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Abstract

Some perturbation estimates for the unique positive definite so-
lution of a nonlinear matrix equation connected to the interpolation
theory are derived. The considered estimations are modification of
some existing one. They are obtained by similar transformations of
the matrix coefficients with a positive definite matrix. The theoretical
results are illustrated by several numerical examples.
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1 Introduction

In this paper we derive new perturbation estimates for the matrix equa-
tion
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where A1, Ao, ..., Am, Q are n X n complex matrices, ) is a Hermitian pos-
itive definite and A* is the conjugate transpose of a matrix A.

Throughout this paper, CP*? denotes the set of p x ¢ complex matrices
and H™*™ denotes the set of n x n Hermitian matrices. The notation A > 0
(A > 0) means that A is a Hermitian positive definite (semidefinite) matrix.
If A—B >0 (or A—B > 0) we write A > B (or A > B). I (or I)
stands for the identity matrix of order n. The symbols || - ||, || - |ls, || - || &
and p(-) denote a unitary invariant norm, the spectral norm, the Frobenius
norm, and the spectral radius, respectively. For the matrices A = (a;;) and
B, A® B = (ai;B) is a Kronecker product. Finally, for a matrix Z, we
denote with Z the m x m block diagonal matrix with Z on its diagonal, i.e.
Z=1,%7.

Eq. (1) can be written as follows:

X-A*X'A=0Q, (2)
where
Aq
A — E G CmnXTL'
Am

Eq. (2) for m =1 arises in the analysis of stationary Gaussian reciprocal
processes over a finite interval [1, 2]. It has been investigated for the exis-
tence a positive definite solution in [1, 3, 4], and it has been executed the
perturbation analysis in [5, 6, 7, 8, 9].

Ran and Reurings [10] have investigated the equation

X-AX-0)'4=0, (3)

where A € C"™*" C' € H™ and C > 0. They proved that, under the con-
dition @ > C, Eq. (3) has a unique positive definite solution X, satisfying
)/{: > C. Eq. (3) is connected with certain interpolation problems [10, 12,
Chapter 7). Liu and Zhang [11, Lemma 2.1] have proved that, under the
condition @ > C, Eq. (3) is equivalent to an equation in the form of Eq. (2).
The perturbation analysis of Eq. (2) and Eq. (3) is executed in Yin and Fang
[13], and Sun [14], respectively. In addition, there are many contributions
in the literature to the solvability, numerical solutions, and perturbation
analysis for the matrix equations X — 7" A*X%A; = Q [15, 16, 17, 18],
X =" ATF(X)Ai = Q [19], Ao+ % oAz XPi A; = 0 [20, 21].

The unique positive definite solution X of Eq. (2) (or Eq. (3)) we will
call extreme.
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Now we consider the perturbed equation
~ o1 ~
X-A'X A=Q, (4)

where A and Q (Q > 0) are small perturbations of A and Q in (2), respec-
tively. We note that

Ay
A — : c Cmnxn
Ay,
where flz , i =1,2,...,m are small perturbations of A; in (1), respectively.

Let X be the extreme solution of Eq. (4).

Denote AX, =X, —X,, AQ=Q —Q and AA=A— A.

Yin and Fang [13] have generalized the perturbation estimation for the
solution X of Eq. (2) in case of m =1 (see [6, Theorem 3.1]). They have
derived the following result.

Theorem 1. ([13, Theorem 2.1]) Let A, @ and A, Q with Q, Q positive
definite be coefficient matrices for the matriz equations (2) and (4), respec-
tively. Denote

b=1—[AIZIXZE + X 2 1AQ]
¢ = [|AQl2 + 2 | All2 | X Iz AAll2 + X5 Iz A4 2,
and D =b* — 4CHXJ:1||2.
If

_ 2
(1= A2l X3 =)
X512

IABIXTHE <1 and  2[|AA]l2 + [|AQ]2 < )

then the extreme solutions X, and X, the respective equations (2) and (4)

satisfies
b—+D

[AX ]2 € —————
2| X2

= Serr .

For obtaining of a perturbation bound for the extreme solution of Eq. (2)
in [14] is required |(Xy — C)"'A4|s < 1. For Eq. (2) in case of m = 1,
| X A2 < 1 is required, also [6].

In this paper we propose new perturbation estimation to the extreme
solution to nonlinear matrix equation (1). Our estimations have wader filed
of applications than the those derived in Theorem 1.
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Applying the technique developed in [8], in the next section we modified
Theorem 1. The investigation was motivated by the fact that the condition

| X1 A2 < 1 are not always satisfied. Moreover,

IXT Al < IXT 2l All2, and X7 l2 = [1XTH2.

2 Perturbation estimates

We start with some preliminary result.

