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Abstract

During the mold-filling process, the fiber orientation in a flowing
fiber suspension plays a crucial role in determining the material prop-
erties of the resulting fiber composite. A common modelling approach
introduces the second-order orientation tensor governed by the Fol-
gar—Tucker equation, which serves as the equation of motion, combined
with an appropriate closure relation. In the present work, analytical
solutions in three dimensions of the quadratically closed Folgar—Tucker
equation are presented for a planar flow. The analysis reveals that the
solution does not reduce to a purely two-dimensional orientation ten-
sor. However, in the long-term limit, only two components of the orien-
tation tensor remain independent—corresponding to the same number
as in the two-dimensional case. A reconstruction of the orientation
distribution function (ODF) further highlights the distinction between
the fully three-dimensional orientation state and the effectively two-
dimensional assumption in steady flow conditions. The analytical so-
lution also shows that the steady-state orientation is highly sensitive to
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the shear rate. At very low shear rates the solution is nearly isotropic
orientation tensor, whereas at very high shear rates it approaches a
configuration that is strongly aligned in the velocity direction.
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1 Introduction

Alignment phenomena in suspensions of short, rigid fibers play a critical
role in numerous industrial processes. In a flow process, the local distribu-
tion of fiber orientations depends on the shear rate and the flow geometry.
Notably, fiber orientation significantly influences the mechanical properties
of fiber composite materials, such as fiber-reinforced concrete produced by
pouring, or fiber-reinforced polymers after injection molding. Once set, the
fiber alignment is preserved, directly affecting the final properties of the
composite. Therefore, accurately predicting and controlling fiber orienta-
tion during manufacturing is essential for optimizing material performance.
As demands for efficient material and energy use grow, the ability to guide
fiber alignment becomes increasingly vital for future engineering applica-
tions.

In a coarsened description orientation tensors are introduced as a mea-
sure of orientational order. A widely used model equation for the second
order orientation tensor in a flowing fiber suspension is the Folgar-Tucker
equation (FTE). Analytical solutions of the FTE have rarely been discussed
in the literature, despite their potential to provide fundamental insight and
to serve as validation benchmarks for numerical schemes.

This work addresses that gap for a simple flow geometry - a three-
dimensional planar flow. Our method follows the approach described in [1].
Section 2 introduces the orientation distribution function, orientation ten-
sors, and the Folgar—Tucker equation. Section 3 details the reduction of the
nonlinear FTE to a linear problem and its application to three-dimensional
planar flow. Analytical solutions are presented and discussed in Section 4,
and the paper concludes with a summary of results in Section 5.
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2 Orientation tensors and the Folgar-Tucker
equation

In our model, the fibers are idealized as rigid, slender bodies of infinite
aspect ratio.

The orientations of fiber particles can be described by an orientation
distribution function defined on the unit sphere. Conceptually, one may
imagine all particles within a representative volume element having their
centers of mass fixed at the center of a unit sphere. The endpoints of the
particles - scaled to a length of two - then define a spatial distribution on
the sphere’s surface. The ODF represents the probability density of finding
a particle aligned in a particular direction n, where m is a unit vector. If
all orientations are equally probable, the distribution is homogeneous, corre-
sponding to an isotropic state. Conversely, if there is a preferred orientation,
the ODF exhibits a concentration around that direction, characterizing an
anisotropic distribution.

Because the full orientation distribution is generally not accessible through
direct measurement and is difficult to handle in numerical simulations, mo-
ments of the distribution function are introduced to capture its essential
features in a more tractable form [2, 3]. The symmetric tensors

(k) . 2
AV (x,t) : . flz,t,n) n .ndn (1)
k times

are referred to as orientation tensors. They are fully symmetric tensors of
order k and have trace one. As macroscopic quantities, they do not depend
on the microscopic fiber orientation n. In practice, usually only the second
order tensor is retained as a state variable.

