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Abstract

In this paper, we consider an extension of the two-fluid model for
superfluid helium. Over the years, two kinds of models have been pro-
posed to describe the observations on helium II: the two-fluid model, in
which the specific entropy of the superfluid is assumed to be zero, and
the extended one-fluid model, derived from extended thermodynamics.
Since the statement that the entropy of the superfluid fraction vanishes
has not been demonstrated theoretically, in this paper we generalize
the standard (Landau and Tisza) two-fluid model allowing that a small
amount of entropy is carried by the superfluid component.
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1 Introduction

Liquid helium, for temperatures below lambda point, exhibits peculiar prop-
erties, which are a consequence of important effects of quantum nature [5,7].
It is found experimentally that liquid helium II has an extremely low viscos-
ity and a very high thermal conductivity: in fact, it has an extraordinary
ability to flow without friction through a fine capillary and it is unable to
boil. Among its typical effects we recall the thermal-mechanical phenomena
where a pressure difference causes a temperature difference, the fountain
effect, and the capability of propagating a temperature wave known as the
second sound.

Two kinds of models have been proposed to describe the observations on
helium II: the two-fluid model, initially proposed by Tisza [16] and Landau
[6], and widely used since then, and an extended one-fluid model, derived
from extended thermodynamics. This latter considers a vectorial internal
degree of freedom, identified as the heat flux q. In the two-fluid model,
helium IT is considered as a mixture of a normal component and a superfluid
component, each of them having their own velocity, v,, and v,. Both models
may be related to each other [10] because the fluid velocity v and the heat
flux q are closely related to v, and vs.

The one-fluid model

A thermodynamic formalism, known as Extended Thermodynamics (in
short, E.T.) [3,4,8,12] was developed, in order to describe rapid phenomena
or materials in which the relaxation times of some fluxes are long. This
theory, in fact, uses the dissipative fluxes, besides the traditional variables,
as independent fields. An extended approach to thermodynamics is required
in helium II because the relaxation time of heat flux is comparable with
the evolution times of the other variables. This field cannot therefore be
expressed by means of a constitutive equation as a dependent variable. This
point of view is confirmed by the fact that the thermal conductivity of helium
IT cannot be measured. In analogy with heat transport problem, using E.T.,
the relative motion of the excitations is well described by the dynamics of
the heat flux. For this reason, in the one-fluid model of liquid helium II, it
is rather natural to select as fundamental fields the density p, the velocity
v, the absolute temperature T and the internal energy flux per unit mass,
briefly called here heat flux q [9].

The set of field equations is given by the balance equation of mass,
momentum and energy complemented by an evolution equation for the heat
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flux, as [10]

9q

ot
where q is the heat flux, v the velocity of the fluid, T' the temperature
(linked to the internal energy), Pq a non equilibrium stress tensor and oq
the production term. In E.T. the positive coefficient ( is defined as the ratio
between the relaxation time of the heat flux and its thermal conductivity.
In liquid helium II this ratio is finit and it is linked to the second sound
velocity.

The two-fluid model

+qV v+ (VT +V Py = —0q, (1)

The two-fluid model regards liquid helium II as a two components mix-
ture: a normal component with normal viscosity and thermal conductivity
and a superfluid component with zero entropy and viscosity. The superfluid
component is absent at the lambda point, while the normal component is
absent at zero temperature. This theory was inspired by considerations of
quantum statistical mechanics.

In the two-fluid model, p, and ps are the mass densities of normal and
superfluid components, such that p, +ps = p, with p being the total, observ-
able, mass density of the fluid. Both p, and ps depend on the temperature
T in such a way that ps = 0 at T'= T (with T the lambda transition tem-
perature) and ps; = p in the limit when 7" tends to zero. The behaviour of p,
is the opposite one, namely, p, = p at T'=T) and p,, = 0 in the limit when
T tends to zero. The behaviour of p, in terms of T'is ps = p[(Th—T)/T]"/3.
Furthermore, these components are assumed to move with respective speeds
vy, and v, related to the barycentric speed v as

PnVn + PsVs = pV. (2)

Landau’s evolution equations

To describe the evolution of the system, evolution equations for the vari-
ables are needed and their consistency with the second law of thermodynam-
ics must be examined. We shall present here the Landau evolution equations,
that describe the behaviour of liquid He II in the zero temperature limits,
where dissipative phenomena are absent.

