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PERTURBATION ESTIMATES FOR
THE MAXIMAL SOLUTION OF A
NONLINEAR MATRIX EQUATION"

Vejdi 1. Hasanov' Desislava I. Borisovat

Abstract

In this paper a nonlinear matrix equation is considered. Perturba-
tion estimations for the maximal solution of the considered equation
are obtained. The results are illustrated by the use of numerical ex-
amples.
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1 Introduction

We consider the nonlinear matrix equation

m
X+ AX'A =@, (1)
i=1
where A;, i =1,2,...,m, Q, are n X n complex matrices with ) Hermitian

positive definite, and A* is the conjugate transpose of a matrix A.
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Eq. (1) can be reduced to

m
Y+ BY !B =1, (2)
i=1

where [ is the identity matrix.

Eq. (1) is investigated by many authors [1, 2, 3, 4, 5, 6, 7] in cases of
m=1,and m =28, 9, 10, 11].

In general case of m > 1 Eq. (2) is introduced by He and Long [12]. They
proposed a basic fixed point iteration and an inversion free variant method
for finding the maximal positive definite solution of Eq. (2). Hasanov and
Hakkaev [13] considered the Newton’s method for Eq. (2) and in [14] give
convergence rates of some iterative methods for finding the malximal solu-
tion of Eq. (2). Duan et al. [15] give a perturbation estimate for the maximal
positive definite solution of Eq. (2) based on the matrix differentiation.

Moreover, Liu and Chen [16] investigated more general equation Y* 4
St AY A = Q, where s is a positive integer, and 0 < t; < 1, i =
1,2,...,m. By using the denotes X := Y* and ¢; := t;/s the above equation
can be reduced to

X+) AX4=0Q, (0<g<1). (3)
=1

Al-Dubiban [17] considered Eq. (3) in case of Q = I and ¢; are positive
integers. Yin et al. [18] obtained perturbation estimate of the maximal
positive definite solution studied of Eq. (3) in case of ¢; = ¢2 = -+ = @m.
Konstantinov et al. [19, 20] made a perturbation analysis of the matrix
equation Ay + Ele 0; A7 XPiA; = 0, 0; = £1, where p; are real numbers.
They obtained local and non-local perturbation estimations which depend
on the maximal solution. In [11] we generalized the estimation by Xu [5]
in case of m = 2, which does not require the solution to the perturbed or
the unperturbed equations. Moreover, Eq. (3), in case of m = 1 and ¢;
is a positive integer, is considered in many papers (see [21] and references
therein, for example).

The paper is organized as follows: in Section 2, we give some prelimi-
naries for the perturbation analysis. Generalizations of the estimation by
Xu [5] for arbitrary m and the estimation by Duan et al. [15] for @ > 0
and with slight improvement are obtained in Section 3. Moreover, in this
section we compare conditions which are applicable to our estimation and
the estimation by Yin et al. [18]. In Section 4, we give some numerical
experiments.
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Throughout the paper, the symbol ||A|| denotes the spectral norm of a
matrix A. The notation A > 0 (A > 0) means that A is a Hermitian positive
definite (semidefinite) matrix. For Hermitian matrices A and B, we write
A>B(A>B)if A—B>0(A—- B >0). A Hermitian solution Xy, of a
matrix equation is called maximal if X; > X for any Hermitian solution X
of the equation.

2 Statement of the problem and preliminaries

In this section we present some preliminary results.

It’s well-known that, if Y21 ||B;||* < 1, then Eq. (2) has maximal posi-
tive definite solution Y7,. Moreover, %I <Yy < I and it’s an unique solution
with these properties (see [8]).

Therefore, ||Y; || <2 and 2 <||Yz[ < 1.

