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Abstract

In this note we compare the entropy principle and the objectivity
arguments in the methodologies of Dunn and Serrin [6] and in the
more recent weakly nonlocal thermodynamic analysis of Korteweg-type
fluids in [29]. It is concluded that the different objectivity approaches
lead to the same constitutive functions, and that the difference in the
thermodynamically compatible pressure tensors of perfect Korteweg
fluids is due to different symmetry requirements.

Keywords: Korteweg fluids, weakly nonlocal thermodynamics, Liu pro-
cedure, material frame indifference.

MSC: 80A17, 76A02.

1 Introduction

Material frame indifference, also known as material objectivity is one of
the most discussed fundamental principles of classical continuum physics.
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It appears evident that material properties are independent of frames of
reference. The principle has several different mathematical realizations.

The formulation of Noll is based on the transformation properties of
vectors in a three-dimensional Euclidean vector space, a mathematical rep-
resentation of the spatial part of our spacetime [20,21,25]. This formulation
has been criticized and reformulated by others [7, 19]. The correct method
is fundamental, as it is demonstrated by its role in the well-posedness of
partial differential equations of Rational Extended Thermodynamics [18] or
in the case of extended heat conduction in moving media [2, 3]. A geomet-
ric formulation requires a reference frame independent representation of the
corresponding functions and relations in a flat, four dimensional model of
our nonrelativistic spacetime [12,20]. Some properties of the two approaches
are compared in [13, 14]. In [28] the transformation properties of the mo-
ment series expansion of Rational Extended Thermodynamics are explained
in terms of transformation properties derived in a four-dimensional Galilean
relativistic spacetime model.

The difference between the two approaches is significant. Noll’s formula-
tion is based on rigid rotating reference frames and requires invariance with
respect to transformations between these frames. In contrast, Matolcsi’s
spacetime approach requires a reference frame independent formulation of
material properties and transformations between reference frames are de-
rived, secondary concepts.

Why is this a difficult problem? Firstly, in continuum theory, there is
a distinguished reference body: the continuum itself. In this context, a
spacetime-based formulation is far from evident, since the properties of the
matter must be formulated in a way that takes into account the existence
of the matter itself. This is particularly important in dissipative processes,
since energy dissipation is objective, measurable, technologically significant
and costly. Secondly, in nonrelativistic physics time passes independently of
observers, therefore space and spacelike parts of four tensors appear inde-
pendent of time.

The two approaches can be compared by its consequences as well. A good
example is the thermodynamic consistency of weakly nonlocal Korteweg-type
fluids. Dunn and Serrin, [6], applies Noll’s concept of objectivity and com-
bines with the Coleman-Noll procedure to derive the constitutive function
of the Korteweg pressure. They obtain

PDunn−Serrin =

(
%2∂ψ

∂%
− %∇ · ∂%ψ

∂ (∇%)

)
1 +∇% ◦ ∂%ψ

∂ (∇%)
, (1)

where % is the density, ψ is called free energy in the paper of Dunn and Serrin
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and ∇ denotes the spatial derivative.
In the special case of ψ = K (∇%)2

2% , with K = const. one gets

PDS−quadratic =

(
%K∆%− K

2
(∇%)2

)
1 +K∇% ◦ ∇%, (2)

which is the pressure for diffuse interfaces derived in the framework of phase
field models as well [1].

On the other hand a different pressure tensor was derived in [29]:

Pst =

(
%2∂u

∂%
− %2

2
∇ · ∂u

∂ (∇%)

)
1− %2

2
∇ ∂u

∂ (∇%)
, (3)

where u is the specific internal energy.
In the special case of u = K (∇%)2

2% , with K = const. one obtains

Pst−quadratic =

(
−%K

2
∆%

)
1− %K

2
∇ ◦∇%+

K

2
∇% ◦ ∇%. (4)

Moreover, in [29] the material frame indifference is hidden, relative quan-
tities are used to characterize the fluid, like current densities and relative ve-
locity. Also (1) and (3) are different: in (1) interstitial working is introduced,
in (3) the entropy flux is a constitutive function1. Both papers use rigorous
methods: Liu procedure in [29] and Colemann-Noll procedure in [6].

In the following we shortly compare the objectivity arguments and ana-
lyze the reason of the difference of the above pressure tensors.

2 Galilean relativity

Noll’s concept of objectivity is based on specific transformation rules between
reference frames. Covariance with respect to these transformations is a nec-
essary condition for material frame indifference. However, this is not suffi-
cient: reference frame independence requires covariance with respect to all
transformations. Nevertheless, it is difficult to find experimental counterex-
amples, so the principle appears to hold true. A reference frame independent
spacetime approach is different. In this approach, transformation rules can
be derived between any reference frames. Also, a geometrical formulation is
not always necessary. Following some simple rules one can be sure that the
theory is Galilean covariant even though it seems to be composed of relative
elements.