From the infinite hierarchy of orientation tensors the ODF can be recon-
structed [4]:

flz.tm)= o <1+ T (21;1)” A (@) T...nm> )

7
1 even

By —— we denoted the symmetric traceless part of a tensor. The scalar
products between ‘A and T...n have been written in components and
M=1l-2)(1—4)---.

Neglecting the higher order orientation tensors yields the following ap-
proximation

f(x,t,n) ~ E (1 + ? Am(.’l),t) nin; ) . (3)
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One can show that, in two dimensions, the orientation distribution func-
tion reduces to:

1 1
f@,tm) ~ o (1 +4 Ay(z,t) nnj) . (4)
The FTE for the evolution in time of the orientation tensor of second
order is based on Jeffery’s equation [5] for the orientation of a single fiber in
the flow field supplemented by an orientation-diffusion term that represents

inter-fiber collisions. In three dimensions, the equation can be written as [3]

% =A-Vu+ (Vu)'-A—2Vu: AW +2D,(1 — 34), (5)
where u is the material velocity, D, > 0 is a material parameter, 1 is the
unit tensor, and Vu denotes the velocity gradient with components (Vu);; =

The fourth order orientation tensor A® appears in the equation gov-
erning the second-order tensor and must therefore be eliminated through a
closure relation. For comparisons of different closure approaches, see, for
example, [6, 7, 8, 9]).

Throughout this paper we adopt the quadratic closure, a dyadic product
of second order orientation tensors,

AW = AA, (6)

originally introduced by Doi [10]. Accordingly, we work with the quadrati-
cally closed Folgar—Tucker equation (FTE).

A
(ii—t:A-Vu—l—(Vu)T-A—2Vu:AA+2DT(1—3A). (7)

3 Reduction to a linear problem and application
to a planar flow
Following the method presented in [1], the nonlinear equation (7) can be

reduced to a linear problem. Introduce an auxiliary symmetric second-order
tensor X such that
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If X satisfies the linear differential equation

D.¢
- = X Vu+t (Vu)T - X 4+ 2D, (1tr(X) — 3X), (9)

then A is a solution of (7) and automatically has unit trace.

3.1 Planar flow

Consider a planar flow in three dimensions with velocity in x-direction pro-
portional to the y-coordinate, v, = yy commonly referred to as Couette flow.
All vector and tensor components are expressed in a Cartesian coordinate
system. The velocity field is steady in time.

The auxiliary tensor X and the velocity gradient are represented as

a 000
b |, vu=[|4500|. (10)
c 000

Substituting these forms into equation (9) yields the system of first-order
ordinary differential equations

i::27y+6Dr(x+§+C:c>, (11)

3'/:72_6Drya (]‘2)

@ =4b—6D,a, (13)

z:apT<W_z), (14)
3

b= —6D,b, (15)

¢ = 6D, (Wrgﬂ - c) (16)

with initial conditions z(0) = zo, y(0) = yo, a(0) = ag, 2(0) = 29, b(0) = bp,
c(0) = ¢p.
4 Analytical solutions

Equations (13) and (15) can be solved directly:
b(t) = bpe 5P (17)
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and
a(t) = Abge Pt — 6D, a(t) (18)
which gives
a(t) = e 9P (ag + ybot) . (19)
From equations (14) and (16) we obtain
(2(t) = c(t))" = —6D;(2(t) — c(t)) (20)
hence
2(t) — e(t) = (20 — cp)e Prt. (21)
4.1 Long-term behavior
Equations (17), (19) and (21) imply the limits
tlgélo b(t)=0, tllglo a(t) =0, tlg})lo z(t) = tlggo c(t) . (22)

The auxiliary tensor approaches the form

lim X (t) =

t—o00

0
0 (23)

ow 8
(el SIS

and the corresponding orientation tensor becomes

A Az 0
tlim A(t) = A12 A22 0 . (24)
e 0 0 Ay

This stationary form coincides with the result reported in [11] for the quadrat-
ically closed FTE in the case of slender fibers (infinite aspect ratio). The
orientation tensor is not purely two-dimensional, because Ass # 0; however,
it possesses only two independent components, as in the two-dimensional
case.
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4.2 Solution for the remaining components

