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Abstract

A nonlocal integro-multi-point boundary value problem associated
to a Hilfer-Hadamard fractional integro-differential inclusion is studied.
The existence of solutions is established in the case where the set-valued
maps have non-convex values.
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1 Introduction

The recent literature abounds in papers concerning the study of systems
governed by fractional order derivatives. That is because this kind of system
proved to be more realistic models than the ones using classical derivatives
(see [2,9,13-15] etc.).
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In [11], Hilfer introduced a generalization of both Riemann-Liouville and
Caputo fractional derivatives. In fact, this derivative is an interpolation be-
tween Riemann-Liouville and Caputo derivatives. Properties and applica-
tions of Hilfer fractional derivative may be found in [12]. The modification of
Hilfer fractional derivative resulted in the concept of Hilfer-Hadamard frac-
tional derivative. Similarly, the Hilfer-Hadamard fractional derivative covers
the cases of Riemann-Liouville-Hadamard and Caputo-Hadamard fractional
derivatives.

In this note we consider the following problem

Dype(t) € F(t,x(1),V(2)(t)) a.e. ([1,T)) (1)

with boundary conditions of the form
2(1) =0, Y 0x(&) = Mpya(n), (2)
i=1

where D%g is the Hilfer-Hadamard fractional derivative of order « € (1, 2]
and type 3 € [0,1], &,m € (1,T), 0;,\ € R, i = 1,m, I is the Hadamard
fractional integral of order 6 > 0, F': [1,7] x R x R — P(R) is a set-valued
map and V : C([1,T], R) —> C’([ 7], R) is a nonlinear Volterra integral
operator defined by V' fo (t,s,x(s))ds with k(.,.,.) : [1,T] x R x
R — R a given functlon

The starting point of our study is a recent paper [16], where problem
(1)-(2) is studied in the single-valued case; namely, the right-hand side in (1)
is given by a single-valued map. Existence and uniqueness results are pro-
vided by using well-known fixed point theorems: Banach, Schaefer, Leray-
Schauder and Krasnoselskii.

Our goal is to provide an extension of the study in [16] to the set-valued
framework. Moreover, our result may be viewed, also, as a generalization
to the case when the right-hand side contains a nonlinear Volterra integral
operator. Even if the method we use here is known in the theory of differ-
ential inclusions (e.g., [4-7] etc.) it is largely ignored by the authors that
are dealing with such problems in favor of fixed point approaches, most
probably, because it is much easier to handle the applications of classical
fixed point theorems. The approach presented here avoids the application
of fixed point theorems and takes into account the case where the values of
F' are not convex; instead, this set-valued map is assumed to be Lipschitz
in state variables. We establish an existence result for problem (1)-(2) by
using Filippov’s technique (see [10]); namely, the existence of solutions is
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obtained by starting from a pair of given ”quasi” solutions. In addition, the
result provides an estimate between the ”quasi” solutions and the solutions
obtained.

We mention that in the late years several papers in the literature are
devoted to the exisence of solutions of fractional differential inclusions gov-
erned by Hilfer-Hadamard fractional derivative ( [1,8,16,17] etc.). We, also,
note that a similar result may be found in our previous paper [8], where the
differential inclusion (1) is studied with boundary conditions of the form

m n

r(1) =0, x(T) =Y nw(&)+ Y GlF=0:) + ) MDifa(u), (3)
=1 k=1

j=1

where D%, denotes the Hadamard fractional derivative of order w > 0. Ob-
viously, it is not possible to obtain the boundary conditions (2) and (3) one
from another and, therefore, the two problems are different.

The paper is organized as follows. In Section 2 we recall some preliminary
results that we need in the sequel, and in Section 3 we prove our main results.

2 Preliminaries

Let (X,d) be a metric space. Recall that the Pompeiu-Hausdorff distance
of the compact subsets A, B C X is defined by

di(A, B) = max{d*(A, B),d* (B, A)}, d*(A, B) = sup{d(a, B);a € A},

where d(x, B) = inf cp d(z,y).

Let I = [1,T], we denote by C(I, R) the Banach space of all continuous
functions from I to R with the norm ||z(.)||c = sup,c; |2z(t)| and LY(I,R)
is the Banach space of integrable functions u(.) : I — R endowed with the

T
norm ||u(.)||1 = ] |u(t)|dt.

Definition 1. a) The Hadamard fractional integral of order ¢ > 0 of a
Lebesgue integrable function f :[1,00) — R is defined by

19 1(t) = F(1q)/1t <ln z>q_1fi$)ds

provided the integral exists and I'(.) is the (Euler’s) Gamma function defined
by T(q) = [;°t9 e dt.
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b) The Hadamard fractional derivative of order q > 0 of a function
f:[l,00) = R is defined by

d’n

o (T,

Dy f(t) =
provided the integral exists and n = [q] + 1, [q] is the integer part of q.
¢) The Hilfer-Hadamard fractional derivative of order o € (n — 1,n),
n > 2 and type B € [0,1] of a function f € L'(I,R) is defined by

DYE £(6) = (I DY 1)(E), v =a+nB—aB.