The density p and the mass flux pv must satisfy the equation of conti-
nuity

dp

E—FV-(,OV):O, (3)
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and the balance of the total momentum

8(ann + psvs)
ot

with p the thermodynamic pressure and U the identity tensor.

Besides the general balance equations 3 and 4, a particular equation
describing the evolution of v, is needed. In order that V x vy = 0 is always
zero, the time derivative of vy must be the gradient of some scalar function.
In Landau’s model it is taken

ovs 1, B

+V- (pnvnvn + PsVsVs + pU) =0, (4)

with p some scalar, identified a posteriori with the chemical potential.
Since Vi = %Vp — sVT (with s the specific entropy, i.e. the entropy per
unit mass), equation 5 may be written as

Ov, s
Ps ( (;; + vy - Vvs> = —%Vp—l— psSVT. (6)

This has the form of the Euler equation but with the additional term in V7.
Landau completed these equations imposing that in Hell the entropy
is conserved, and wrote for the entropy density ps the following balance

equation
9(ps)

ot
Equations 3-7 describe the whole evolution of the system; in them pj,
Pn, i and s are functions not only of the usual thermodynamic variables p
and T, but also of the squared of the counterflow velocity V,s = v,, — vs.
Energy and entropy are not independent of each other, but related by
a fundamental equation of state. For the specific energy ey in a coordinate
system in which the velocity of the superfluid component is zero, Landau
wrote

+ V- (psvy) = 0. (7)

d(peo) = pdp + Td(ps) + Vs - djo, (8)

with the momentum jg in such system being jo = p,Vns. Incidentally, 8
implies for the pressure p the relation

p=—peo+ psT + ppi+ pnVVje. (9)

Differentiating 9 and using 8 one obtains

1 n
dp = —sdT + ~dp — P2V, - dV . (10)
pp
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Note that the velocities v and v,, are not directly observable, but they
may be obtained from v and q. In Landau model q is related to v,, and v
in this way:

q=psT (v, — V), (11)
with s the specific entropy, that in conventional Landau’s model is ascribed
only to the normal component. Indeed, since the specific entropy of the
superfluid is assumed to be zero (in the conventional two-fluid model), the
only flow of heat in helium at rest is related to the motion of the normal
component. The barycentric contribution in v is subtracted in order that q
does not contain the purely convective contribution of the global motion of
the system. If v is written in terms of v,, and v; 11 becomes

q= psTSVn87 (12)

where V,,; = v,, — v denotes the so-called counterflow velocity.

Though the system cannot be physically decomposed into these separate
components, pn, ps, v and v may be mathematically obtained from some
specific experiments. In the last years there has been much progress in
visualization techniques trying to visualize the flow of the normal component
through its effects on very small particles, which are drifted by normal flow.

Aims of the paper

This paper generalizes the standard (Landau and Tisza) two-fluid model
allowing that a small amount of entropy is carried by the superfluid com-
ponent. Indeed, as observed by Puttermann [13], the statement that the
entropy of the superfluid fraction vanishes has not been demonstrated the-
oretically, so that it must be regarded as an additional postulate. The
experimental results [2,15] simply tell us that entropy carried by superfluid
component is smaller than 2% with respect to entropy carried by normal
component. Here a more general two-fluid model, where also the superfluid
component carry a small amount of entropy, is presented (see also [1,14],
where theoretical microscopic motivations in favor of a small superfluid en-
tropy are advanced).

The structure of the paper is the following: in Section 2 we present a gen-
eralized model for superfluid helium that take into account of the presence
of an amount of superfluid entropy, first for a general fluid mixture (sect.
2.1) and then for superfluid helium (sect. 2.2). In Section 2.3 we present the
new field equations and in Section 2.4 we compare them with the Landau
model, while in Section 2.5 we consider how the velocity of second sound is
affected by the presence of the superfluid entropy. Section 3 contains our
conclusions.
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2 The two-fluid model with superfluid entropy

2.1 Miiller rational theory of fluid mixtures

The phenomenological model of helium as a two-fluid mixture can be viewed
in the general frame of the rational theory of fluid mixtures [11]. This theory
allows the determination of very strong constraints on the functional form
of constitutive equations through a systematic exploitation of second law of
thermodynamics and material objectivity principle. The following

0pa

v + V- (pava) = Ta, (13)
a”gt"“ + V- (paVaVa + Pa) = my, (14)
aap:-kv-(pev—i—q):P:Vv, (15)

are respectively the balance equations of mass and momentum of the com-
ponents and the balance equation of energy of the whole mixture; p, and
v, are the partial densities and velocities, p = ), pa is the total density, v
the barycentric velocity, € is the specific internal energy and ¢ the internal
energy flux of the mixture. In these equations 7, and m, are the mass and
the momentum production of two components. Further P, and P denote
respectively the stresses on the single components and on the mixture.