Yin et al. [18] generalized above result for Eq. (3) with ¢; = ¢, which is
for ¢ = 1 as follows:

Lemma 1. If [[Q7 Y237, [|4]|? < i, then the mazimal solution X1, of
Eq. (1) exists and satisfies

_ _ 1
XM <207 and SlQI < 1Xe] < IQII-

Let the matrix coefficients 4;, i = 1,2,...,m and @ in Eq. (1) be slightly
perturbed as A; := A; + AA;, i =1,2,...,mand Q := Q + AQ, where AA;
and AQ are the perturbations in the matrix coefficients, respectively. We
consider the perturbed equation

CH S AR A =0, (1)
=1

with maximal solution X7 = X7 + AX[, where AX7 is the perturbation of
the maximal solution X7, of Eq. (1).
In this way Duan et al. [15] considered Eq. (2) and its perturbed equation

i BIY1B, - )

where B; = B; + AB;, i = 1,2,...,m, and obtained the following result:

Theorem 1. [15, Theorem 3.1] If
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m
(i) Y |Bil* < 1/4,
i=1

(i) 2 B[l ABi]| + > [AB|* < i > IBil%,

then equations (2) and (5) have mazimal positive definite solutions Yr, and
Y1, respectively, and

422 IBi] + [ABIDIAB] _
1 =47 (1Bil] + [|AB])?

H?L - YLH < Serr-

In [18] Yin et al. considered Eq. (3) with ¢; = ¢ and made perturbation
analysis. They result rewritten for ¢ = 1 as follows
Theorem 2. [18, Theorem 3.1] Let
: 1 12\ 2
(i) 0= = Q7P X_ll4il* >0,
i=1

(i) |1AQI < Q771 = v1-1),

RN, s 3 1
(iii) > (1A = 14:]1%) < . 2
=1

Then the equations (1) and (4) have mazimal positive definite solutions X,
and Xy, respectively. Moreover,

1 m - 3 m
[AXL <¢ 1AQI +2 ) IIX Al Al + X1 Y IAA?| =: By,
i=1 i=1

where

E=1-2Y AP, c=2max{|Q7", 1@}
=1

3 Main results

In this section we generalize two results obtained in [11] for Eq. (1) in
case of m = 2. The first is similar to the Duan’s result (see Theorem 1), but
it is for arbitrary right hand @ > 0 of Eq. (1).
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Theorem 3. Let

= 1
(i) 1Q7P Y A <
=1
) 1 e 2\ 2 —1y-1
(ii) 1AQ| < [2—”@ (X 14 ]!Q I
=1

o=~

e - 1 - &
(i) Y IAAP+2> Al A4l < [4 — Q7P 14
=1 =1 =1

Then the equations (1) and (4) have mazimal solutions X1, and X1, respec-
tively. Moreover,

= El,

1 - m
IAXL] < = [IIAQII +2(Q7 Y IAA 2] Aill + (A Al

=1

where

1 =1—4)QYINQM I IIAl*.

i=1

Proof: From condition (i) and Lemma 1 it follows that the Eq. (1) has
maximal solution X, and

_ _ 1
X <217 Sl < Xl < fell, (6)

Now, we will show that
A—1112 - 2 1 A—112 - A2 1
QP _NAl* < 5 Q7P YA < 7 (7)
=1 1=1

From identity Q! = Q' — Q'AQ Q! and condition (ii) we have

IR~ <@ M+ o~ Al

1 - 3 Ae
< Q"+ 2—||Q-1||(;||Ai|12) ]IQ .
Hence .
1671 < o]

T .
3+ (ZE 4?1
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Thus from condition (i) we receive

- m Q—l 2 zni A, 2 1
Q12D 1A < : 1Q 1% 225 (14l <z
pa 3+ 101y 14il?)

N|=

[

Therefore, the right hand in condition (%ii) is a positive quantity. The
second inequality in (7) follows from (%i1):

-

Q7112 D2 A < 1072 (1Al + [14il? <
i=1 =1

_ Therefore, from Lemma 1 it follows that the Eq. (4) has maximal solution
X, and

- - 1 - - -
IXH < 20Q7 1, sl < lIXcl < el (8)

After substraction of the equalities
m 5 B m B 5 5
Xp=Q-Y AX;'4;, Xp=Q-) A'X['A
i=1 1=1

we receive

AXL =Y AIXIAXLX T A = AQ - ) T AAIXTA - ATXTAA,
=1

i=1 =1
(9)
Denote by

pi=AX,— Y AIXAX XA
i=1

Pi=AQ Y AAIXTA - AIX['AA;
=1 =1
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Using (6) and (8) we obtain

el = Iaxz] (1= IXZ IR 1AlP)
=1
> [l AXc) (1= 41Q QY 14il2) = el AXell,
=1

1ol < HAQI+ D IAAIXE I (1Al + [|-Adll)

i=1

<[JAQ+2) [AANQ 2114l + [AA) = 1 Bn,
i=1
hence by (9) we have [|[AX | < cll el = L ||¢|| < E. O
We will prove the following theorem which can be considered as an ex-

tension of Xu’s result derived in [5] (The Xu’s result is for Eq. (1) in case of
m=1).

