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Abstract

In this paper, we introduce a space-fractional mathematical model
to describe the dynamics and interactions between vegetation and wa-
ter in arid and semi-arid environments, both on flat and sloped terrains.
The fractional model links two processes, such as water flows over in-
clined surfaces and water spreads on flat terrain, enabling the study
of pattern formation with different slopes of the domain. The first
process is usually described by the Klausmeier model, and the second
one by the Klausmeier-Gray-Scott model, which describes water diffu-
sion. In the proposed fractional model, the fractional Caputo derivative
term allows for modeling an anomalous transport phenomenon and the
non-locality of the water advection process. Oscillatory dynamics and
vegetation patterns are demonstrated through numerical simulations,
using a migration speed derived from a stability analysis and resulting
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as a function of the fractional parameter. The computational results
demonstrate the robustness and effectiveness of the fractional model,
which captures ecological behaviors and anomalous transport mecha-
nisms in different terrains.

Keywords: pattern dynamics, Klausmeier and Klausmeier-Gray-Scott
models, space-fractional Caputo derivative, Hopf bifurcation of the migration
speed, explicit rectangular method.
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1 Introduction

Vegetation patterns frequently emerge in arid and semi-arid regions [23,28].
On sloped terrain, vegetation often organizes into banded structures aligned
perpendicular to the slope direction, a phenomenon attributed to the down-
hill flow of water [2]. Such patterns can also form with and without slopes
[3], [16]- [18], [29]. These phenomena are commonly modeled using reaction-
diffusion equations with an advection term describing the water transport.
In this context, one of the most widely used models is the Klausmeier (KL)
model [16], a system of two coupled reaction-diffusion-advection partial dif-
ferential equations modeling the dynamics of water and plant biomass. The
KL model is among the earliest and simplest continuous models describing
the pattern formation driven by water redistribution.

The dimensionless Klausmeier model (see [16], [7], [24]- [27]), in an one
dimensional domain, is the following
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(1)

This model describes the dynamics and the interaction between plant biomass
u(t,z) and water w(t,x) in arid and semi-arid ecosystems. a, m, and v are
positive constants and represent rainfall input, plant mortality (i.e., vegeta-
tion death rate), and the slope gradient in dimensionless form, respectively.
The linear term—m u accounts for plant mortality, while the nonlinear term
u?w represents water uptake by plants. This uptake also drives plant growth,
as water absorbed by vegetation is converted into biomass at a constant rate:
this is reflected by the same nonlinear term appearing in both equations of
the model. Finally, the loss of water due to evaporation by at a rate nor-
malized is described by —w. The system is considered on a one-dimensional
domain with a constant, generally gentle slope, where increasing x corre-
sponds to the uphill direction. The parameters a, m, and v are chosen to
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reflect different ecological conditions. Specifically, the slope parameter v is
assumed to be large (i.e., ¥ > 1) to model downhill water advection, while
a and m vary within the ranges [0.1, 3.0] and [0.05, 2.0], respectively [16,22].
We now consider a modified version of the Klausmeier model in which
the water advection term is replaced by a diffusion term, representing plant
growth on flat terrain rather than sloped land. The resulting dimensionless
model, also known as the diffusion Klausmeier-Gray-Scott model (KL-GS),
is given by
(2)

ow 9w

2
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This system, generally applied in chemistry to describe the interaction be-
tween two concentrations of reacting substances, substrate and activator [8],
in this context, models the dynamics and interaction between water and
plants in a flat, diffusing water domain. All terms and coefficients have the
same physical meaning as those in the KL model, except that the advec-
tion term 1/%’ is replaced by the diffusion term I/(?;T%], so v is a diffusion
coefficient. In the Klausmeier model (1), the parameter v reflects the rela-
tive downstream water flows and plant dispersal. In the model (2), because
plants grow on flat rather than hilly terrain, the diffusion effect occurs rather
than the advection effect.

The spatial non-locality arises from the strong variability and long-range
dependence associated with terrain slope. Due to their inherent non-local
nature, fractional derivatives provide a more appropriate framework for mod-
eling such phenomena than classical integer-order derivatives. It has been
shown that mathematical models describing diffusion in complex systems are
quite efficient when fractional operators are used and usually the models are
fractional advection-reaction-diffusion models as in [9]- [15], [19].

