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Abstract

Stationary flow with heat transfer in a gas is investigated within
Rational Extended Thermodynamics. A rarefied gas is considered in
the gap between two confocal elliptical cylinders or non-coaxial circu-
lar ones. In both symmetries, internal and external cylinders are kept
at two different constant temperatures and a flow in the axial direc-
tion is generated. Both Couette and Poiseuille problems are studied in
these two symmetries. The solutions of the linearized field equations
are determined and compared with the solutions of Classical Thermo-
dynamic. Then, some non-linear effects are investigated. It is shown
that the non-linear terms are able to describe some additional effects
that are present in the Kinetic Theory but cannot be obtained within
Classical Thermodynamics. In particular, non-vanishing stress tensor
components and an axial heat flux are recovered in addition to the
classical solutions.
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1 Introduction

The description of physical phenomena in rarefied gases far from equilibrium
is a relevant topic both from the theoretical and from the experimental point
of view. It motivated many studies and experiments in order to catch the
main features of the problem.

Stationary heat transfer in rarefied gases is the simplest non-equilibrium
example, so it is always used to test and compare different approaches and
methods. In some cases, the heat transfer problems were studied in a gas at
rest, or sometimes in addition to Couette and Poiseuille flows to verify some
particular properties of the models and to investigate the relation between
the velocity and temperature fields.

Normally, the study of these phenomena is developed inside Classical
Thermodynamics (CT) [20, 30], that is able to describe non-equilibrium
phenomena under normal conditions. The fields of CT are the density,
the velocity and the temperature. The field equations are based on the
conservation laws of mass, momentum and energy that are closed by the
Navier-Stokes and Fourier laws. It was shown that, for rarefied gases, the
solutions of CT are not in complete agreement with the experiments or with
the numerical integration of the Boltzmann equation [13, 34, 33]. Therefore,
in these cases, a different theory must be taken into account.

It was shown that Rational Extended Thermodynamics [31, 36, 37] is
able to predict a more reliable behavior than CT for rarefied gases or when
strong deviations from the equilibrium state occur. Rational Extended Ther-
modynamics (RET) considers as fields not only the density, velocity and
temperature but also the stress tensor and the heat flux and other non-
equilibrium quantities. The field equations are based on balance equations,
closed using universal physical principles, like the Entropy and the Galilean
Principles. The field equations of RET form a symmetric hyperbolic sys-
tem. Hyperbolicity guarantees finite speeds of propagation and symmetric
hyperbolic systems have convenient and desirable mathematical properties,
namely well-posedness of Cauchy problems, i.e. existence, uniqueness, and
continuous dependence on the data.

In the particular case of rarefied gases, Rational Extended Thermody-
namics moves very close to the Kinetic Theory. In fact, the fields are the
moments of the distribution function and the balance equations are obtained
directly from the Boltzmann equation [31]. The constitutive relations coin-
cide with those obtained with the Grad’s distribution function [25, 26].

Rational Extended Thermodynamics was tested in many physical exam-
ples and it turns out to be more suitable than Classical Thermodynamics
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for the description of rarefied gases; we recall, for example, light scattering
[42], shock waves and shock structures [43], phonon theory [24]. Moreover,
RET has been applied to relativistic phenomena [29], chemically reacting
mixtures of gases [28] and radiation phenomena [38].

More recently, different studies on Rational Extended Thermodynamics
have been carried out on heat transfer in gas mixtures, see [3] and in the
references therein. The RET Theory was also generalized to dense and
rarefied polyatomic gases, both in the classical [36, 37] and in the relativistic
framework [35, 2, 1], and also different materials like metal electrons [4],
quantum systems [39], graphene [40], blood flow [12], gas bubbles [15, 16, 17],
nanofluids [11] and biological models [19, 27, 10], providing in all cases
relevant results.