In this work, for sake of simplicity, we shall not consider viscosity effects,
that in helium II are very mild. Thus, the partial stresses are P, = p, U,
Po being the partial pressures, and U the identity tensor. The stress P on
the whole mixture is decomposed in an intrinsic term and a part due to the
relative motion between the two components

P = Z (an + pauaua) ) (16)

where u, = v, — v are the velocities relative to the barycentric velocity.
The laws of conservation of mass and momentum imply

ZTa =0 and Zma =0. (17)

Thus, from 13-14 we obtain immediately the balance equation of mass and
momentum of the mixture

ap B
n +V-(pv) =0, (18)
8LV—l—V-(pvv—i—P):O. (19)

ot
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In 15 the specific internal energy € is sum of the specific energies of the
two components, which are decomposed into an intrinsic part and a term
depending on the relative motion [11]

P 1
€= Z{; ?0‘ (ea + 2u§) . (20)
The internal energy flux q of the mixture is defined as
1
q:za:anrpa (ea+2ui) Uy — Uy - Py, (21)

with q, the partial energy fluxes. It is useful to decompose it into an intrinsic
part and a term depending on the relative motion [11]

1
a=q'+ 5 za:pauiua, (22)

with
qI = Z da + pataly — Uq - Py (23)
(7

and g, the partial energy fluxes.
Equations 13-15 must be completed by the second law of thermody-
namics. Introducing the specific entropy s, defined as

ps = Z PaSa (24)

(with s, the partial entropies), and the entropy flux ®, this law is traduced
in the following inequality

d(ps)
ot
Assuming that the constitutive quantities are linear in the vectorial and
tensorial quantities, using the principle of material objectivity and the sec-
ond law of thermodynamics, some restrictions for the constitutive quantities
are found [11]. In particular, the entropy flux ® is given by

1
®=7 ( o ;pauéua> , (26)

with qf expressed by 23, and where ué represent the intrinsic chemical
potentials of the partial components. Further the following expressions are

+ V- (psv+ ®,) > 0. (25)
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derived for the momentum productions of the two components of the mixture

Opa 8/‘5 a a
My — ToVa = ZB: (3/)5 — paa—pﬂ Vg +myuu+mpVT. (27)

2.2 Application to liquid helium II

According to the Nernst-Planck formulation of third law of thermodynamics,
the entropy of the whole mixture is zero for T = 0. Because the normal
component is absent at this temperature, we conclude that s, = 0 for T = 0.
Landau assumed that this condition is valid also for 7" # 0, so that he
associated a nonzero entropy only to the normal component. Here, we will
consider a non convectional two-fluid model, where the entropy is expressed
by

PS = PnSn + PsSs; (28)

with sg # 0.

Now we will particularize equations 16-27, recalled in the previous sub-
section, to the case of superfluid He II.

As psus+ppu, = 0, here we consider only the superfluid relative velocity
u; = v, — v, that in the following will be denoted simply as u. This relative
velocity u is linked to the counterflow velocity V,,s = v, — v by the relation

u= —%”Vns. With these positions, the stress P on the whole mixture is
written
P = PU + ppps uu = pU + ps;)n Vs Vs, (29)
n

where p = p, + ps is the total pressure.
The specific internal energy e, form equation 20, is written as
Lps o 1 Lpsp

6:614‘5?"& =€ +§ pgnVan (30)
n

where peI = ps€s + Pnn.
The internal energy flux q of the mixture is expressed by 22, and can be
decomposed in the following way

I _ PPs(Pn — ps)

207 V2 Vs, (31)

q=4q

with

qI =qs+aqn — Psppn (53 —€n + % - pn) Vns- (32)
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The entropy flux ®, is given by

1
R IC T ) (59)
p
where u! and pl represent the intrinsic chemical potentials of the normal
and superfluid components, connected with the chemical potentials by the

relation [11]

i — s = fig, — jik — S Vi, (34)