Theorem 4. Let

) [|A; *1<@ j=1,2,...,m;
(Z) H ]HHQ H Qm) J ) <y , M,

1 I L1y
(ii) 1AQ] < [2— (D 14i2)*le 1H] Q1"
=1

vm |1
(iii) HAAjH<ﬁ 54—

m 1
(D 14i2)* = 2v/m 14y
=1

HQlH} =1~
17=12,....m

Then the equations (1) and (4) have mazimal solutions X1, and X1, respec-
tively. Moreover,

1 2/m
|AX ] < o (HAQ’ + TZ HAAz'”> =: By,
=1

[AXL]| _ 2 (1AQ] , 15 HAA u
< — =: RFE>,
XLl Qn T m ; ?

1
where cg =1 = 2[|Q7 (221, 14ill*) 2.
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Proof: From condition (i) we have
- 1
1Q7HIZ X 4ill* < 5
i=1

hence by Lemma 1 it follows that the maximal solution X7, of Eq. (1) exists
and || X1 < 2lQ71.
Now, we show that

vm

N m ~_ N
[ A;11lQ 1H<%, 1A4;11lQ 1||<ﬂ, j=12,....m, (10)

hence we have

. LR 1 - o 1
1@ IAN? < 30 IQTHP Y AP < 4 (1)
i—1 i=1

From condition (i) (see the proof of Theorem 3) we have

~ -1
o —— 1 (12)
L4 (S0 140 Bl

Thus, by (iii) we obtain
mac{ |4 1Q 1 1AM@Y < (450 + 1A450) 197
1
lag QM+ ¥ {5+ [(Zma hai?)* = 2vmllaslle
<

L (2m 142) 2 QY 2m

Therefore, by (11) and Lemma 1 it follows that the maximal solution Xy of
Eq. (4) exist and || X; '] < 2[|Q~!||. Moreover, from (10) and (11) we have

m 1
2 o —
(D hau?) Ixz <1, (13)
=1
-~ S m S m .
JAIIEZ < X2 IANXE I < L2 =12, m. (14)

We consider equation (9) and the notations ¢ and ¢ in the proof of
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Theorem 3. For ¢ and ¢ by (13) and (14) we have

m
el = NAXll (1= IXZ IR D 1Al
=1

> 1ax[1 - 21Q (S 14) ] = el axa,
=1

1 < HAQI -+ D IAAIXE I (1Al + 11-Aill)

i=1

2/ —
<18Q| + 2L S Ad | = B
=1

Hence [AXL| < £l = vl < B».

= e
From (i) and Lemma 1 we have

el _, 4l _ vm

< 2, <—y 3=12,...,m.
| XLl 1 Xz m

Thus [|[AX,|/||XL]| < RE. 0

Now, we will compare our result (Theorem 3) with the preliminary ones
(Theorem 1 and Theorem 2). We consider different cases.

In case of @ = I and Q = I the conditions (i), (i) in Theorem 1 and
(1), (#i7) in Theorem 3, respectively, are the same and the condition (ii) in
Theorem 3 is satisfied. But £ < Sep.

In case of arbitrary ¢ > 0 we compare Theorem 3 and Theorem 2.
Obviously the conditions (i), respectively, are the same. For the right hands
of the inequalities in (i7), respectively, it is easy to verify that

m 1
L VToa< g QI 1Ad?)
=1

Hence there are examples for which the Theorem 2 is inapplicable. The
comparison of the conditions (iii) is more difficult. But, it can be found
an example such that the condition (#77) in Theorem 2 is satisfied while the
condition (¢i¢) in Theorem 3 is violated. For computation of the perturbation
estimate Fy in Theorem 2, we need the maximal solution of equation. But,
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by Lemma 1 we have

1 m B 3 m
By i=¢ 1AQI+ 23~ X AlAA] + X511 I1A4)?]
i=1

i=1
1 B m
<¢lIaQl +21Q7 I el + Iaailiaal] = B
=1

Now, we will compare estimates E; (from Theorem 3) and EY.. In case
of S, [ Ail] < S [ Ayll, we have € < e1. Moreover, if 1] < Q]|
the value of expression in brackets at Ej is less than that in Ef,. Therefore,
in case of Y7, Al < S |4 and [|Q7) < Q| then Ey < E.