It has been shown [32] that Rational Extended Thermodynamics is dif-
ferent from Classical Thermodynamics for the heat transfer problem if the
phenomenon takes place in a non-planar domain. Starting from the first re-
sults [32], different cases and different effects are studied, such as the study
of non-inertial effects in a heat conduction problem in a rarefied gas [9] or
in gas mixtures [3]. Then, stationary heat conduction in more complex 3D-
domains is considered in the linearized case [6] or taking into account the
non-linear terms [8]. Moreover, the heat transfer together with the axial
[5] or helicoidal [7] flows between circular cylinders are investigated. In all
studies, it was shown that the differences between Classical and Rational
Extended Thermodynamics become more evident when the curvature of the
domain is higher or when more complex effects are taken into account.

In this paper, starting from the previous results, the heat transfer prob-
lem in a rarefied gas together with Couette and Poiseuille flows in particular
3D-domains are investigated. The gas is in the gap between two elliptical
cylinders or two circular non-coaxial cylinders. The simple stationary heat
transfer problem in these 3D-domains was already investigated in [6]. Here
the additional effect of the two flows is studied. The paper shows that in
the linearized case, the velocity and temperature fields are uncoupled, so
no differences between the heat transfer fields with or without flow can be
highlighted. On the contrary, in the non-linear case, although the integra-
tion of the whole set of field equations is too complex, and a perturbation
analysis, similar to the one carried out in [8], must be performed, interesting
coupled effects arise. The solutions are shown and all effects of the differ-
ent geometries and of the velocity field on the heat transfer problem are
presented.
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2 Field equations

In Kinetic Theory [18] the state of a gas is described by the phase density
f(x,¢c,t), such that
f(z, e, t)de (1)

represents the number of atoms at & and ¢ with velocity between ¢ and
c+de

In a monatomic gas, the phase density satisfies the well-known Boltz-
mann equation that, in an inertial frame, assumes the form

of of of

aJrCiaixiJrfiafCi:Pv (2)

where f; is the specific external body force, and P is the collision operator
that depends on the collisions between the atoms.

Grad’s theory [25, 26] or Extended Thermodynamics of Moments [31]
describes the state of the gas at a macroscopic level. They consider as fields
variables the moments of the phase density, defined as

Filig...iN =m / Ci1Ciy - - - Cz'Nde, (3)

where m is the atomic mass. In particular, for the rank “0” and “1” one
has

F=p,

(4)
F; = pvy,

being p the mass density of the gas and v; its velocity. By use of v;, it is
possible to define the peculiar velocity C; = ¢; —v; and the internal moments:

Pivig..iny — M / Ci,Ci, . .. C’iNfdc. (5)

Some of these moments can be related to more common thermodynamic
fields. Indeed, for the moment of rank “2”, p;; = —t;; holds, where ¢;; is the
stress tensor. Its trace is py = 3p = 3%3 oI, where p is the pressure, kp is
the Boltzmann constant and 7' is the temperature. For the moment of third
rank, one has p;;; = 2¢;, where ¢; is the heat flux.

Multiplication of the Boltzmann equation (2) by mc;, ¢i, . .. ¢;,, and inte-
gration over all ¢ give balance equations for the moments that, in the BGK
[14] approximation, read
Fiiy..iy — FF

181 N zg;kzN _NF(i1i2---iN71fiN) = — - 1112 ZN’ (6)

OF;
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where 7 is the constant relaxation time, the symbol “E” stands for the
equilibrium value and round brackets in the indices indicate symmetrization.

