
deterministically, the Bayesian approach provides decision-makers with credible
intervals and predictive distributions that better represent real-world variability.
This enables more accurate and risk-aware inventory management, including the
setting of reorder points and safety stocks. The hierarchical structure further
enhances robustness by allowing information sharing among products, improving
estimation for SKUs with sparse or volatile data. In summary, Bayesian demand
estimation offers a comprehensive, data-driven foundation for supply chain
planning, supporting more resilient and adaptive operations in uncertain market
environments. Future work could extend this framework to dynamic Bayesian
models incorporating seasonality, promotions, or external demand drivers,
enabling continuous learning and improved forecast accuracy over time.

The Bayesian joint inference framework effectively captured the
uncertainty in both daily demand and supplier lead time, yielding realistic and
data-consistent estimates. Posterior inference for the Poisson demand rate
demonstrated that the posterior distribution was sharply concentrated around the
true demand level (=4.2 units/day), confirming strong learning from 60 days of
data. Similarly, the Normal-Inverse-Gamma model for lead time accurately
recovered the true mean (=6 days) and variability, with moderately tight credible
intervals reflecting the smaller sample size (n = 25).

By combining posterior draws of demand rate and lead time, the posterior
predictive distribution of demand during lead time provided a comprehensive
characterization of uncertainty. The resulting distribution was right-skewed and
wider than a simple deterministic estimate, illustrating how both parameter and
process variability contribute to the total uncertainty in inventory needs.

Reorder points derived from the posterior predictive quantiles provided service-
level-specific inventory thresholds that are more conservative and robust than
point-estimate policies. These Bayesian reorder points account for both stochastic
and parameter uncertainty, ensuring higher service reliability without unnecessary
overstocking.

Overall, the Bayesian approach offered a coherent and interpretable framework
for integrating demand and lead-time uncertainty. It improved decision quality by
quantifying the full predictive risk in lead-time demand and enabling data-driven
selection of reorder points aligned with desired service levels.
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