Lemma 1. ([22, Lemma 3.4.1]) Let Ay, ..., Ay, € C™™. Then p(3 ", AT ®
AY) < 1 if and only if there exists a positive definite matriz K such that
K—Y" AfKA; > 0.

The same result can be found in [23] (see the proof of Theorem 2.2).
Moreover, the inequality

(S 7o) <S5 ara
=1 =1

is derived in [22, 23].
Therefore, for the extreme solution X of Eq. (1) (Eq. (2)) we have

2

(X577 @ X7 Zm: AT @ A7) = o( i(X;lAi)T ® (X7'A)7) < 1,
=1

i=1

oS A0 @ (A < | S0 x| - KT Al
=1

i=1

In [8], we have introduced an example of Eq. (2) with m = 1, for which
the condition || X *A| < 1 is not satisfied. Moreover, Theorem 3.1 from [6]
is modified in [8] by replacing this condition with ||[PX7'AP~!| < 1, where
P is a positive definite matrix. For general case of Eq. (2) this situation
appears, also. We consider:

Example 1. ([13, Example 4.1], [10, Example 3.1]) Consider Eq. (2) with
m = 2 and matrices A and Q as follows:

—0.4326 —1.1465
—1.6665  1.1909 (01376 0.0656
0.1253  1.1892 | Q<0.0656 0.5616)'
0.2877 —0.0376

A:
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The approximation of the extreme solution

Y. ~ 1.1572575  0.01971555
7\ 0.01971555  3.3569583

we obtain after 200 iteration by formula

—

Xp1=Q+ A X TA, Xo=Q. (6)

In [13] it is shown that, for Example 1 the first condition of Theo-
rem 1 is not satisfied, therefore the bound S, is not applicable. Indeed

| X 2]l Alls ~ 1.9443 > 1. Moreover | X['Alj> = 1.4926 > 1, also, but
|PX{'AP~Y5 = 0.9621, where P = /Q + 2¢/Q.
Applying the technique developed in [8], we obtain the following result.

Theorem 2. Let A, Q and A, Q with Q, Q positive definite be coefficient
matrices for the matriz equations (2) and (4), respectively, P is a positive

definite matriz. Denote a = |PX *AP7Y|2, 8 = ||[PX{'P|2, where Xy is
the extreme solution of Eq. (2),

b=1-a+B|PTIAQP ™2,
— — 2
c=|P7PAQP |3 + 20| P-1AAP7Y ||y + B||P-1AAPT Y|y .
If a <1 and
— 1—a)?
2| P AAP o+ [PaQp e < B2
then D = b%> — 4¢B >0 and

b-VD = gF

IAX 2 < [IPI3 53 err -

Proof: The proof is like to the proof of Theorem 1 ([13, Theorem 2.1]) and
[8, Theorem 2.4]. Let X be the extreme solution of Eq. (4). By subtraction
of Eq. (2) from Eq. (4), we obtain

AX, + A XAXLX A - A XIAA - AKX TA=AQ.  (8)
From (8), using the equalities

X=X (I AX X T = (T X AX) T X
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we get
AX, = AQ + AA* (Lo + XTIAX,) 'XTH(A + AA)
- AN L + A XY (AR X A - A4) (9)
Let P be a positive definite matrix such that HP/X?IAP*1 H2 < 1. From

(9), we have

PIAX Pt =P AQ + AA (I + XT1AX,) T XT (A + AA) P
PN (L + AXG XS ) TN (AX XA — AA) P!

—PIAQP !+ PIAA P (Is + PX AKX, P1) !
x PX7'(A+AA)P! - P*lA*X/;WD
x (Is + PIIAX, X1 P) ' P=1(AX; X 1A — AA) P,

Let P : H™™ — H"™ " be the operator defined by P(B) = P~ 'BP~!.
Then
P(AX,) =P(AQ) + P"'AA*P (2 + PX7'PP(AX,)) "
x (PX;'AP™'+ PX'PP-1AAP™Y)
— P'A* X['P(I,2 + P(AX,) PX;'P)
x (P(AX,) PX; AP~ — P-1AAP™Y). (10)
Consider a map p : H™™ — H"*" defined by the following way

u(M) =P(AQ) + P! AA*P (I, + PX;'PM) ™"

x (PXTLAP~' 4 PX 1P P-1AAPY)
P X P(Is + M PX;P) !
x (M PX'AP~! — PIAAP™Y).
From (7), we have
26|PTAAP o + BIP(AQ) 2 < 1+ a® — 20,
from which follows that

b<2—2(a+ B8P TAAPY;,). (11)
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From the definitions of D, b, ¢ and by inequality (11) we obtain
D=1 —4cf=b>—4b+4 —4(a+ B|PLAAP3)* > 0.
Since D > 0, the quadratic equation
BS*—bS+c=0 (12)

has two positive real roots. If D > 0, then the smaller root is

b—+vD
Sy = :
2p
IftD=0,5 = % is the double root of (12).