Taking into account the definitions of peculiar velocity and of the mo-
ments (3, 5), it is possible to get the relations between Fj, i, iy and pijig. iy
that can be written in the compact form:

Y /N
Fijiy.ixy = Z < k ) Plivig..in_1Vin—gt1--Vin)- (7)
k=1

Substituting Fj,i,. i, from relations (7) into equations (6), it is possible
to recover the balance equations for the internal moments that, in general,
is an infinite hierarchy of balance equations for the p; i,. iy -

It is common to consider only the first thirteen equations, since only the
first thirteen moments have a clearly physical meaning. So the set of field
equations becomes explicitly

dp v,

4 P = 07

dt oxy.

dv; | Opix
pet+ P pfi=0,

dt 8xk (8)
dpij 0wk Opigr o O%) __ p<ij>

dt p”axk Ozy, Plki Ozy, T’

dg; | 10piku Ovp 3 dvgy 3 duy g

A 2 ony | Tom, T2PTq TPk, T T

with d(-)/dt = 9(:)/0t + v O(-)/Oxk. The first two equations and the trace
of the third represent respectively the conservation law of mass, momentum
and energy. The traceless part of the third equation and the forth are
balance laws for the traceless part of stress tensor and the heat flux.

System (8) consists of thirteen balance equations, for the thirteen fields:
p, vi, T, p<ij> and g;. Unfortunately, it is not closed due to the presence
of p<ijk> and p;ry, which are not explicitly expressed in terms of the field
variables. A possible way to close the system is using the Grad’s distribution
function [25, 26], which starts from an expansion of the phase density in
terms of Hermite polynomials in Cj:

g () (- 205
T ©)

- ajk(kBiT) (Cc Cy, — 328% 5(2-].%) 4o ]

fGZfE[CL
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where fg is the Maxwellian distribution function and the coefficients a must
be determined.

Inserting (9) into the definitions (5) appropriate to the first thirteen
moments, it is possible to get the coefficients a’s explicitly in terms of the
field variables. So the Grad’s thirteen moments distribution function reads:

1 m 1 m 1 m
fa fE[ + % kBTp<1J> iLj pkBqu i 5kpT (10)
By substitution of this distribution into the definition (5) appropriate to
p<ijk> and p;xy it follows

P<ijk> = Oa

kg kg (11)
pikit = Sp—T0;, + T—T pjt>.

m m

These are the required constitutive relations. Then, substituting (11) into
the balance equations (8), it is possible to obtain the closed system of field
equations in terms of the fields. It can be integrated under particular con-
ditions and every solution is called a Thermodynamic Process.

3 Geometrical description of the problem

In this paper, we consider the stationary heat transfer in a classical ideal
monoatomic gas together with two different kind of flows inside two different
3D-domains. Indeed, as explained in the introduction, we study the Couette
and Poiseuille flows between two confocal elliptical cylinders and two non-
coaxial cylinders. In order to describe these flows, we introduce two different
and appropriate sets of orthogonal coordinates indicated with (z!, 22, 23).

3.1 Confocal elliptical cylinders

Elliptical cylindrical coordinates [44] are related to the Cartesian ones by

x1 = ccosh z! cos 22,
r9 = csinh 2! sin 22, (12)
x3 = 23,

where the length 2c¢ represents the distance between the common foci and

<<z 0<z22<2n — 00 < 23 < 0. (13)
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The coordinate surfaces are

cosh? z1 + sinhZ 21 ¢
2 2
T T3 62 (14)
cos? 22 sin? 22 ’
T3 = Z3.

Their intersection with the plane z3 = 0 is illustrated in Fig.1(left). For
this set of coordinates, the metric tensor is diagonal and its non-vanishing
components are

2 1
1n_ 22 33
= =g=— =1 15
g g IT cosh(2z1) — cos(222)’ g (15)

Moreover, the non vanishing Christoffel symbols become

1 _pl 172 12 _ sinh(2z1)
=Ty =T =17 = cosh(2z1)—cos(222)’

2 _ 12 _pl _pl o sin(22?)
[oy= 17, =T, =13 =

cosh(2z1)—cos(222)

3.2 Non-coaxial circular cylinders

Another set of orthogonal coordinates, used here in order to describe this
heat conduction problem between two non-coaxial circular cylinders, are the
bi-cylindrical coordinates [44]. These are related to the Cartesian one by:

sinh 21
1 =cC
! cosh z! — cos 22’
.9
sin z (17)
T9=c
2 cosh z! — cos 22’
xr3 — 23,
with
z; Szlgzil, 0< 2% <2n, —00 < 2% < 0. (18)