Remark 1. If

L/l o~ < 12
a4l < 2 (3 = 07 I 1A IQT 72 =12 om,
=1

where
1
2

p= A+ (ZrAiH)2+(i—||@1|12Z||A2~||2)r©lu2m] ,
=1 =1 =1

then the condition (iii) in Theorem 3 is satisfied.

Now we give a perturbation estimat which does not depend on the coef-
ficients of the perturbed equation (4).

Theorem 5. Let
1 " 3
(i) ni=5 = 1Q7 (D l14il?)* >0,
i=1

(i) |1AQI <@~

n(2 - 3n)
412"

Then the equations (1) and (4) have mazimal solutions X1, and X, respec-
tively. Moreover

(iii) Y IAA|°+2) " | AlllAad) <
=1 i=1

1 - m
[AXL| < = (L=mIAQU+2[Q7M D (21 Aill + |AA) [ AAl| =: Es,
i=1

where c3 = n(3 — 4n).
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Proof: From conditions (i) and (ii) in the proof of Theorem 3 we obtained
that: the Eq. (1) has maximal solution X, and

_ _ 1
X <217 Sl < Xl < jell,
I~ _le i

107 < r= T
LI (S AP

Thus, by condition (iii) we have

- mo Q_l 9 m
107 S IAE < YA + 4
=1 =1

n2-3n  (1-29)?° 1
Sai—gpe Taa e T

_ Therefore, from Lemma 1 it follows that the Eq. (4) has maximal solution
X L and

_ . 1.~ - -
XL <217 Slell < IXcll < [l

We consider equation (9) and the notations ¢ and 1 in the proof of
Theorem 3. For ¢ and ¢ we have

m
ol = NAaXll (1= IXZ IR D 14dl?)
=1

1—2n)? c
> || ax) [1—<1 n>]: AX.,
-1 L=

1l < HAQI+ D IAAIXE I (1Al + 1]Aill)

=1

2[Q7!| & c3
<f1aQ) + ALY s zial + 1aa) = 25,
=1
hence by (9) we have |[AX L[| < 22|l = 224 < Es. m

1

Remark 2. If n= % - ||Q_1||(Z;11 ||AZ||2) >0 and

n(2 — 3n)
(1—20)2+2\/4(1 - 20" + m[[QT?n(2 — 3n)’

j=1,2,...,m, then the condition (iii) in Theorem & is satisfied.

VS
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The disadvantage of the estimates in theorems 2 and 3 is that they
depend on the coefficients of the original equation and those of the perturbed
equation.

4 Numerical experiments

In this section we illustrate the theoretical results by three numerical
examples. We consider Eq. (1) in case of m = 3 and n = 5.
For comparing the results with Duan’s result in first example we have

Q=ITand Q=1.
Example 1. We consider Eq. (1) with matriz coefficients
Q:=1, A :=VAyuV, i=1,23,

where
Agp = 10~ 2diag(19 15 15 12 22),

Aga = 10~2diag(26 21 20 27 29),
Apz = 10~ 2diag(19 21 29 25 22),
V=I-20w"/5 with v=(11111)T,

and perturbed equation (4) with perturbations in the coefficients AA; =
VAAOZ‘V, 1= 1, 2, 3 with
AAp; =107 7diag(1 1 2 1 2),

AAgz = 107 7diag(1 11 2 1),
AAgz =10 7diag(1 212 1).

The maximal solution X, of Eq. (1) with commuting matrices @) and
A;,i=1,2,...,m can be computed by the formula

1

0+ (@2 -1y aia)’
i=1

For computing X7 and X, in Example 1 we use formula (15).

In Table 1 the perturbation estimates for Example 1 with j = 4,5,6,7
are listed. For the estimate E, is denoted asterisk, because the condition
(7) in Theorem 4 is violated. We see that the estimate Fy followed by F;
is sharpest, but Fy depends to the maximal solution X7,.

