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Abstract

The problem of stabilization of dynamical systems is very impor-
tant, as part of the control systems field. The theory of positive polyno-
mials in control has the seeds in the 1980’s, based on the work of Naum
Zuselevich. They can be used to solve a variety of problems in robust
control, non-linear control and also in non-convex optimization. The
present paper approaches the problem of finding a stabilizing feedback
for homogeneous polynomial systems in the plane. It is known that
the polynomial systems in the plane have a lot of special properties
which can be easier approached thanks to the dimension 2. The case
of systems arising from excitable media is taken into account, and the
results will be used to deduce properties for further detailed analysis.
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1 Introduction and mathematical framework

There are many domains where the complex dynamical systems are mod-
elled as polynomial differential equations. Dynamics of population growth
in ecology, prices and business cycles in economics, spread of epidemics in
network science, and motion of electromechanical systems in control engi-
neering, are only some examples where some slight deviations from the “as-
sumptions of linearity” imply working with vector fields. On the other hand,
polynomial vector fields have always been at the heart of diverse branches
of mathematics. Among different qualitative questions we can ask, the sta-
bility problem is the most important. Almost universally, the approach of
stability of dynamical systems leads to Lyapunov second method and its
variants. Between the appliances, in the last decades the Lyapunov theory
has been refreshed by the advances in the theory of convex optimization and
in particular semidefinite programming (SDP). But despite the rich research
in this field, many elusive problems remained. Let us remind the following
fundamental question, still open: given a polynomial vector field, is there an
algorithm that can decide whether the origin is a (locally or globally) asymp-
totically stable equilibrium point? A well-known conjecture of Arnold states
that there cannot be such an algorithm; i.e., that the problem is undecidable
[1] . This problem of decidability is part of the field of “P versus NP prob-
lems”, a major unsolved conjecture in the computer science. It is important
to mention the distinctions between establishing results for stability, versus
answering questions on existence of Lyapunov functions. The connections
between the two are always important and must be noted. More details on
this point can be found in [12]. In the present paper it is approached the
stabilization problem for homogeneous polynomial dynamical systems in the
plane, and tested how the parameter influence works in this analysis type.
Let us consider the affine control system in the plane:

&= f(2) +u-g(a), (1)

where the state x € R™ is a smooth vector field, v € R, f(0) = 0 and f and
g are also smooth vector fields. In [2] it is proved that if the system (1)
admits a Lyapunov function, then the system is stabilizable at the origin by
a nonlinear feedback law, which is smooth for z # 0. The main idea is to
construct homogeneous feedback laws that preserve the homogeneity of the
resulting closed loop system. In [11,15] more details can be found.

Let us consider the homogeneous dynamical systems in the plane of the
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form [11]

{ 1= Pi(r1,22) +u- Qr(x1,22) )
o= Pa(x1,22) +u- Qa(x1,22),

where (z1,72) € R?, u € R, Py, P» are homogeneous polynomials of degree
2k+1, Q1, Q2 are homogeneous polynomials of degree ¢, and k, q are integers.
The problem is to find a feedback (z1, z2) — u(z1, z2) which is homogeneous
of degree 2k + 1 — ¢ and asymptotically stabilizes the control system (2). If
such a function exists, then the system is globally asymptotically stabilizable
(GAS) at the origin. In [11] there are given some methods for constructing a
homogeneous feedback law. There are a lot of cases taken into account there,
concerning the polynomials Py, P>, @1, Q2, all based essentially on a theorem
given by [4] in which the author gives necessary and sufficient conditions for
stability of homogeneous systems in the plane. We follow the technique from
[11] and call here only the essential notations and results. Let us recall the
following definition.

Definition 1. Let P : R? — R?  be a polynomial function. We say that
P is homogeneous of degree d € N if P(\x) = A4P(x), VA €R, VxcR2
In [4] it is called the Hahn theorem which gives necessary and sufficient
conditions for a two-dimensional system like the following:

{ 1= Xi(x1,22)
&g = Xa(z1,x2),

(3)

with X7(0,0) = 0, X5(0,0) = 0, and X7, X5 Lipschitz, continuous and ho-
mogeneous of degree p, to be asymptotically stable.

Now consider the polynomial system (2) with the above statements. The
problem is to find a homogeneous feedback of degree 2k+1—¢q which stabilizes
the system (2).