The coefficient ¢ is related to the radii of the internal circles, a, and external
b, respectively
c c
= VT, S — 19
sinh z} sinh z! (19)

Moreover, if d is the distance between the centers of the circles, it follows:

= —[(d* —a® — b*)* — 4a®V?]. (20)
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The coordinate surfaces are:

(z1 + ccoth 21)? + 23 = ?(coth? 21 — 1),
22 + (z9 — ccot 2%)? = (cot? 22 + 1), (21)
xTr3 = 23.
Their intersection with the plane z3 = 0 is shown in Fig.1(right). Also in
this case the metric tensor is diagonal:
1 _ 22

1
g =g =g= —2(COS 252 — COSth)Q, 933 = ]-7 (22)
C

while, the non-vanishing Christoffel symbols assume the form

1 _ 1 _ 712 12 _ sinh 2!
Fll - _F22 - Fl? - F21 ~ cosz2—cosh z1”’

2

2 2 _ 11 11 sin z
FQ? - _Fll - Fl? - F21 ~ cosz2—coshzl"

x10°% %103

Figure 1: An illustration of both the coordinates: confocal elliptical cylinders
on the left and non-coaxial circular ones on the right.

4 Dimensionless field equations

In both geometries, a stationary phenomena is considered. Furthermore it is
assumed that the flow occurs in z3-direction, coincident with the cylinders
axis, so only the third component of the velocity doesn’t vanish and all
fields depend only on z' and z?-coordinates. Then, in terms of the physical
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components of the tensor [36, 41], we introduce the dimensionless variables

<ij>

]5:£7 TZ?’ ﬁ<ij>:p ) §:0297
pe e p€ ( )
| i k
F=—Lt  §=—"—  Kn=_y/Z1,
pey/ 52T VBT e

where p. and T, are the pressure and the temperature at the external bound-
ary, respectively. Kn is the parameter of the problem. It is proportional to
the Knudsen number, that is a dimensionless number defined as the ratio
between the molecular mean free path length and a representative physical
length scale. Kn is a good measure for the degree of gas rarefaction.
In terms of the dimensionless field variables, under the previous assumptions,
the field equations become

@ + 8ﬁ<11> 8ﬁ<12>
021 021 022

b <12> 3~<22>
822 + p + Paz2 +F22p<22> FQ ~<11> +2F1 ~<12> 0

+ F11p<11> Fl ~22> + 21—\2 ~<12> 0

9p<13> 3p<23>+F1 <13>+F2 ~<23> _

0z1 8 2 857

6 99 20 211 1, 612 2 p<i>

50z + 5 z2 + Fllq + F22q T Kn/g’

207 | 6 671 ~1 4 272 ~2 _ _ p<?>

5 921 + 5 22 + Fllq + F22q - _Kn\/:7

0q! 9% _

oo +3 z2 +T11¢" + T35 +p<13s P2 azl + p<23>352 =0,

gaq + 28‘1 2F1 ~2 F2 ~1 __ _,5<12> (25)

5821 T 50922 119 224 Knvg’

266 S998 | ~<11> 6v ~<12>90% _ _ p<!3>

5 +p6z +p rtp 022~ KnJ3’

2 =99 | ~<22> 8u ~<12>9v3 _ _ p=8>

50 +p82 +p x+p 921 — an’
<11> 8T <12> 8T 8p 43093 gt

z +7p 922 2T + 5p + 54 59 921 2Kn\f’
~<12> 8T ~22> 6T _ 8p ~3 o3 q?

7P +7p 2T + 5p + 50 52 2Kn\/§’
<13> dT <23> 9T | 14 i 953 | 14 2953 _

7p T+ 7p 2 T 59 50 T 54752 = 2an’

In the following, we will present some solutions of equations (25) assum-
ing as dimensionless boundary conditions the pressure p. = 1, the internal
and external boundary temperatures T; = 1.15 and T, = 1.