1One can get the same result with constitutive entropy flux as well [17].
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Spacetime, including the non-relativistic one, is four-dimensional. There
are several known formulations (see e.g. [7,8,10,15,16]), and there are some
known consequences, for example the covariance of the Maxwell equations in
Galilean electrodynamics [22]. In non-relativistic continua, the usual frame-
work with relative, reference frame dependent quantities results in good mod-
els of observed phenomena. However, the story of the principle of material
frame indifference indicates that a clear mathematical formulation without
conceptual clarity is not enough. Despite absolute time, four-dimensional
spacetime concepts are unavoidable in non-relativistic physics to remove rel-
ative quantities and reference frame dependence. Their conscious usage clar-
ifies several concepts, like the conductive and convective current densities in
local and substantial balances: their relation is a Galilean transformation
between the laboratory and material frames. Rigorous spacetime treatment
of nonrelativistic fluid mechanics reveals that the energy-momentum tensor
is more sophisticated than in special relativity [12, 27]. There is a covariant
concept of energy, but only as part of a third-order four-tensor.

However, keeping in mind the spacetime background, it is easy to avoid
problematic aspects and keep the theory covariant despite using relative
quantities. For example, the spatial derivatives (i.e., the gradients) are le-
gitimate, objective constitutive variables; they are spacelike covectors, that
do not transform when the reference frame changes [15]. Moreover, the bal-
ance form is a four-divergence of a four-quantity (scalar, vector or tensor),
therefore it is invariant, that does not transform either [27]. In addition,
the entropy current density is a four-vector, therefore, if its timelike part,
the entropy density, is a constitutive quantity, then its spacelike part, the
entropy current density, must also be a constitutive quantity.

Therefore, keeping in mind that the

– constitutive state space is spanned by thermodynamic state variables
and its gradients,

– the constraints are fundamental balances,

– entropy flux is a constitutive quantity,

one can conclude that Korteweg fluids are safe from the point of view of
material frame indifference. The final proof to this statement could be the
development of a reference frame independent Galilean covariant Korteweg
fluid theory.
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3 Thermodynamic methodology

Fluid mechanics starts with the fundamental balances of mass, momentum
and energy:

%̇+ %∇ · v = 0, (5)
%v̇ +∇ ·P = 0, (6)
%ė+∇ · JE = 0, (7)

Eulerian description is applied, dot denotes substantial time derivatives and
%,v, e are the density, velocity and the (mass)specific energy of the fluid. P
is the pressure tensor, which is symmetric as a consequence of conservation
of angular momentum, and JE is the conductive current density of the total
energy. The entropy balance is

0 ≤ %ṡ+∇ · JS , (8)

where s and JS denote the mass-specific entropy function and the entropy
current density, respectively. P,JE ,JS and s are constitutive quantities,
depend on the following weakly nonlocal constitutive state space:

(
%,∇%,∇ ◦∇%,v,∇v, e,∇e

)
. (9)

Introducing the Γ%,Γv ,Γe Lagrange-Farkas multipliers for the balances
above and Γ∇% for the spatial derivative of (5) one can apply Liu proce-
dure to obtain the consequences of the entropy inequality. The derivative
of the mass balance is a constraint, because the constitutive state space is
second order weakly nonlocal in the density [4,26]. Then Liu procedure leads



On the objectivity and thermodynamic consistency of Korteweg fluids 262

to the following inequality (23)2:

0 ≤
(
%
∂s

∂%
− Γ%

)
%̇+

(
%

∂s

∂ (∂i%)
− Γi
∇%

)
(∂i%)˙+ %

∂s

∂ (∂ij%)
(∂ij%)˙

+

(
∂s

∂vi
− Γv i

)
%v̇i + %

∂s

∂ (∂jvi)

(
∂jv

i
)˙+ (∂s

∂e
− Γe

)
%ė+ %

∂s

∂ (∂ie)
(∂ie)˙

+

(
∂J j

S

∂%
− Γv i

∂Pij

∂%
− Γe

∂J j
E

∂%

)
∂j%

+

(
∂J j

S

∂ (∂k%)
− Γv i

∂Pij

∂ (∂k%)
− Γe

∂J j
E

∂ (∂k%)

)
∂jk%

+

(
∂J j

S

∂ (∂kl%)
− Γv i

∂Pij

∂ (∂kl%)
− Γe

∂J j
E

∂ (∂kl%)

)
∂jkl%

+

(
∂J j

S

∂vi
− Γv l

∂Plj

∂vi
− Γe

∂J j
E

∂vi

)
∂jv

i

+

(
∂J j

S

∂ (∂kvi)
− %

2
Γl
∇%

(
δji δ

k
l + δki δ

j
l

)
− Γv l

∂Plj

∂ (∂kvi)
− Γe

∂J j
E

∂ (∂kvi)