The experimental observations show a very free and easy transition from
the superfluid component to the normal component and viceversa, thus
showing the complete absence of dynamical interaction between the two
components. This leads to an important mathematical consequence: in su-
perfluid helium my is caused only by the mass exchange between the two

components, i.e.
mg; — 7svs = 0. (35)

Then, from mass and momentum conservation laws (7s+7, = 0, ms+m,, =
0), we obtain

my — TpVp = Tn(vs - Vn) =T Vps = ﬁTnu- (36)
n
From this, taking into account 27, we get m7 = m7 = 0, m; = 0, m], =
p%’l’n, and the important relationship
op® oul
P = p e (a = s,n). (37)
Ips 9ps

From 37 several important consequences can be deduced; mixtures obey-
ing the previous condition were called by Miiller simple mixtures [11].
We deduce therefore that, if in a mixture there is no dynamical interaction
between the two components, as it is the case for helium, the mixture is
necessarily simple.

The second law of thermodynamics, when applied to simple mixtures,
leads to the following functional forms for the constitutive quantities

Pa = Pa(pa,T), ,Ugé = MQ(PQ,T), €a = €a(pa, 1), Sa = 8a(pa;T).
(38)
Moreover, in a simple mixture, the intrinsic chemical potentials coincide
with the partial specific free enthalpies, and there is a Gibbs equation for
each component of the mixture

pl = eq —Tso +22,  Tdsy = dey — i—gdpa. (39)

« «
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From this, one gets
1
dul = —dpy — sodT (40)
0

«
and the Gibbs-Duhem equation and the Gibbs equation for the whole mix-
ture are

ple! —Ts) = pspl + ppd — p, (41)
Td(ps) = d(pe") — pldps — phdpp. (42)

Another very important consequence of the complete absence of dynami-
cal interaction between normal and superfluid components is that the chemi-
cal equilibrium between the two phases is reached instantaneously, therefore
this process is completely reversible. As a consequence the production of
entropy during this process must be exactly zero. This implies that, using
34

1
=t = i — g — 5 Vo, =0, (43)

Equation 43 has several important consequences. First observe that in this
hypothesis the Gibbs-Duhem equation and Gibbs equation for helium can
be written

L pn
pl=e —Ts+ b *p*VnQy (44)
p2p
1
Td(ps) = d(pe') — pidp — Viidpn, (45)

from which we get

1on

1
dul = —sdT + =dp —
p 2p

dv2,. (46)
As one can see from equations 44-46, the chemical potential ,ug, the
energy € and the entropy s of helium depend not only on the equilibrium
quantities, but also on the counterflow velocity Vyns. Hence they are non-
equilibrium quantities.
Introducing the total internal energy €, from 44 and 45 we get also

Mg:e—Terg— P;f;nvgs (47)

_ p Lps o
Tds = de — ?dp - ip—ndu . (48)
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Using equations 39 and 43, one can write the internal energy flux 32 in
the following way

PnPs
p

q=\VT —

T(Ss - Sn)Vns + %Vnivns s (49)

where we have put qs + q, = AVT' (being A the thermal conductivity), so
the entropy flux can be written as

P, = %VT + p(s —s5)(vp — V). (50)

A separate discussion must be made for the thermal conductivity A. As
we said in the introduction, experiments show that the thermal conductivity
of helium is extremely high. As mentioned in Sect. 1, it was precisely
these experimental motivations that led to the formulation of the one-fluid
model of helium II, deduced from extended thermodynamics. However, in
the conventional two-fluid model, the thermal conductivity A is maintained
to explain the attenuation of the second sound and is related only to the
normal component. Instead, the attenuation of the second sound in the one-
fluid model is attributed to the presence of dissipative terms dependent on
the heat flow gradient. Postponing the comparison between the two models
(two-fluid and one-fluid) in the presence of dissipation to a subsequent work,
in the remainder of this work we will assume A = 0.

Therefore, we are in the total absence of dissipative phenomena and the
entropy is conserved. From equation 25 we get

d(ps)
ot

+ V- (p(s—ss)vyp) =0. (51)

2.3 Field equations

To determine the system of field equations, we recall that the left hand side
of equation 43 is a function of p, ps, T and V,s. Its vanishing provides
an algebraic dependence between these fields, so that one of them can be
expressed in terms of the remaining fields. As a consequence of the reduction
in the number of independent fields, to establish the field equations, we
shall use only the equations of balance of mass and momentum, obtained
immediately from 13-14

ap B
8LV—i—V-(pvv—i—P):O, (53)

ot



Hydrodynamics of superfluid helium with superfluid entropy 456

the balance equation for the energy of the whole system 15, and the mo-
mentum balance equation for the superfluid component.