In addiction, for the Couette problem, we will consider different values
for the velocity at the internal boundary is v;, while at external cylinder
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we will have v, = 0. For the Poiseuille problem, we will consider both
¥; = ¥, = 0 and the flow will be generated by external force ¢.

5 Linearized field equations

A possible way to obtain a particular solution of these problems is to linearize
the system of field equations (25) around an equilibrium state characterized
by po = 1, Tp = 1, ﬁ<”> = 0 and ¢} = 0. In this case, the system of
field equations coincides with the set (25) where the underlined terms are
neglected.

Manipulating this system, it is possible to obtain the analytic solution:
the pressure p is constant and equal to the boundary value p. = 1;

p=1, (26)

the temperature and the velocity fields must satisfy the following Laplace
or Poisson equations

5 92T 92T
AT = 512 + g2 = 0,

y 5 (27)
AP = ?21;2 + 6?22)32 = —,

where A(-) is the Laplace operator in the (z!,2%)-coordinates. The last
equation is the Laplace equation for the Couette flow (¢ = 0) or a Poisson
equation for Poseuille flow. These equations must be integrated with the
appropriate boundary conditions. Once the solutions for 7" and ©° is known,
they can be inserted in the remaining linearized equations (25)s_12, that can
be written in the more compact form as

' = -3KnVGlL 95

i* = —5KnVidk,

¢ =0, (28)
p<13> = _Kn\[azl’

p<3> = _Kn 8z2

These equations coincide with the classical Navier-Stokes and Fourier as-
sumptions, so no difference can be detected for these fields using the linear
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RET equations. On the contrary, inserting the temperature field in the last
linearized equations (25)45 7, it follows

~ I 9T 2
> = —p<2> — —okn?g(Th 8% — 13,95 — 28 ),
<12> 2~(12 oT 1 o7 2T (29)
p = —2Kn Q(F22 ot t Iy 922 821822)’

and for these quantities we get the differences from the classical solutions.
Indeed, Navier-Stokes and Fourier assumptions neglect the existence of non-
vanishing p<'>, p<?2> and p<1?> components. Here, instead, we get small
but non-vanishing traceless parts of the stress tensor that depend on the
temperature field.

Due to the geometry of the domains and the boundary conditions on
the fields, it is possible to assume the temperature and velocity as depen-
dent only on the z'-coordinate. In this way, equations (27)2,3 can be easily
integrated in order to get

zt — 2} i
s ) ¢(20)? — ¢(21)? + 20, — 29
123 — 75(’21)2 + e 2<Z{_ Zi) e ZzlJr (30)
L PG A 4 Pz () - 20z + Wiz
2(zt - 2}) ’
and, from (28) and (29), it follows
5 T. - T;
~1 ~Le i
= —7K -
_ ~ oy T.—T,
p<11> — _p<22> _ _anQth 1e 117
2l — 2]
T. T, 31
ﬁ<12> _ _2Kn2g1—\%2 f :'li’ ( )
e zi
7> — kG| — etk P(22)* — p(21) + 20e — 20;
’ I 21— 2) |
q'z — ﬁ<23> — q‘?) =0.

In these solutions, the temperature and the velocity fields depend only on
2!, while, for the other fields, the dependence on z? and on the geometry
occurs through the variables g, I'l; and I'2,.
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From (30), it is clear that in both geometries the temperature is a linear
function of 2!, while #° is a quadratic function of z'. This means that in the
first geometry T increase linearly in the hyperboles (14)9, and it remains
constant in the ellipses (14);. Instead, in the other geometry T increase
linearly in the circumferences (21)2 while it is constant in (21);.

In Figs.2,3 (upper figures) we illustrate the temperature field (30); to-
gether with the corresponding heat flux ¢' in (31)1, appropriate to the two
different geometries for the Poiseuille flow.