After substituting the solutions equations (17), (19) and (21), there remain
three differential equations for the components z(t), y(¢) and z(t) of X (t).
We introduce the auxiliary scalar quantities:

s(t) = x(t) + z(t) + c(t), r(t) = x(t) — 5 (25)
and the remaining three equations for (y,r, s) become
2 (v —6D, =3 3\ [y(®) 3do =00t
p rt) =1 2% —6D, 0 r(t) | + 0 . (26)
s(t) 2% 0 0 s(t) 0
~ —_———
B f@)

We denote the system matrix by B.
A particular solution of the inhomogeneous system (26) is of the form
pe # where p satisfies the equations

(—6D,1—B) - p=fs, fo=| 0

The eigenvalues of the system matrix B may be found from the char-
acteristic polynomial

P(\) = X3 + 12D, \* + 36D?\ — 4D, (27)
(28)
with Cardano’s formula. As the velocity gradient field has an antisymmetric

part, the spectrum consists of one real eigenvalue and a pair of complex-
conjugate eigenvalues, see [1]

A ER, )\273 = B =+ 4. (29)

We reason analogously to [1]: The characteristic equation can be written
as

PN =0 <= X +12D,A\* 4+ 36D\ = 4D,+?
A (6D, 4+ \)* = 4D,4%. (30)
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The left-hand side of equation (30) vanishes for A = 0 and is strictly increas-
ing for A > 0. The right hand side is always positive. Consequently there
exists exactly one positive real root A of equation (30). Because the trace
of B is negative, the remaining two eigenvalues have negative real parts.
The two complex eigenvalues cause the components of X to oscillate with
exponential decay.

General solution
The homogeneous solution is obtained by diagonalizing the system ma-
trix B:
B‘VjI)\jVj, j:1,2,3,

with eigenvalues \; and eigenvectors v; and expanding (y(t),7(t), s(t))? =
S Cjvjerit .
J

The full solution therefore reads

Yy 3
r|(t) = v; Cj Nt 4 pe*6DTt. (31)
s j=1

Reconstruction of tensor components
From (y(t),r(t), s(t)) the remaining components of X (t) are calculated

x(t) = 5(s(t) +2r(1)), (32)
2(t) = 3(s(t) —r(t)) + 3d(t), (33)
c(t) = 5 (s(t) —r(t)) — 5d(b). (34)

Solution for the orientation tensor
Finally, the normalized tensor

_ X
Ctr X (1)

A(t)

is the analytical solution of the nonlinear FTE.
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4.3 Case study

In the following we consider solutions of equation (26) with initial value

100
xXo)=(01 0], (35)
0 0 1
corresponding to an isotropic initial orientation tensor A = %I .

The orientation tensor components as a function of time are shown in
figure 1 for three different shear rates: ¥ = 0.1, 1, 50 (s=!) . The results
show that Asy = As3 and Aj3 = Asz = 0. Furthermore, A1y exhibits an
increasing trend over time, while Aoy decreases. It is also evident that the
system reaches its steady state much faster at higher strain rates. The
steady-state values of the orientation tensor for three representative shear
rates are reported in Table 1.

Table 1: Steady-state orientation tensors Ao, for different shear rates 7.

A(s™1) 0.1 1 50
0.600573  0.200639 0 0.889871  0.151605 0 0.991419  0.046017 0
Aco 0.200639  0.199714 0 0.151605  0.055065 0 0.046017  0.004290 0
0 0 0.199714 0 0 0.055065 0 0 0.004290

4.4 Validity of the 2D approximation

A central question for the practical use of orientation tensor models is un-
der which conditions the three—dimensional orientation distribution can be
approximated by its two—dimensional counterpart. This approximation is
attractive because the 2D model is computationally less expensive and of-
ten sufficient for preliminary material design.