Example 2. We consider Eq. (1) with matriz coefficients

Q:=VQW, A :=VAyuV, i=12.3,
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Table 1: Results for Example 1.

j 4 5 6 7
IAXL|| 3.668le —04 3.6649¢ — 05 3.6646e — 06 3.6646e — 07
Serr 4.8404e — 03 4.7954e — 04 4.7909e — 05 4.7905e — 06
Ey 4.8217¢ — 03 4.7935¢ — 04 4.7907e¢ — 05 4.7905e — 06
Ey 3.0784e — 03 3.0604e — 04 3.0586e — 05 3.0585e — 06
FE 4.7922¢ — 03  4.7906e — 04 4.7904e — 05 4.7904e — 06

FEy * * * *
Eq 6.4669¢ — 03 6.4647¢ — 04 6.4645¢ — 05 6.4644e — 06

where

Qo = 10~3diag(1 5 6 7 8),

Apr = 10~ %diag(19 15 15 12 22),

Az = 10~ %diag(26 21 20 27 29),

Apz = 10~ %diag(19 21 29 25 22),
V=I-20wl/5 with v=(11111)7T,

and perturbed equation (4) with perturbations in the coefficients AA; =
VAAV,i=1,2,3 with

AQo = 10"t Ddiag(2 21 1 1),
AAp; = 107 7diag(1 1 2 1 2),
AAge =107 7diag(3 11 2 1),
AApz = 107 7diag(1 2 1 2 1).

For computing X; and X, in Example 2 we use formula (15).

In Table 2 the perturbation estimates for Example 2 with j = 4,5,6,7
are listed. For the estimates EY,, Fy and E3 in case of j = 4 are denoted
three asterisks, because the conditions (7i7) in theorems 2 and 4, respectively,
are violated. Otherwise, we see again that the estimate Fy followed by E}
is sharpest, but Fy depends to the maximal solution X7.

Example 3. We consider Eq. (1) with matriz coefficients

1 0 0 01 1 -1 -1 -1 -1
-1 1 0 01 1 1 -1 -1 -1
Ai=a|l-1 -1 1 0 1|, 4=al1 0 1 -1 -1],
-1 -1 -1 11 1 0 1 1 -1
-1 -1 -1 -1 1 1 0 1 0 1
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Table 2: Results for Example 2.
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j 4 5 6 7
[AXL| 1.8379¢ — 04 5.4513¢ — 06 4.4407¢ — 07 4.3405¢ — 08
E}, * % 1.3331e — 05 9.9950e — 07 9.6787¢ — 08
Ey * % 6.9808¢ — 06  5.3050¢ — 07 5.1464¢ — 08
E,  4.4804e —04 1.3096e — 05 9.9881e — 07 9.6780e — 08
Es» * * 9.1330e — 05  9.1330e — 06  9.1330e — 07
Es  7.9299¢ — 04 2.2409¢ — 05 1.6720e — 06 1.6151e — 07
1 0 1 01
-1 1 1 01 3
Ay=al-1 -1 1 0 1|, Q=X+ AX;'A,;
-1 -1 -1 11 i=1
-1 -1 -1 -1 1

where o = 1/2000 and X1, = ﬁdiag(l 2 32 1), and perturbed equation (4)

with perturbations in the coefficients

%

Ci
109]| G|’

7=

1,2,3,

and AXp =

CI+C4

10975 ([ CT + Cy |

where Cy, i = 1,2,3,4 are random matrices generated by Matlab function

rand.

In Table 3 the perturbation estimates for Example 3 with j = 5,6,7,8

are listed.

In case of j = 5 for all estimates are denoted two asterisks,

because the conditions (i7) in the respectively theorems are violated. Also,
in case of j = 6 for estimates EY,, Ey are denoted two asterisks.

Table 3: Results for Example 3.

] 5 6 7 8
IAX| 2.8184e —04 5.4954e — 05 1.0715e — 05 2.0893e — 06
E, ok o 2.7153e — 04 5.2024e — 05
Ey K% Kk 2.6657e — 04 5.1528e — 05
FEq *ok 1.3513e — 03 2.6806e — 04 5.1941e — 05
Es Kok 2.8882¢ — 03 5.3835e — 04 1.0303e — 04
FEs *ok 1.9309e — 03 3.6002¢ — 04 6.8910e — 05
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