The temperature and the heat flux coincide with the Fourier solutions
and they depend only on the geometry of the problem and not on the velocity
field.

In Figs.2,3 (middle) we show the velocity field (30)2 and the correspond-
ing stress tensor component 5<¥> in (31)4, that coincide with the prediction
of Navier-Stokes flow. Finally, in Figs.2,3 (bottom) we show the additional
fields p<''> = —5<22> and p<12> for the different geometries. The existence
of these new non-vanishing components of the stress tensor was already ob-
tained in [6]. They are additive stresses that depend only on temperature
field and not on the velocity field. Since, due to the linearization, the tem-
perature and the velocity fields are uncoupled and the solution for T and
¢' for the Couette flow coincide with the solution for Poiseuille flow illus-
trated in Figs.2,3 (upper). Instead, in Figs.4,5, we show the velocity field
©% in (30)2 and the corresponding stress tensor component p<!3> in (31)4
for the two different geometries. Finally, also for the Couette flow, there are
present the additional stress tensor components p<'> = —5<?2> and p<12>
that don’t depend on the velocity field so they coincide with the solution for
the Poiseuille flow illustrated in Figs.2,3 (bottom).

These fields are the only differences from the Classical Thermodynamic
solutions that can be obtained for the geometries here in consideration and
with the chosen boundary conditions. It is remarkable that they can be
already observed in the linearized case. In order to recover more precise
effects, we will present in the next section some non-linear effects.
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Figure 2: Solutions of the linearized field equations (27)-(29) for Poiseuille
flow with @ = 3 in elliptical cylindrical coordinates.
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Figure 3: Solutions of the linearized field equations (27)-(29) for Poiseuille
flow with ¢ = 3 in bi-cylindrical coordinates.
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0.15

Figure 4: Solutions of the linearized field equations (27)-(29) for Couette
flow with ©; = 0.4 in elliptical cylindrical coordinates. The temperature, the
heat flux, p<'>, 5<12> coincide with the correspondent solutions in Fig. 2.

Figure 5: Solutions of the linearized field equations (27)-(29) Couette flow
with ©; = 0.4 in bi-cylindrical coordinates. The temperature, the heat flux,

p<1> 5<12> coincide with the correspondent solutions in Fig. 3.

6 Reductive perturbation method

In this section, we consider a reductive perturbation method in order to get
a more detailed description of the problem that takes into account some
non-linear effects, too. In this paper we want to describe the behavior of a
rarefied gas, therefore Kn is small (Kn < 1). In this way, it is possible to
express the dimensionless fields as the sum of power series in Kn:

=> Knp®,  T=> Kn'T®, =) Kn%'

s>0 s>0 s>0
~<'L]> ZKn ﬁ<z]> ) qu _ ZKns(jz(s)

s2>0 52>0

(32)
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We insert these representations in the field equations (25) equating all terms
of the same order, to get the different orders fields in both Poiseuille and
Couette flow.

For the 0 order it follows:

op© ap©

o 0 e =0 (33)

and, integrating these equations, with the boundary condition (2}, 22) =
1, we get the solution
OG22 =1 (34)

While, for the velocity and temperature fields 539 and T, we obtain from
system (25), the following Poisson equations:

92530)  §23(0) )

a(21)2 + 822 -

270 9270 o <6173(0) ) 2 (8@3(0) ) 2

(35)

d(21)2 * 0(22)? * 5\ 0z + 5\ 022

that can be easily analytically integrated with appropriate boundary condi-
tions. For Poiseuille flow, we assume

TOG ) =T, TO%, ) =T, (36)
@3(0) (zzla 22) =0, ﬁS(O) (zelv 22) =Y

in order to get, by integration of (35), the following solutions

PO = AN - B2 +C,
1 (242" +B)* (37)

T(O)(Zl) = _15T +D21 +E,

where the constants A-FE are evaluated setting the boundary conditions (36):

A=3, B=-L(+a), C=-T:l4,

Do T. - 1T, 1 | (24z! + B)* — (242} + B)* (38)
zb =zl 60A2 2(zL — 2}) ’
-1 (24z} + B)* .
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As it can be noticed, the temperature is not anymore a linear function
but its behavior is affected by the velocity field. This non-linear effect is the
first difference from the linearized solution (30).