When 8 = 0 the Hilfer-Hadamard fractional derivative gives Hadamard
fractional derivative and when 8 = 1 the Hilfer-Hadamard fractional deriva-
tive gives Caputo-Hadamard fractional derivative.

In our case n = [@] +1 =2 and v = a + (2 — «)5. The next result is
proved in [16].

Lemma 1. Let p(.) € C(I,R) and assume that A # 0, where

P VLA ) I
A—;Qz(ln&)w 1—Am(lnn) oo

Then, the solution of problem DHHx( ) = p(t) with boundary conditions
(2) is given by

(Int)Y—1

w(t) = Ip(t) + —— (AL p(n) Ze IfpE)], te,T]. (4

Definition 2. z(.) € C(I,R) is called a solution of a problem (1)-(2) if
there exists p(.) € L'(I,R) such that p(t) € F(t,z(t),V(z)(t)) a.e. (I) and
x(.) is given by (4).

Remark 1. If we denote

where x A(.) denotes the characteristic function of the set A, then the solution
x(.) in (4) may be put as x(t) = flT R(t,s)p(s)ds.
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Moreover,
IR(t,s)] < (1nT( +12 113(3:-1-6 (Inn)o+d-14
%Zl 0il(ng)t =M Vi sel.

Also, we need a variant of Kuratowski and Ryll-Nardzewski selection
theorem concerning measurable set-valued maps, that may be found in [2].

Lemma 2. Consider X a separable Banach space, B is the closed unit ball
in X, H:I— P(X) is a set-valued map with nonempty closed values and
g:1— X, L:I— Ry are measurable functions. If

Ht)N(g(t)+ L(t)B) #0 a.e.(I),
then the set-valued map t — H(t)N(g(t)+L(t)B) has a measurable selection.

3 Main results

In order to prove our results we need the following hypotheses.

Hypothesis H1 i) F(.,.,.) : I x R x R — P(R) has nonempty closed
values and is L(I) @ B(R x R) measurable.

ii) There exists L(.) € L*(I,(0,00)) such that, for almost all t € I,
F(t,.,.) is L(t)-Lipschitz in the sense that

dy (F(t,z1,91), F(t,22,92)) < L(t) (|71 — 22| + [y1 — y2|) V 21, 22, 91,92 € R.

iii) k(.,.,.) : I x R x R — R is a function such that Vo € R, (t,s) —
k(t, s, x) is measurable.
iv) |k(t,s,x) — k(t,s,y)| < L(t)|lzr —y| ae. (t,s) eI xI, Vz,yeR.

M(t) = L(t)(1+/1tL(u)du), tel, :/ITM(t)dt

K
Theorem 1. Let o € (1,2], p € [0,1] and A # 0. Assume that Hy-
pothesis HI1 is satisfied and MK < 1. Let y(.) € C(I,R) be such that
y(1) = 0, S, 0iy(&) = My(n) and there exists q(.) € LY(I,Ry) with
A5 y(0), F(t,y(0), V) (0) < a(t) a.e. (D).
Then there exists z(.) : I — R a solution of problem (1)-(2) satisfying
forallt el

We use next the following notations

g ()I]x-

fo(t) —9(0) < -7
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Proof. The set-valued map t — F(t,y(t),V(y)(t)) is measurable with
closed values and the assumption in the statement of the theorem may be
rewritten as

F(t,y(), V() (1)) N {Di5y(t) + ¢@)[=1,1]} #0  a.e. (I).

It follows from Lemma 2 that there exists a measurable selection py(t) €
F(t,y(t),V(y)(t)) a.e. (I) such that

p1(t) = DYy < q(t) ae. (1) (5)

Define x1(t fl (t,s)p1(s)ds and one has

2 (t) |<M/

Next we construct, by induction, the sequences z,(.) € C(I,R) and
pn(.) € LY(I,R), n > 1 such that

= /T R(t,s)pn(s)ds, tel, (6)
1
pn(t) € F(t,xp—1(t),V(zp-1)(t)) a.e.(I), (7)
[Pt 1(t)—pn(t)] < L(t)(\xn(t)—ﬂfn—l(t)H/l L(s)|zn(s)—2p-1(s)|ds) a.e. (I)
(8)

Let us note that from (5)-(8) it follows for almost all ¢t € [
T
|Tp11(t) — xn(t)] < M(MK)”/ q(t)dt Vn e N.
1

Indeed, assume that the last inequality is true for n — 1 and we prove it
for n. One has

T
|nt1(t) — 2 (t)] §/1 [R(t,t1)]-|pnta (t1) — pa(ta)ldts <

T ty
M 1 L(t1)[|xn(t1) — pn-1(t1)] +/1 L(s)|zn(s) — xpn-1(s)|ds]dty < M

T t1 T T
/1L(t1)(1+/1 L(s)ds)dt; - M"K 1/1 q(t)dt = M(MK) /1 q(t)dt.
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Therefore {x,(.)} is a Cauchy sequence in the Banach space C(I,R)
hence converging uniformly to some z(.) € C(I,R). Hence, by (8), for
almost all ¢ € I, the sequence {hy(t)} is Cauchy in R. Let h(.) be the
pointwise limit of A, (.).