We need to define the following polynomial functions, which will be es-
sential in the calculus [11]:

(4)

P (w1, 72) = det <X1 (w1, 22) x1>

Xo (z1,22) 2

G (1, 22) = det <Q1 (21,22) x1> = 12Q1 (z1,22) — 21Q2 (21,72)  (5)

Q2 (361,932) z2

Py (z1,22) a1

H (21, 79) = det
(21, 22) = de <P2 (w1,22) X2

> = 29P (z1,22) — 21 P (21, 22)
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F (x1,22) = det (Pl (1,29) Q1 ($1,x2)>

Py (w1,22) Q2 (71,72)

= Q2 (21, 22) P1 (x1,22) — Q1 (1, 22) Po (v1,22) .

It is easy to observe that the degrees of the homogeneous polynomials G,
H and F are ¢ + 1, 2k + 2 and 2k + g + 1 respectively.

Let w (z1,22) be an homogeneous feedback of degree 2k + 1 — ¢q. The
closed loop system (2) by the feedback u can be written as

{351 = P (1, 22) + uQ1 (z1,22) = X1 (1, 22) (6)
Zo = Po (x1,22) + uQ2 (1, 22) = Xo (21, 22) .

If we recall the function ® (z1,z2) = x2 X1 (21, x2) — £1 X2 (21, x2), then
it is clear that

¢ (x1,22) = H (21, 22) +u G (21, 22) . (7)

Since u (x1, x2) is homogeneous of degree 2k+1—g¢, the function ® (1, x2)
is homogeneous of degree 2k+2. This function plays a very important role in
the study of the stability of the closed loop system (6). Moreover, it can be
constructed the function ® (z1,x2) satisfying the following conditions [11]:

(I) The function ® is C* in R?\{(0,0)} and homogeneous of degree 2k+2;

(IT) The functions (¢;x1 — )" divide ® (w1, 29)—H (21, 22) for all i € Iy;
Here ¢;, ¢; are between the zeros of the function G, n; is the multiplicity
order and I is a set of index;

(IIT) If the set of points & € R?\(0,0) such that ®(¢) = 0 is non-empty and
the point £ = (&1, &) satisfies ®(€) = 0, then

(0. %) ©") < 0.

Here the relation <xT‘yT> = Z?Zl x;y; denotes the Euclidean inner
product.

In order to construct the function ®, we have to use the numerical data
Py, Po, Q1and Q2 to compute the functions G (x1,x2), H (z1,x2), F (21, z2)
and their zeros. We take into account here only the case when G (z1, z2) is
definite, i.e. it has no zeros on the unit sphere. Then the following result
holds.
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Theorem 1 [11]. If there exists a point M, M = (my,mz) such that
G(M)-F(M) > 0, then the function ® defined by

0] (:L'l, .%'2) = (mgl'l — m1x2)2k+2 (8)
satisfies the conditions (I)-(I11) and the feedback

) (iL'l,xQ) - H (.%'1,.21?2)
G($1,£U2)

is C* on R?\{(0,0)}, homogeneous of degree 2k 4+ 1 — q and stabilizes the
system (2).

9)

u(z1,22) =

2 Recent results on kinematics of mixing in 2d case

The paradigm of mixing of fluids is substantially relied to the development
of various branches of science and technology. Mixing is connected with
turbulence, natural sciences, but equally to various branches of engineering.
Despite its universality, it has been quite difficult to construct a general
framework for analysis. Therefore, it is very unlikely that a single explana-
tion can capture all the features of the problem.

Mixing is intimately related to stretching and folding of material surfaces
(or lines, in two dimensions) and the theory can be synthetized in terms of
a kinematical description. Even though the kinematical foundations were
available for a long time (starting with Truesdell in 1954, Truesdell & Toupin
in 1960) a standpoint like this was established rather with the works of
[13]. In some cases, the existing kinematical foundations are sufficient and
it is possible to manage the exact calculation for the material elements’
stretching, for example in steady curvilinear flows and slowly varying flows.
But even these cases can lead to poor mixing unless special precautions are
taken [3].

The mathematical formula of a flow is:

r=P(X), X =0(X). (10)

Here ®, the flow, is a diffeomorphism of class C* and it must satisfy the
equation

O
J = det(D(®4(X))) = det | =L ), (11)
0X;
The equation (11) implies two particles, X; and Xy, which occupy the
same position X at a moment, and D means the differentiation with respect
to the reference configuration.
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Chaotic motions have a natural way for increasing the mixing efficiency

of a flow. The basic idea is that the Eulerian velocity field:
<dx> =v(x,t), withVv=0 (12)
dt )

admits chaotic particle trajectories for simple forms of v(x = X at t = 0).