In Fig.6 the velocity #*(© and the temperature T are illustrated for
different labeled values of ¢. The figures refer to both geometries. Veloc-
ity coincides with the linearized solution (30)2, the temperature solution
depends on the velocity field.

Linear and Non-Linear ¢ = 2
Linear and Non-L
Linear and Non-1
Lincar and Non-Linear ¢ = 3.5
Linear and Non-Lincar & = 4

Lincar and Non-Linear G =5 ||

Linear and Non-Linear ¢ = 2
Linear and Non-Linea

Linear and Non-Li
Linear and Non-Linea
Linear and Non-Line:

—— — Linear
Non-Linear ¢ =2
Non-Linear ¢ = 2.5
Non-Linear ¢
Non-Linear ¢ = 3.5
Non-Linear ¢ = 4
Non-Linear § = 5

Figure 6: Poiseuille flow. Velocity and temperature in the linearized case
and zeroth-order as the force ¢ varies between 2 and 5. Left: confocal
elliptical cylinders. Right: non-coaxial circular cylinders.

For the Couette flow, we set ¢ = 0 in (35) and we consider the following
boundary conditions:

T(O)(zil, 22) =1T;, T(O)(z;, 2?) =T,

39
PO =5, POELP) =5 =0, »

Hence the non-vanishing 0** order variables appropriate to this flow, can be
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written as

5 L? Tzl —T.z}  L?
TO@N) = -2 (N + |H+ (2 +2) |+ =5 — =2,
25 — z; 5
(40)
where the integrating constants are
B — U 210, — 21, T. - T,
L:zl—z-l7 G= 2l — 21 7 H:zl—z-l (41)

Fig.7 illustrates the velocity and the temperature appropriate to Couette
flow at zeroth order. As before, the velocity still coincides with the linearized
case, while, the temperature shows non-linear effects, due the presence of
the velocity field.
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Figure 7: Couette flow. Velocity and temperature in the linearized case
and the 0" order as ©; varies between 0.4 and 1.2. Left: confocal elliptical
cylinders. Right: non-coaxial circular cylinders.
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The first order non-vanishing terms can be easily obtained from

_ 5 _9T)
q1(1)<21722) = —§l<n\/§ a 1
: (42)

o530
,5<13>(1)(zl,22) _ —Kn\/§ p
z
that result from the first order terms in the field equations (25). These equa-~
tions coincide with the classical Navier-Stokes and Fourier equations. So no
differences between the Grad’s and the classical solutions can be appreciate
in the first order. The solutions of equations (42) are illustrated in Figs.8-
9 for the different symmetries and the different flows. These figures show
that the stress tensor component 5<!3> coincides in all cases with the corre-
sponding linearized solution, since the velocity is the same of the linearized
case. Instead, heat flux component ¢*(!) differs from the linearized solution,
since the temperature field doesn’t coincide exactly with the linearized one,
but it depends on the velocity field.

Figure 8: (above) Elliptical cylindrical coordinates and (below) bi-
cylindrical coordinates in Poiseuille Problem with ¢ = 3.
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Figure 9: (above) Elliptical cylindrical coordinates and (below) bi-
cylindrical coordinates in Couette Problem.