In this paper, a new fractional mathematical model is proposed to de-
scribe the dynamics and interactions between vegetation and water in both
flat and non-flat domains. Using the spatial fractional Caputo operator, the
model accounts for the anomalous physical processes that lead to vegetation
patterns

ow (3)

2
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where 9971 is the fractional Caputo operator defined as follows [5,20]

0o w(x,t) = 0% (Opw(x,t)) = (4)
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1 7 9%w(s,t)
= — —a 1
T —a) /0 552 (x—s5)"%s, 0<a<l,

with I'(+) the Euler’s gamma function and « fractional derivative order. In
the context of Caputo’s fractional derivative, when o = 0, according to the
definition, a first-order derivative is obtained, and setting d,w(0,t) = 0, the
model (3) reduces to the classical KL model (1), which describes advection-
dominated dynamics. Conversely, for & = 1, the fractional derivative be-
comes a second-order derivative, restoring the KL-GS model (2), which de-
scribes classical diffusion.

Our focus is on the intermediate regime 0 < o < 1. Thus, the proposed
fractional model provides a transition from the KL model to the KL-GS
model through the variation of the parameter a.. The purpose of this paper is
to demonstrate how the proposed fractional model can capture the behavior
of the solution by varying the fractional parameter « associated with the
domain slope, preserving the vegetation pattern formation. We find that the
patterns have a migration speed in the uphill direction that is determined
through an analytical stability analysis of the Hopf bifurcation, and the study
is further supported by numerical simulations.

In the present study, we introduce the fractional Caputo operator directly
into the partial differential model, proposing a new fractional model given
in terms of the fractional partial differential equations and then introducing
the traveling wave solutions. In contrast, in our recent paper |15, we defined
a new fractional model, given by fractional ordinary differential equations,
obtained after applying the traveling wave solutions.

The paper plan is as follows. In Section 2, we reduce the new fractional
model to fractional ordinary differential equations by considering the travel-
ing wave solution and the stability analysis of the reduced model is studied.
In Section 3, we perform the stability analysis of the equilibrium points and
we find the values of the migration speed at which the Hopf bifurcation
occurs and the pattern formation is guaranteed. In Section 4, we present
the numerical method to solve the new fractional model, proving the pat-
tern formation for various values of the fractional parameter. The obtained
numerical solutions validate the analytical results and confirm the reliabil-
ity and effectiveness of the proposed model. The last Section is devoted to
conclusions and future works.
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2 Traveling wave solution and stability analysis

In this Section, we reduce the new fractional mathematical model into a sys-
tem of fractional ordinary differential equations by introducing the traveling
wave solution. By following a procedure applied in [15,27], we study the
stability of the new proposed fractional model (3).

2.1 Traveling wave solution and fractional ordinary
differential equations

The model (3) admits the traveling wave solution
u(x,t) =U(x — cot) = U(2) w(z,t) = W(x — cat) = W(2), (5)

where ¢, > 0 is the migration speed in the uphill direction. In terms of
new variables, the model is rewritten into the fractional ordinary differential
equations
U'+c U —mU+U?W =0 (©)
Voo DSTIYW + cuW!' — W — U?W 4+ a =0

being the fractional Caputo operator ZOD?“, see [5,20] given by

WDETW(2) = L DIW(2)
1 / ?
= — W' (z =€), 0<a<l, (7)
r'l—a)/,
where zy = —c, 7, obtained by using the transformation z = x — ¢, t in the
Caputo operator (4). Here, 7T is a fixed real number that we set equal to the
final time in the numerical applications.
The model (6) admits the following three uniform steady states whose
behavior depends upon the values of the parameters

a+ Va2 —4m? aFVa? — 4m2> (8)

(Uo,W()) = (0,0,), (U:t,Wi> = ( o 2
when a > 2m with m < 2. These points are the same equilibrium points
admitted by KL and KL-GS models, and we have that (Uy, Wy) is a stable
one and leads to desertification, (U_,W_) is a saddle point, whereas the
point (U;, W) depends on the involved parameters [6,27]. The Turing-
type patterns and, consequently, the existence of oscillatory solutions arise
for homogeneous perturbations of the point (U, W5).
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The main feature of the proposed formulation, model (6), lies in the
assumption that the fractional operator’s order « is linked to the slope of
the domain. This allows the fractional model to capture uphill migration
dynamics across domains with arbitrary slopes. This assumption is sup-
ported by an analytical investigation of the Hopf bifurcation associated with
the migration speed. Our analysis demonstrates that the migration speed
Ca, characterizing the propagation of solutions, depends on the fractional
parameter «. In particular, as the slope approaches zero, a approaches the
limiting value 0, for which ¢, tends to 0, in agreement with observed physical
behavior.

2.2 Approximation of FODEs by ODEs

Here, we perform the stability analysis of the reformulated model (6), and
to this aim, we approximate the FODEs (6) to new ODEs.