Chaotic mixing is tightly related to dynamical systems field. This can
be easily observed from relation (11). However, the dynamical systems ap-
pliances can be over-estimated. For example, it is not possible to predict
a-priori the “degree of chaos”, even in simple two-dimensional experiments,
without doing the experiment first. In fact there are two very important
aspects that distinguish the chaotic mixing. First, it is related to rate a
process, that means rapid mixing, rather than long-time behaviour. The
second aspect is that the perturbations from integrability are large, because
it happens when the best mixing occurs. However, few experiments, analy-
ses, computations, revealed some of the basic mechanisms acting in simple
chaotic flows, and thus some “windows” for some complicated situations are
opened.

The basic measure in the kinematics of mixing is the deformation gradient
F, with the formula:

P (VxnX), B - (5. (13)

In order to evaluate the mixing process, we need to evaluate the stretching
and folding of material elements. If the gradient F is non-singular, the

deformation measures are defined: the length deformation A and surface
deformation n, with the following relations:

A= (C:MM)Y2, 5= (det(F)- (C': NN)"’ (14)

with C (= FT - F) the Cauchy-Green deformation tensor, and the vectors
M, N the orientation versors in length and surface respectively.

A and 7 are used for studying the basic qualitative quantity in the kine-
matics of mixing: the deformation efficiency. It can be naturally quantified,
namely, the following formulas are defined [14]:

_ D(n\)/Dt
= Dipy =

the deformation efficiency in length, and

(15)
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_ D(lnn)/Dt <
‘T D.D)2 =

the deformation efficiency in surface (for the case of an isochoric flow)

The above quantities are very important in the study of the mixing effi-
ciency; various forms of them are used in practice for simplifying the calculus.
More details can be found in [14].

When approaching the mixing model as a dynamical system, it is conve-
nient to start from the widespread basic 2d mathematical form [14]:

(16)

{i‘lz G'l’g

To = KG- -, —-1<K<l1l, GeR. (17)

Although this system is a linear one, when associating the corresponding
initial conditions

.’L’1<0):$1(t:0) :Xl; xg(()) :xg(t:O):XQ (18)

one obtains the trajectory of the Cauchy problem (17)-(18) with a nonlinear
behaviour.

In fact the solution is quite complex and has an interesting geometric
standpoint. The streamlines of the model satisfy the relation

r3 — K - 2% = const,

1
which corresponds to some ellipses with the axes rate (ﬁ) “if K is neg-

ative, and some hyperbolas with the angle 8 = arctan (ﬁ) ® between the

extension axes and z3, if K is positive [14].

This isochoric flow has a 3d version, quite easy to construct, namely
associating for the third component, the movement velocity of the system
[7]:

3‘5‘1 == G-ZL‘Q
iy = K-G-x1, -1 < K <1,c= const. (19)
I3 = ¢

For the basic 2d mixing flow dynamical system, few analyses were done,
in order to create a panel for its behaviour. The stability of the system
was analysed, in the original and perturbed form. One form with important
features was the following slightly perturbed form [8]:
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{ flzGl‘Q—Fl’l

iy = KGuy — o, -1<K<1,GeR. (20)

For this model, the feedback linearization like in [10] was performed, then
a SOS Lyapunov function was found both for the initial and for the feedback
linearized model [8].

It is known that the Lyapunov computational analysis is a powerful tool
for stability, since it has appliances for studying how small variations in the
initial conditions will introduce small variations in the phenomenon evolu-
tion. A slightly perturbed form like (20) of the dynamical system is very
good also for analysing the parameter influence on the stability analysis.

In a next stage, another important form of the mixing flow dynamical
system was taken into account, the model perturbed with a logistic type
term [9):

Hfl = GH?Q
{:c'QZKG:c1+G(x2x1), -1<K<1,GE€R. (21)

Since it is a nonlinear model, finding a Lyapunov function for it is quite
difficult, therefore the “controlled form” of the model was used. In this con-
text, an eigenvalue criterion for stability was straightforward to apply, and
there were found good results, the first stability criterion works in feasible
conditions for the parameters [9].