Finally, for the second order terms, we have two differential equations
for the pressure p(?):

a];(Q) o L 9270)  §37(0)
=3K or —

821 3 n-g 11 8(21)2 8(2’1)3 ) (43)
op?) i 9270
- E— 15 0—s.

gz2 ~ O n050y

Their solution reads
. 6_/003\2
P22 = Kn?| P+ gg(@) ] , (44)

where P is the integration constant that must be evaluated according to the
condition p® (2}, 22) = 0.
From the remaining equations in (25) we get
51(2) — (72(2) =0,

ﬁ<13>(2) _ ﬁ<23>(2) —0.
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Therefore, in the second order there are no differences in the two component
of the heat flux ¢' and ¢* and of the stress tensor 5<'3> and p<?3> from
the classical Fourier and Navier-Stokes. Instead, already at second order,

we have new non-vanishing components of the heat flux and stress tensor:

o 0530 9T(0)

PP (1 2% =TKn

97021 021

7(0)

ﬁ<12>(2)(21722) = —2Kn2§F%2 8(9 10
z

9T 19270 (46)

1o Yoy
L o1 39270
gz 209(21)?

ﬁ<22>(2)(zl’ 22) — 2Kn2§

)

ﬁ<11>(2)(21722) — _2Kn2g T

Whence, by substituting the zeroth-order temperature field (37)2 appropri-
ate the two Poiseuille and Couette flow respectively, it is possible to get
explicit solutions. These solutions are shown in Figs.10-13.

Figure 10: Elliptical coordinates in Poiseuille Problem.

Solutions (46) are the main results of this paper. Indeed, they describe
some non-linear effects in addition to the classical Navier-Stokes and Fourier
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Figure 12: Elliptical coordinates in Couette Problem.
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Figure 13: Bi-cylindrical coordinates in Couette Problem.

Laws. In fact, we observe in Figs.10-13 a non-vanishing heat flux component
¢ in the direction of the flow, that depends on the velocity and the tempera-
ture fields. There exist some non-vanishing components of the traceless part
of the stress tensor p<!1>, 5<?2> 5<12> These contributions are already
obtained in the linearized case. Here, in the non-linear case, it is possible to
highlight also their dependence on the velocity field.

It could be interesting to get solutions of the complete set of equations
(25). A possible way to solve this kind of problems is already under inves-
tigation with some numerical method as in [21, 22, 23].

7 Conclusions and final remarks

The stationary heat transfer problem in a rarefied gas is studied together
with the Couette and Poiseuille flows. Instead of Classical Thermodynamics,
Rational Extended Thermodynamics [31, 36, 37| is used in order to describe
such flows. This makes the description of the problem more precise but also
more complex.

In order to recover some solutions, firstly the linearized field equations
are considered. They are analytically integrated but, due to the lineariza-
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tion, the equations for the temperature and the velocity fields are uncou-
pled. Furthermore, the temperature and the heat flux coincide with those
predicted by the Fourier law and the velocity field coincides with the behav-
ior predicted by the Navier-Stokes case. In the linearized case, only some
supplementary components of the stress tensor don’t vanish. These com-
ponents, that depend on the temperature and not on the velocity field, are
already put in evidence in [6], where it was shown that the heat conduc-
tion causes stresses inside of the gas and these effects are described by some
non-vanishing components of the stress tensor.

In order to obtain more accurate results, a perturbation analysis is per-
formed like in [8]. Then, the non-linear effects are emphasized. A new heat
flux component in the direction of the flow is observed that depends on the
geometry of the problem and on the flow under consideration. This new
component is predicted by the kinetic theory, but it cannot be present in-
side the Classical Thermodynamic theory that assume the heat flux propor-
tional to the temperature gradient. Furthermore, non-vanishing components
of the stress tensor are obtained and their dependence on the geometry is
presented.

We can conclude once more that the field equations of Rational Extended
Thermodynamics are always able to furnish more detailed solutions and
more reliable results when the geometry and the flow are more complex,
too.

It could be interesting to describe other phenomena and to show other
effects in the solutions of Rational Extended Thermodynamics. Further-
more, it would be remarkable to solve numerically the whole set of fields
equations (25), at least in some particular cases.

Acknowledgements. Paper written with financial support of Istituto
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