We define
Ls, ={M e H"":||M]|2 < St}

For each M € Lg,, we have

_ _ b
IPXT'PM |2 < [|PXTTP|2||M]l2 < 8BS < 5 <1

Thus, the matrices I + PX;lPM and I,2 + PX;IP]/W\ are nonsingular,
w(M) is a continuous map and

1 S
1—||PX{'PM| ~ 1- 8%

|(Lz + PXZTP ) 7Y, <

For each M € Lg,, we obtain

a+ B P~ AAP,
1— 851

lu(M)]l2 <PAQ) |2 + [P~ AA* P

aSy + ||[PLAAP Y,
« 1- 35S,
(]_ — b)Sl +c

:—1*ﬂ51 =51.

Thus u(M) € Lg, for every M € Lg,, which means that u(Ls,) C Lg, .
By the Schauder’s fixed point theorem, there exists an M, € Lg, such that
w(M,) = M,. Hence there exists a Hermitian solution AX, of the equation
(10) for which

IP(AX.) 2 = [P AKX P2 < 51
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and
IAX.[l2 < [[PI3 51
Let
X, =X, +AX,. (13)
Since X is the positive definite solution of (2) and AX, is a Hermitian
solution of (10), then X, is a Hermitian solution of the perturbed equation
(4). i
Finally, we have prove that X, is a positive definite matrix, from which
follows that X, = X+ and AX, =AX,.
Since X is a positive definite matrix then there exists a positive definite
matrix square root of PX;lP. From (13), we receive

\/@ P(X.)\/PX'P=1+/PX{'P P(AX,)\/PX 'P.

Since

‘ ,/JDX;lJDP(AX*M/PXL—lpH2 < |IPX7IP|2 [P(AX)] < B8 < 1,
then \/ PX7'P P(X,)/PX 'P > 0. Thus X, is a positive definite matrix.

The theorem is completely proved. O

In applying of the above theorems difficulties arise in the choice of a
matrix P. Therefore, the question arises: How to choose the matrix P,

—

such that HPX;IAP*IHQ < 1 in Theorem 27?7 This question is an open
problem.

Now, we modify the proof of Theorem 2 and obtain a perturbation esti-
mate about an unitary invariant norm. We rewrite the perturbed equation
(4) in form (1):

i ArX7TA; = Q (14)

Theorem 3. Let A;, Q and A;, Q (Q > 0, Q > 0) be coefficient matrices
for the matriz equations (1) and (14), respectively, P is a positive definite
matriz. Denote a; = |[PX7'A; P72, B = HPX;1P||2, where X is the
extreme solution of Eq. (2),

by=1-> af+p|P'AQP™|,

m m
cr =|PTTAQPTY [ +2) au| PTTAAPT + 8 |[PTTAAPT.
i=1 =1
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If
m
Z oz? <1
i=1

and

ﬂPlAQP1+2J (BIPIAAPY + i) <1+ a?,  (15)

i=1 =1

then Dy = b% —4c16 >0 and

b1 —vD:
26

Proof: Let X, be the extreme solution of Eq. (14). By subtraction of

Eq. (1) from Eq. (14), we obtain

IAXL]| < [IPII3 = Ul

AXp 4+ (AFXTIAX XA — ATXTAA - AATXTA;) = AQ,
=1

and

AXy = AQ + D AAI(IT+XT'AX) T XTH (A + A4))

i=1

+ Y AXT I+ AXLXTH THAA - AX X)), (16)
i=1
Let P be a positive definite matrix, o; = HPXJ:lA,-P_lH and

m
Za? < 1.
i=1

Define the operator P(B) = P~"!BP~!. Then from (16), we have

m

P(AX)) =P(AQ) + Y [P_IAAi*P_l (I+PX;'PP(AX,))"
i=1

x (PXT' AP~ + PXT'PP(AA))]
+ 3 [P AIXTIP(1+ P(AXL) PXTP)
i=1

x (P(AA;) — P(AX+)PX;1AiP*1)}. (17)
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Define the map p by

W) =P(AQ) + 3 [PTlaAf PN (14 PXTIPM)
=1
x (PX' AP+ PX;lPP(AAz‘))}
+§3P4@XfPU+MPXfm]
=1
xawA&y—MPXfAJ*U}