0
%—I—V-(pev—i—q):P:Vv, (54)
8%5:5 + V- (psvsvs + Ps) = my. (55)

These equations must be complemented by the constitutive quantities 29,
31, 35, 36, and 49.

The equation of balance of mass for the superfluid component which
has been neglected can be used, once the fundamental fields are known, to
determine the mass production 75 of the superfluid.

The evolution equations of velocities of two components are

Ovyg 1

5+ (v V)ve - Vp =0, (56)
ovy, 1 1 1
— 4+ (vp - V)V + —Vp, = —(m,, — 1, vy) = —— 7, Vps. (57
ot ( ) P pn( ) Pn (57)

Note that the right-hand side of equation 57 depends on the mass production
Tn. This term is usually neglected in the most literature. However, it is
know that normal and superfluid components can easily transform one in
the other when the temperature changes, and the mass supply 7,,(= —75) of
the normal component, in general, cannot be neglected.

Here, to overcome this problem, we will follow the Landau suggestion
and use as field variable the total velocity v instead of v,.

Now, by using 40, we obtain

1 1
—Vps = V,ug + s5,VT, —Vpn = V,ufl + 5, VT, (58)

S n

from which

0
8‘;8 + (Vs - V)Vy + Vil + 5,V = 0; (59)
then, taking into account Eq.45, we obtain
1 1
Vil = —sVT + ~Vp — iplvv,fs. (60)
p p

Substituting in 56, we get the following evolution equation for the superfluid
velocity

8vs Ps 1 PsPn 2
S s’ s | — FMs I T - - = Vns =0. 61
p(@t + (v V)v) ps(s —s5)V —i—pr > ) \Y (61)
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We can also obtain an evolution equation of the velocity of the normal
component. One arrives to the following equation

Pn (88‘;71 (Vn . v)"") + %vp - Pn(s - Sn)vT + p;zn VVT?S = _Tnvn57
(62)

that however always contain the unknown quantity —7,, Vs = 75 Vs

Note that both equations 61 and 62 contain a term proportional to the
temperature gradient. Observing that p,(s — s,) = —ps(s — ss), we re-
cognize that the linear term in the temperature gradient appears in both
equations with an opposite sign, meaning that it transfers motion between
both components.

2.4 Comparison with Landau model

As mentioned above, Landau, in its derivation of Hell evolution equations,
assumed the conservation of the entropy, so imposed zero all the dissipative
coefficients. Further he associated a nonzero entropy only to the normal
component; therefore he assumed zero the entropy of the superfluid compo-
nent (s; = 0), i.e.

SLandau = %Sn- (63)
Under these hypotheses the expression 49 of heat flux q becomes
a= (s 920, =0 ) (v = ) (64)
S

so that, we see that its linear part coincides with the expression of the heat
flux postulated by Landau, while the total entropy flux can be written as

psv + ®s = psv + ps(vy, — V) = psvy, (65)

that is identical with the expression of the Landau entropy flux. Note that
the balance law for entropy, postulated by Landau, can be deduced imme-
diately from the two fluid model discussed above, when the entropy of the
superfluid component, in the entropy balance equation 51, is put equal to
Z€ro.

Consider now eq. 9, where eq is the specific energy of the mixture in the
frame where the superfluid center of mass is at rest, and compare it with 44,
we deduce that the energy density peg is connected to the intrinsic internal
energy density pe! appearing in eq 44, through the relation

1
peo = pel + ian,?S. (66)



Hydrodynamics of superfluid helium with superfluid entropy 458

In order to compare the model deduced in previous section with Landau
model, we observe, first, that mass and momentum balance equations are
identical with the first two Landau equations. The evolution equation for
the superfluid component 59 (assuming ss = 0) becomes

Ovy
ot

recalling that it is (vs - V)vs = vs x (V x v;) + V (302), one can deduce,
by taking the curl of this quantity, that %(V x vg) = 0; therefore, if V x v,
is initially zero, it remains zero at any instant of time. Putting therefore
V x vy = 0 in Eq. 67, the latter equation can be written in the form
postulated by Landau

+ (vs - V)ve + Vul =0, (67)

v, 2
5;+V'<U2S+,u£>:0. (68)

Comparing this equation with Landau equation for the velocity of the su-
perfluid component 5, we are lead to identify the chemical potential y in-
troduced by Landau with the intrinsic part p! of the chemical potential of
the superfluid component.

