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1 Introduction

This report is not a tutorial contribution [3], some knowledge of recent theo-
retical thermodynamics [11] and of Einstein’s field equation is needed. Why
write and read this brief document? Sometimes a subject is discussed with-
out being interested in its background. A prominent example may be tem-
perature, if equilibrium- and non-equilibrium temperatures are not properly
separated. The practitioner knows what temperature is: temperature is what
the thermometer indicates, but what does it indicate and what are the prop-
erties of the thermometer? The guess may be, that is the non-equilibrium
contact temperature sketched in section 2.
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Another example for an interesting background is the fact that the en-
tropy production turns out to be independent of the directional derivatives,
or in another wording, that the entropy production is a state function. The
background of this statement is the axiom of no-reversible directional deriva-
tives which is sketched in section 3.

An example for a missing background is the symmetry of the matter
tensor of Einstein’s field equation in General Relativity Theory (GRT), be-
cause there are materials with non-symmetric energy-momentum tensor like
liquid crystals. Of course, nobody is interested to describe liquid crystals
general-relativistically. But the problem is vice-versa: Is GRT able to de-
scribe as a general theory also materials of non-symmetric matter tensors ?
The Belinfante-Rosenfeld procedure for generating symmetric tensors from
non-symmetric ones cannot help as sketched in section 4.

2 Contact temperature

We consider a closed Schottky system! [8,12] interacting with its environment

by net heat exchange @ through an inert partition?. Presupposing that

the environment is in equilibrium, its thermostatic temperature is 7. Then
Clausius inequality
Q
—dt < 0 1
§ i < )

is valid®.
Presupposing that also in non-equilibrium an entropy balance equation
of the Schottky system is valid [6]

S=a4+%, ¥ >0 2)

(entropy exchange ® and production ¥). Clear is, that ® cannot be defined
by use of the environment’s temperature T" because S is a state function of
the Schottky system and 7T is not a quantity of the system

> - %. (3)

LA Schottky system is a discrete system, that means a "box" which is in interaction
with its environment.

2An inert partition does not absorb or emit heat, power or material.

3For performing the integral, a state space belonging to the Schottky system must be
introduced [7].
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Consequently, we define the entropy exchange by using an up to now un-
known non-equilibrium temperatur © belonging to the Schottky system [1,2]

— 0 = fédt: fgdwr]fzdt > j{gdt (4)

, resulting in a Clausius-like inequality. From (4) follows

Q
}z{ Qdt < 0, (5)

o =

DO

~—

according to (2

which is different from (1).
Comparing (1) with (5) the question arises, which integrand is greater
than the other? We set? provisional with regard to an interpretation below

QR Q LIy~ #
X _Xx) - (== > 0.
6-7) = (G-7)e=0 ©
From this inequality follows
02T =050 (7)

The question arises: what are the temperatures, if the net heat exchange is
zero 7 The assumption of contradiction is that in this case the temperatures
are different

Q=0 ©-T< > Q>0. (8)
The assumption of different temperatures at vanishing heat exchange results
in the contradiction (8). Consequently,

Q=006 ="T (9)

is valid. This relation allows to define ©, a non-equilibrium temperature
called Contact Temperature [4].

A Schottky system in a special non-equilibrium state is contacted with
equilibrium environments of different thermostatic temperatures, net heat
exchanges occur. There is one equilibrium environment of temperature T
for which this net heat exchange vanishes. According to (9), the value of
the system’s non-equilibrium temperature © is defined by the well known
thermostatic temperature T of the environment.

#
40— O is a set quantity.
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Definition of the Contact Temperature [6]: The system’s contact
temperature is that thermostatic temperature of the system’s equilibrium
environment for which the net heat exchange between the system and its
environment through an inert partition vanished by change of sign.

3 Second law and material

For describing materials, a state space Z > z is necessary on which —after
inserting the constitutive equations into the balance equations— the linear
differential operators of the balance equations (d;, V) act by applying the
chain rule, thus generating so-called higher derivatives y' := (dyz, Vz) [10].
Thus, time and position derivatives of the state space variables appear in
the balance equations which for discrimination are called balances on state
space

Alz)y=C(z), B(z)y=D(z) >0, (10)

and which are linear in the higher derivatives which can be interpreted as
directional derivatives in state space. Here (10)y is the entropy balance
equation and (10); are all other balances in matrix formulation.