)
∂jkv

i

+

(
∂J j

S

∂e
− Γv i

∂Pij

∂e
− Γe

∂J j
E

∂e

)
∂je

+

(
∂J j

S

∂ (∂ke)
− Γv i

∂Pij

∂ (∂ke)
− Γe

∂J j
E

∂ (∂ke)

)
∂jke

−
(
%Γ%δ

i
j + Γi

∇%∂j%
)
∂iv

j − Γi
∇%∂i%∂jv

j . (10)

Here the boxed expression takes the symmetric part of %Γk
∇%δ

j
i , as it is

required by the symmetry of the second derivative of the velocity, ∂jkvi [5].
The Liu equations are the coefficients of the underlined terms. Solving them
and introducing the extra energy ε:

ufl = u− ε (%,∇%)

%
, (11)

the specific internal energy is u = e− 1
2v ·v and then the entropy depends on

the fluid internal energy s = s(ufl, ρ). Then one obtains the following form
2Abstract index notation is introduced for the three vectors and tensors. Double in-

dexes denote contraction.
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of the residual inequality [29]:

0 ≤
(
JE −P · v − %

2

(
∂ε

∂ (∇%)
(∇ · v) +

∂ε

∂ (∇%)
· ∇v

))
· ∇ 1

T

− 1

T

(
P−

[(
pfl − ε+ %

∂ε

∂%
− %2

2
∇ ·
(

1

%

∂ε

∂ (∇%)

))
1− %2

2
∇
(

1

%

∂ε

∂ (∇%)

)])
(12)

: ∇v.

Here pfl is the fluid pressure. If the necessity of symmetrization is not
realized, leaving the related term as it appears after the composite derivation
the following expression is obtained for the boxed part:

%Γl
∇%δ

j
i δ

k
l ∂jkv

i = %Γk
∇%∂ikv

i.

The residual inequality will be different than above:

0 ≤
(
JE −P · v − % ∂ε

∂ (∇%)
∇ · v

)
· ∇ 1

T

− 1

T

(
P−

[(
pfl − ε+ %

∂ε

∂%
− %∇ · ∂ε

∂ (∇%)

)
1−∇% ◦ ∂ε

∂ (∇%)

])
: ∇v.

(13)

In the symmetrized and non symmetrized cases the pressure tensors of a
perfect fluid are respectively:

Psymm =

(
pfl − ε+ %

∂ε

∂%
− %2

2
∇ ·
(

1

%

∂ε

∂ (∇%)

))
1− %2

2
∇
(

1

%

∂ε

∂ (∇%)

)
,

Pasymm =

(
pfl − ε+ %

∂ε

∂%
− %∇ · ∂ε

∂ (∇%)

)
1 +∇% ◦ ∂ε

∂ (∇%)
.

The divergence of the two tensors are the same,

∇ ·Pper = ∇pfl + %∇ δε
δ%
. (14)

One can see that both are classically holographic with the terminology of
[29] if one applies the Gibbs-Duhem relation for the gradient of the static
pressure. Introducing the specific extra energy ψ = ε/% one obtains the
Dunn-Serrin form, (1) and also [6], eqs. (5.3), after the transformation from
Pasymm. The pressure tensor (3) and also [29] eqs. (65) comes from Psymm.
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4 Discussion

4.1 Objectivity

Dunn and Serrin’s work is not restricted to fluids; they begin their analy-
sis within the framework of finite deformation elasticity. Several examples
demonstrate that, in the case of fluids, explicit objectivity checking can be
avoided and relative quantities can be used to obtain the same Korteweg
stress. We have argued here that a background geometric Galilean rela-
tivistic flat spacetime model provides an explanation: the standard fluid
mechanics practices, supplemented by the conscious use of the basic prop-
erties of the spacetime model (e.g. that gradients are frame independent),
offer a safe haven for objective calculations. A genuinely Galilean relativistic
spacetime-based Korteweg fluid theory is lacking yet.

4.2 Various Korteweg pressures

The difference in the ideal Korteweg fluid pressures in references [6] and [29]
is due to a symmetry requirement in the mathematical formulation of the
entropy principle. The requirement remains hidden in the variational ap-
proaches and in case of the Coleman-Noll procedure, but becomes apparent
when the Liu procedure is applied. The application of the symmetry require-
ment in [29] is not complete either (see [5]).

4.3 Diffuse interfaces and microforce balance

The Korteweg pressure forms the theoretical basis of diffuse interfaces, aris-
ing as model H in phase field theory [1, 11]. There it is derived from the
Noether theorem using a variational principle. The concept of microforce
balance was introduced as an alternative to the variational principles of phase
field theories [9]. However, both concepts are superfluous in the light of a
rigorous thermodynamic approach, particularly with regard to the classical
holographic property, which is a consequence of the second law [24]. It is re-
markable, that both symmetric and assymmetric forms of the pressure can be
compatible by the Enskog-Vlasov equation, due to the classical holographic
property of the Vlasov force [23] equation (4.5).
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