2.5 Second sound (temperature wave)

We will show in this subsection as the presence of a non zero superfluid
entropy modify the second sound velocity.

To consider wave propagation of p and s in the superfluid, we start from
the balance equation of total mass and total momentum, omitting nonlinear
terms and viscosity

dp
o —pV - v, (69)
ov
— =-V 70
combining them and neglecting second order terms, one gets
0?p

To obtain the second equation, one writes an equation for the relative ve-
locity u = v5 — v, by using 61 and 70. Neglecting nonlinear and dissipative
terms, one gets

ou

Fri —(s —s5)VT. (72)
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This equation must be combined with the evolution equation of entropy 51,
so that one gets

9 s

a—i = —%(s—ss)v-u. (73)
Combining them one arrives to

s ps

5z = ;(s — 54)°VT. (74)

Expressing p and 7" in 71 and 74 in terms of p and s, it is found
Pp _ (0 2 9 2
ORI ORS

02 -
05 = (s =52 (%) V2ot (%), V3.
Studying perturbation
p = po+ p expj(wt — kz)] and s =350+ 8 exp[j(wt — kz)] (76)

one obtains by making the determinant of these perturbations in 75 that
there are two waves with speeds V> and Vi given by

V= <8p> and V' = p (s=s.)" <8s> T2 (sn=30)" | s
s n p P

(77)
The first one is the usual first-sound, density or pressure wave, and the sec-
ond is the second sound namely, temperature or entropy wave. Note that
the second sound velocity does not depend only on the entropy of the super-
fluid component, but also on the entropy of the normal component. From its
wave speed one determine ps/p,, or equivalently ps/p, indeed introducing

the concentration c¢g = %S, from equation 77 we get:
Ps 1
g =— = 5 . (78)
2 oTr
P+ 5 (59),

Finally we observe that in the last expression of equation 77, the term
(sn — ss) is analogous to the counterflow velocity V.5, so it can be identified
as an entropy counterflow. In fact, because the propagation of the second
sound is linked to the heat flow, that is expressed in terms of V,,5 by eq. 12,
alongside the counterflow velocity there is a counterflow entropy, since each
component (normal and superfluid) moves with its entropy.
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3 Concluding remarks

In this paper we have presented a generalized two-fluid model for superfluid
helium IT in which the superfluid component is allowed to carry a small, but
non-vanishing, amount of entropy. This extension relaxes one of the tradi-
tional postulates of the Landau—Tisza theory—mnamely, the assumption that
the entropy of the superfluid fraction is identically zero for all temperatures
below the lambda point—while remaining fully consistent with experimental
evidence and the fundamental laws of thermodynamics.

Starting from the general framework of the rational theory of fluid mix-
tures, we have shown that helium II can be consistently described as a
simple mixture, owing to the complete absence of dynamical interaction be-
tween the normal and superfluid components. By introducing a non-zero
superfluid entropy that vanishes only in the zero-temperature limit, we have
derived modified field equations and compared them with the classical Lan-
dau equations. The comparison shows that the Landau model is recovered
as a limiting case of the present theory when the superfluid entropy is set
to zero. In this sense, the standard two-fluid model appears as a particular,
highly idealized approximation of a more general and thermodynamically
consistent description.

An important physical consequence of the generalized model is the modi-
fication of the second sound velocity. Even a small superfluid entropy contri-
bution leads to corrections in the propagation of temperature waves, which
may become relevant in high-precision experiments. This result suggests
that measurements of second sound and related thermo-mechanical effects
could provide indirect evidence for, or constraints on, the entropy carried
by the superfluid component.

In conclusion, the model developed here provides a coherent theoreti-
cal framework that bridges the traditional two-fluid picture and extended
thermodynamic approaches. It preserves the successful features of the Lan-
dau—Tisza theory while offering a more flexible and potentially more accu-
rate description of superfluid helium II.

Acknowledgements. L.S. acknowledges the National Group of Math-
ematical Phisics - GNFM for the financial support.
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