At the same time, one has

|=’En()*()|<|ﬂf1() ()HZ |fvz+1()*f€z()|< (©)
M [T gyt + S [T g(dey (M Iy < M a0d

On the other hand, from (5), (8) and (9) we obtain for almost all ¢t € I

Ipa(t) = Diify®] < X0 esa(6) = pil)] + Ipa () = Dy ()] <
L) ML A0 |y,

Thus the sequence p,(.) is integrably bounded and therefore p(.) € L'(I,R).

Using Lebesgue’s dominated convergence theorem and taking the limit
in (6), (7) we deduce that z(.) is a solution of (1)-(2). Finally, passing to
the limit in (9) we obtained the desired estimate on z(.).

Now we realize the construction in (6)-(9). Assume that for some S > 1
we already constructed z,(.) € C(I,R) and p,(.) € LY(I,R), n = 1,2,...S
satisfying (6), (8) for n = 1,2,...5 and (7) for n = 1,2,...5 — 1. The set-
valued map t — F(t, l‘s(t) V(:Us)(t)) is measurable. Moreover, the map
t = L(t)(|zs(t) —xs—1(t)| + f1 u)|xg(u) —xg—1(u)|du) is measurable. By
the lipschitzianity of F'(¢,.) we have that for almost all t € T

F(t,xs(t),V(zs)(t) N {hs(t) + L{t)(|xs(t) — zs—1(t)]+
P L(u))as (1) — w91 (u)]du) [~1, 1]} # 0.

Lemma 2 yields that there exist a measurable selection pgi1(.) of
F(.,zs5(.),V(zs)(.)) such that for almost all ¢ € I

t
ps+1(t) = ps(t)] < L(t)(Jzs(t) — z5-1(1))| +/1 L(u)|zs(u) — w51 (u)|du).

We define xg41(.) as in (6) with n = S + 1. Thus pgy1(.) satisfies (7) and
(8) and the proof is complete. [

Taking y(.) = 0 and ¢(.) = L(.) in Theorem 1 we obtain the next exis-
tence result for problem (1)-(2).

Corollary 1. Let a € (1,2], B € [0,1] and A # 0. Assume that Hypothesis
H1 is satisfied, d(0,F(t,0,0)) < L(t) a.e. (I) and MK < 1. Then there
exists x(.) a solution of problem (1)-(2) satisfying for all t € I |x(t)] <
e L0l
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If F' does not depend on the last variable, Hypothesis H1 becames

Hypothesis H2 i) F'(.,.) : I x R — P(R) has nonempty closed values and
is L(I) @ B(R) measurable.

ii) There exists L(.) € L'(I, (0,00)) such that, for almost allt € I, F(t,.)
is L(t)-Lipschitz in the sense that

dH(F(t,xl),F(t,CCQ)) < L(t)|x1 — x2| Vz1,z0 € R.

Denote Ly = fl t)dt.

Corollary 2. Let a € (1,2], 8 € [0,1] and A # 0. Assume that Hypothesis
H2 is satisfied, d(0, F(t,0)) < L(t) a.e. (I) and MLy < 1. Then there exists
z(.) a solution of the fractional differential inclusion

D%ty € Ft,x(t)) a.e. (I), (10)
with boundary conditions (2) satisfying for all t € I

MLy
< —F.

Remark 2. If in (1), F is a single-valued map, Corollary 2 provides a
generalization to the set-valued framework of Theorem 10 in [16] whose proof
18 done using Banach’s contraction principle.

Example 1. Let us consider the problem

Dl € |~ g1y oy | o (21(3))21+"1f91|f1 e dSI] ()

200

a.e. ([1, %]) with nonlocal integral boundary conditions as in [16]; namely,
6 5 (5 1 3 2 3 4 7 5
1 pu— —_— 2 —_ = — — —_— —_— —_— — .
z(1) =0, 291H5c<2> 113:( >+ 13 z(2)+ 17x(3)+ 193:(2) +23x(4)
(12)
Inthiscase,a—%ﬁ:% :%,m:5,91:ﬁ,02:%,93:%,
04_19;05:%;51:%&- é- 352%765:47)\:2%}6:%;
n=3 andy=y.
Define F(.,.): I x RxR = P(R) by
19 T 19 Y
Flta.y) = [ 2 U0, . Yy

200 1+ |z] 200 1+ [y
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and k(.,.,.): I xRxR = R by k(t, s,2) = 52.
Since

19
sup{|u|; u € F(t, z,y) §% Vitel[l,4.5], z,y € R,

19| |+19| |
e — 7 _
200 1 2 200?/1 Y21,

V z1,22,y1,92 € R. By standard computations (e.g., [6]) L(t) = 35,
K =~ 0.44305625, |A| ~ 1.15231, M =~ 2.250815481; therefore, MK =~
0.9972378 < 1. So, we may apply Corollary 2 in order to obtain the ex-

istence of a solution for problem (11)-(12).

dg(F(t,z1,y1), F(t, 22,92)) <
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