3 Finding a stabilizing feedback for the mixing
dynamical system in a perturbed form

Although a nonlinear model, the mixing flow dynamical system for the kine-
matics of mixing can reach the stability. This was checked in recent works.
Taking into account the previous perturbations of the model, a question arise
in an obvious way. Up to what point a model like the mizing model can be
perturbed, such as it is possible to apply a feasible stabilisation technique? A
possible answer to this question can be done by the homogeneous polyno-
mial systems’ analysis in the plane. In what follows we focus on the mixing
model 2d dynamical system in the slightly perturbed form (20), a form which
allows using a stabilization technique for finding a polynomial feedback in
plane. We choose a simple variant for the values set of the integers k£ and ¢,
in order to make easier testing the feasibility of the technique. Namely, the
set k = 0,q = 2 was chosen. Thus, the following variant for the perturbed
dynamical system is taken into account:
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{ i1 = Gxy—xy +u- (13427 — 58x1x9 + 7513) (22)

iy = KGr1 — 9 +u- (7022 — 301129 + 12523),

where —1 < K <1, G € R.

It is easy to observe that deg(P1) = deg(Ps) = 1,deg(Q1) = deg(Q2) = 2
and the polynomials are:
23
24

Py(x1,x9) = Gxg — 21 (23)
Py(21,22) = KGa1 — 29 (24)
Q1(w1,12) = (13423 — 58z 29 + T5x3) (25)
Q2(z1,z2) = (7022 — 30z 129 4+ 12523). (26)
Furthermore, we note that

1. The origin is a solution for the system (22);

2. The polynomials P, P», and ()1, Q2 are homogeneous of degree 1 and
2 respectively.

Thus we can apply the Theorem 1 and check if it is possible to find a poly-
nomial feedback u (x1,x2) for the system (22). Let us first construct the
functions F, G, H. Following the relations (5), we find the functions as fol-
lows:

F(z1,z2) = (=70 —134KG)x} + (125G + 75)z5

+ (164 + 70G + 58K G) a2y (27)

— (183 430G + 75 KG)x1 23
G(xy,x9) = 7523 — 7023 4 1642329 — 1837123 (28)
H(zy,z2) = Gz3 — KGa?. (29)

It is obvious from the above relations that the functions depend on the
parameters K and G, —1 < K <1, G € R. Therefore it is more convenient
to test the Theorem 1 for some basic non zero values for a point M (mq, ms).

Let us choose the symmetric values (1,—1) and (—1,1). Thus, we have
two cases:
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e a) (my,mo) = (1,—1);
e b) (m1,m2) = (—1,1).
In the case a), the calculus gives
F(1,-1) = —100G — 133KG, G(1,—1) = —492.
The condition F(M) - G(M) > 0 gives the inequality
492G(100 + 133K) > 0. (30)

Combining the cases G > 0 and G < 0 (both feasible) and —1 < K < 1
we obtain the variant
G>0, K>—0.75 (31)

which is feasible. In the case b) the calculus gives
F(—1,1) =492 + 267K G + 225G, G(—1,1) =617 > 0.
The condition F(M) - G(M) > 0 gives the inequality

G(225 + 267K) > —492. (32)

This inequality is not feasible, because K must be in the strip —1 < K < 1.
Thus, the first case, the case (mj, m2) = (1, —1) remains a feasible case, in
which the Theorem 1 works. Furthermore, we can construct for this case the
function ® (z1,x2) and then the polynomial feedback u (1, x2) following the
formulas (8) and (9) respectively. We obtain ® (x1,z2) = (—z1 — z2)? and
the calculus according to (9) gives the feedback law u as follows:

(1+KG)a? + (1 — G)a2 + 2x1my
(1, 2) 7523 — 7023 + 164x3wy — 3087123 )

It is important to mention that G, KG are the mixing model’s parame-
ters, and the function G(x1, x2) is a polynomial function, thus G has different
significance in the two notations.

4 Conclusions

In this paper the stabilization of 2d dynamical systems in a polynomial form
is taken into account. The 2d mixing model perturbed with homogeneous
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polynomials is considered. It is found a point M = (1, —1) and correspond-
ing a polynomial feedback law u (z1,x2) in the form (33), which stabilizes
the system (22) in some feasible conditions for the parameters. The con-
clusion is that the 2d mixing model in a convenient perturbed form can be
stabilized. The feedback law (33) has an interesting form and depends on
the parameters, therefore a next aim is to analyse the influence of param-
eters G and KG on the behaviour of u (z1,x2) . Also, testing some other
polynomials @1, Q2 on one hand, and analysing the existence of more points
M (mq,mg) for which the system can be stabilized, on the other hand, will
bring useful information concerning the qualitative analysis of the systems
arising from excitable media.
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