From the analytical solution with isotropic initial conditions obtained in
the previous section, we observe that the out—of—plane components satisfy
A3 = Asz = 0 for all times. Moreover, the component A3s decreases rapidly
with increasing shear rate. The evolution of A1; as a function of 4 (see Fig-
ure 2) shows that, for sufficiently large shear rates, A;; approaches 1. Since
tr(A) = 1, this implies that Ass = Ass ~ 0 and, therefore, the 3D orienta-
tion state becomes effectively planar. In such cases, the 2D approximation
becomes valid.
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Figure 1: Orientation tensor components as a function of time for three

different shear rates: 4 = 0.1, 1, 50 (s71).
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For D, = 0.01, the shear rates for which Asy = Aszs < 1073 are approxi-
mately ¥ > 464 s~!. In this regime, the steady-state tensor takes the form
of

0.9998 0.01708 0
A~ | 0.01708 0.000584 0 ,
0 0 0.000584

which corresponds to a highly anisotropic configuration in which the fibers
are essentially aligned with the x—axis.

On the other hand, for sufficiently small shear rates, the orientation
remains almost isotropic. For D, = 0.01, the shear rates for which |Age —
1/3] < 1073 are approximately 4 < 0.002 s~! and the tensor approaches

0.333 0.003 0
A~ |0.003 0.333 0
0 0 0333

Steady-state A;; vs Shear Rate y (Analytical Solution)

1.0 1 —e— Ay (steady state)
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T T
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Figure 2: The orientation tensor component Aj; in the steady state as a
function of the shear rate.

The orientation distribution functions in 2D and 3D, evaluated in the z—y
plane for three different shear rates, are compared in Figure 3. The distri-
butions are computed using equations (2) and (3), while the 2D orientation
tensor components are derived following the formulation given in [1]. It can
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be observed that, for sufficiently large shear rates, the 2D and 3D distribu-
tions exhibit very good agreement. However, at lower shear rates, noticeable
differences remain due to the intrinsically three-dimensional structure of the
orientation distribution.

ODF Comparison: 2D vs 3D (y = 0.1) ODF Comparison: 2D vs 3D ( = 1)

0.4 = 2D ODF
30 ODF -~
04 b
03 o R
03
02

[ 25 50 75 100 125 150 175 4 25 50 75 100 125 150 175
6 (degrees) 6 (degrees)

6)
6)

ODF Comparison: 2D vs 3D (y = 50)

6)

o 25 50 75 100 125 150 175
6 (degrees)

Figure 3: Comparison of the 2D and 3D orientation distribution functions
as a function of the angle in the x-y-plane for three different shear rates:
4 =0.1,1, 50 (s71).

5 Conclusions and outlook

In this work, the quadratically closed Folgar—Tucker equation (FTE) for
planar flows has been solved analytically, providing explicit expressions for
all components of the orientation tensor. The solution reveals the essential
structure of orientation dynamics in planar velocity gradients. In particular,
the out-of-plane components A3 and Ass decay exponentially, while Ass
approaches Aso in the long-term limit. As a result, the orientation tensor
ultimately contains only two independent components.

However, this reduction does not imply that the dynamics become two-
dimensional. Since Ass # 0, the orientation tensor does not collapse onto
the 1-2 plane. A reconstruction of the orientation distribution confirms that
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the resulting probability density deviates noticeably from the corresponding
2D approximation. The planar flow problem therefore remains intrinsically
three-dimensional, even though the velocity gradient itself is confined to a
plane.

The analytical solution also demonstrates that the steady-state orienta-
tion is highly sensitive to the shear rate. At very low shear rates, the solution
remains nearly isotropic and fully three-dimensional. In contrast, at suffi-
ciently large shear rates, it evolves toward a strongly aligned, effectively
one-dimensional configuration. These limiting behaviors can be quantified
precisely using the analytical expressions.

Beyond its theoretical significance, the analytical solution provides a
rigorous benchmark for validating numerical methods for fiber-suspension
flows. Building on this foundation, our future work will focus on developing
and testing improved closure models, extending the methodology to more
complex geometries and flow conditions, and incorporating newly proposed
formulations for fiber-orientation dynamics.
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