From (15), we have

by <2-—2 (BIPLAAP 4+ i)
=1

Thus, from the definitions of D1, b1, ¢1, we obtain
m
Dy =0 —dc1f = b —dby +4 -4 (BIPTIAAPTY +a;)® > 0.
i=1
Since D > 0, the quadratic equation
BU?* —bU +¢1 =0 (18)
has positive roots. For D; > 0, the smaller root of the equation (18) is

b —VD1

b1
U1 — T

(U1 = %, for D1 = 0)

We define the set
Ly, ={M € H™" | M| < Up}.
For each M € Ly, we have
_ _ b
|PXTPAM < | PXF Pl < 603 < 2 <1,

Thus, the matrix I + PX;IPM is nonsingular, p(M) is a continuous
map and
1 1
— < .
1—||PX"PM]; 1—-pU;

|(r+Px7PAM) ), <
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For each M € Ly, we obtain

1 m
(M) < IP(AQ)] + D 20i[|P(AA)| + BIP(AA)| + iU
=1

- BU; &
=U;.

Thus pu(M) € Ly, for every M € Ly,, which means that u(Ly,) C Ly,.
By the Schauder’s fixed point theorem, there exists a M, € Ly, such that
w(M,) = M,. Hence there exists a Hermitian solution AX, of the equation
(17) for which

[PAX,)]| = [[PT'AX P < Uy

and
IAX.|| <|IP|3U, = UY .
Let
X, =X, +AX..
The proof of X* = X+ and AX, = AX, as above theorem. O

Remark 1. The conditions of Theorem 1 is more restrictive than the con-
ditions of Theorem 2, because

o — m
|PX AP < 30 Pxstap2,
=1
3 Numerical examples

We consider some numerical examples for illustration of the theoretical
results.

Example 2. Consider Eq. (2) with coefficient matrices defined in Example 1
and perturbations on the matrices A and Q

1 06
| 02 04 (04 0.7
— —J — —-J
AA=1071 g8 ga |0 AQE10 (0.7 o.3>’
0.6 0.1

respectively.
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The solution X+ to the perturbed equation we compute iteratively by
formula (6) as Xt ~ Xago.
We remain that for Example 1

X7 2l All2 = 1.9443 > 1, || X7 A2 ~ 1.4926 > 1,

but |PX*AP~!|3 ~ 0.9621, where P = /@ + 2/Q. Hence, Theorem 1 is
not applicable. In Table 1 the perturbation estimates by using Theorem 2
with different values of j are given.

Table 1: Numerical results of Example 2.
J j=4 J=5 Jj=6
[AX;]2 3.0193e — 04 3.0159¢ — 05 2.9752¢ — 06
sk 1.1394e — 02 1.0814e — 03 1.0763¢ — 04

err

Perturbation estimates for Eq. (2) have been obtained in [12, 20, 21],
also. Here we don’t compare these estimates. Our main intention is to
show that Theorem 2 is applicable, while Theorem 1 is not. The detailed
comparison for the existing estimates is an upcoming work.

Example 3. ([13, Example 4.1]) Consider Eq. (2) with m =2, n =4 and
matrices A and Q as follows:

—

A= ( A > Q=X - AX'A,

Ao
where
1 2 3 4 1 0 0 1
1 1 225 12 2 231 -1 1 0 1
Alzi ’ A2:7
wol| 2 9 7 3 45 | -1 -1 0 1
12 1 2 19 -1 -1 -1 1
and
25 1 1 1
1 25 1 1
Xy = 1 1 2,5 1
1 1 1 25

Consider perturbation on the matrices A and Q:

G0 _

—25 [ TCi+C; ” w14

AA=107% ( "Gyt ) L AQi=X, - AX{'A-Q,
[Ca+C3 1l



86 V. Hasanov

with X, = Xy +10"%(I — E), F being the 4 x 4 matrix with all entries
equal to 1, C1, Cy random matrices generated by MATLAB function randn.
For Example 3 we have

| X 2]l Allz = 0.2119 < 1, || X1 All2 &~ 0,1667 < 1.

Hence, both theorems 1 and 2 are applicable, as P = I. In Table 2 the
perturbation estimates for different values of j are given.

Table 2: Numerical results of Example 3 (P = I).
J Jj=2 Jj=3 j=4 J=5
|AX ]2 3.0000e — 04 3.0000e — 06 3.0000e — 08 3.0000e — 10
Serr 3.8874e — 04 3.8333¢ — 06 3.8837¢ — 08 3.8443¢ — 10
SE 3.6882¢ — 04 3.6362¢ — 06 3.6847¢ — 08 3.6458¢ — 10

err

Usually, when the conditions of both theorems (Theorem 1 and Theo-
rem 2) are satisfied, the estimate SZ . derived in Theorem 2 is shaper than

the estimate Se- given in Theorem 1.

Acknowledgement. I am grateful to the referee for helpful comments
and suggestions.
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