Because there are less balance equations than higher derivatives, these
ones are not determined by the balances on state space, rather higher deriva-
tives exist forming a kernel of the balances on state space

A(Z)yker =0. (11)

Due to their linearity, higher derivatives can be combined linearily repre-
senting different directional derivatives. According to the dissipation inequal-
ity, there are three kinds of directional derivatives: irreversible, reversible and
not-satisfying the inequality ones.

Concerning the directional derivatives, some axiomatic statements can
be formulated:

i) A reversible directional derivative cannot be generated by non-reversible
ones.

This statement results in the Coleman-Noll-Mizel formulation of the 2" law:
ii) All solutions of the balance equations on state space have to satisfy the
dissipation inequality.

A second axiomatical statement is

iii) Directional derivatives which are in the kernel of the balance equations
on state space do not enter the entropy production o

(Y + Yper) = 0(y). (12)
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This results in the
Axiom of No-reversible Directional Derivatives

iv) Ezcept in equilibria, reversible directional derivatives in state space do
not exist,
that is, reversible directional derivatives appear only in equilibrium and the
entropy production in non-equilibrium does not depend on them, it is a state
space function. Consequently, reversible directional derivatives do not exist
in non-equilibrium.

Another result of (12) is of interest [13|: the Liu Relations

B(z) = A(z)A(z) and A(2)C(z) > D(z), (13)

which connect the balance equations with the dissipation inequality and
which is unexpected independent of the directional derivatives.

4 Matter tensor

In general-covariant continuum physics (GCCP) is presupposed that the
energy-momentum tensor 7% and the current of spin density S ° sat-
isfy the following balance equations

Tal:a — k?b, Sk‘ab;k — mab’ (14)
Skab _ _Skba’ mab _ _mba. (15)

In non-isolated systems, k® # 0 denotes an external force density, and m® #
0 is an external momentum density. The energy-momentum tensor may be
not symmetric.

The question arises, how to make these general-covariant balances (14)
compatible with Einstein’s field equations of General Relativity Theory (GRT)

[5]

1
RabfigabR — I‘Q@ab — Gab — eba’ ®ab;b = 0. (16)

This question seems to be solved by:

Proposition 1. (see [5]|) The energy-momentum balance (14)1 is only
compatible with Finstein’s equations (16), if the inhomogeneity of the energy-
momentum balance (14); has the form

o= T, = =R}, (17)

Soften shortly denoted as spin tensor



Some backgrounds of temperature 274

(Rzlm is the curvature tensor), and additionally beyond that, the anti-symmetric
part of the energy-momentum tensor is given by the divergence of the spin
tensor

2T[ab] _ Slmb;k _ mab_
(18)

The equations (17) and (18) represent the basic balances of energy-
momentum and spin in GCCP and which enforce the compatibility of them
with Einstein’s equations (16). The way to generate these equations is called
Belinfante- Rosenfeld procedure which starts by using the ansatzes

Bab - Tab _ lzkabk (19)

: 5 :
Ekab — Skab+5abk+sbak’ Ekab — _Eak’b’ (20)
sl shab = mab, MO = g0 (21)

which are composed of the energy-momentum tensor and of divergences of
the spin tensor.
Demanding
Bl = o b, =, (22)
results in (17) and (18) [9]°. The decisive step of the Belinfante-Rosenfeld
procedure is the setting

Bl _ plab) _ glabk = gab _ 1 (Rab _ }gabR) _ lGab7 (23)
' K 2 K
that the symmetric part of the procedure generating tensor B (19) equals
the gravitation generating energy-momentum tensor ©® of matter in Ein-
stein’s equations (16) which couple matter with geometry G.
The result (23) of the Belinfante-Rosenfeld procedure seems strange in
some respect: According to (22); and (21);

1
Bl¥l = rlatl _ Zppeb = 24
. (24)
Tl and ma have no influence on the gravitation according to (23)2. The
external momentum density m? generates the material quantity 71, thus
coupling spin with energy-momentum. According to (17), the external forces
vanish with the curvature, a fact which is not true in Special Relativity

SA setting is marked by =, a definition by A:=B, A is defined by B
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Theory (SRT). According to (23)3 also the matter tensor © vanishes with
the curvature and in this case T(%) is determined by S(a)k ., different from
matter theory.

The result is: The Belinfante-Rosenfeld procedure has to be modified
with ansatzes different from (19) and (20), if SRT is presupposed.
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