To study the stability of equilibrium points, we apply the same procedure
used in [15], according to an approach developed by Sheratt in [27]. By the
rescaling of coordinate, ¢ = z/v, U = U(¢) and W = W ((), the fractional
model (6) is mapped into the following one

Uy ol —mU + U*W =0
L DY 4 S — T — 02+ a = 0.

By adding and subtracting the term (1 — «)W’ in the second equation, we
obtain

- - - - _ - 9
1COD?HW—(1—a)W/+(1—a+%‘)W’—W—U2W+a:0, ©)

v

{%+?@—mﬁ+WW=0

where

1

VTJCO

DEHIW — (1 —a)W' = {

with W'(¢o) = 0, and

1

= DWW —(1—a)W'| <1
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for large values of v and different values of «, with 0 < o < 1. Therefore,
we set )
Los _
— ODETW — (1 —a)W'| =0, (10)

according to the analytical and numerical results obtained in [15].
Moreover, the term involving 712, in the first equation, is negligible due
to large values of v and the order of magnitude of ¢, is the same as of v
(see Sherratt [27]). so that we can study the stability and the Hopf bifurca-
tion of the proposed system as a first-order one. By applying the following

transformation to the system (9)

U=0, I/?/:<1—Q—|—V>W, f:(l—a+%‘>_1c, (11)

Ca

and taking into account the assumption (10), we get

U — MU+ U2W =0
W 02 4 Ay = 0,

with

Ma= (14 02 m - aa= (1485

Co Ca

2.3 Hopf bifurcation for migration speed

We study the equilibrium states of the system (12) and perform an analysis
of the stability of the equilibrium points with the aim of obtaining the Hopf
bifurcation for migration speed.

The equilibrium points are (U, V[Z/O) = (0, A,) and

Ay £ /A2 —4M2 A, F Ag—4Mg>
2M ) 9y

(G i) = ( !
for « =0 and a =1 it holds
(U(]v WO) = (U07W0)7 (U:ta W:I:) = (U:bW:I:)'

The characteristic polynomial is given by

A2 (Mg —1— U2)A + Mo (U2 — 1) = 0. (13)
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In this context, we are interested in finding the Hopf bifurcation point for

the unstable state (U,,W,). We obtain the Hopf bifurcation by requiring
the following equality condition

VAML(O2 1) = (M =1 022\ | w(1-a)
Mo +1+ 02 2

|arg(A12)| = |arctan

with the conditions
My—1-02<0, A=(My—1-02)%—4M,(U2—1)<0, (14)

as it was proved in [15]. We get the Hopf bifurcation migration speed, cg B
for the state (U, W)

B _ ] (1-— a~)ml/
(1—=m+0U2)2+2m (0_% - 1) (cos(ma) — 1)

(e%

(1 —m+ [}i + (cos(ra) — 1)(1 — (73)—1— (15)

/(02 1) (20201 — costma))? + (0 + 1ysin W))) |

depending on the fractional parameter o and the parameters of the model
a, m and v. We observe that for a« = 0, the migration speed reduces to the

classical Hopf bifurcation value c¢?8 = % of the KL model (see [27]).

In contrast, as & — 1, the migration speed tends toward zero (¢, — 0). In
the next Section, we prove that from the critical migration speed cXB, a
branch of the vegetation pattern emerges, which will be validated through

numerical simulations.

3 Numerical method and results

The main objective of this study is to demonstrate that the proposed frac-
tional model (6), as the parameter « varies, is in agrement with the dynamics
of the classical models (1) and (2), and captures the formation of banded
vegetation patterns in both sloped and flat environments. In this section, we
describe the numerical method employed to solve the fractional model (6).
Numerical simulations are performed for various values of the fractional pa-
rameter «, validating the effectiveness and reliability of the proposed model.
We apply a one-step explicit numerical method derived from product integral
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rules, which involves approximating the integral formulation of the govern-
ing equations. All simulations are performed using MATLAB on an Intel
Core i7 processor. We use a large number of nodes to obtain highly accurate
solutions and then, in order to keep the computational cost not too high.

We rewrite the system (6) in the following form
U" = —c U +mU — U?W,
DW= % (—caW'+ W +UW —a),
completed with suitable initial conditions. As usual, we introduce the fol-
lowing assignments
tu(z) =U(2),  Pu(z) =W(2), Culz)=U'(z),  ‘u(z) =W(z),

such that we obtain the system

1,/ 3U

2u/ — 4u

W= —Su+mlu— (*u)??u (16)
1

D A= - (—ca *u+ *u+ (fu)**u—a).

For solving the fractional model (16), we set a integration step-size Az
and define a uniform computational grid of J + 1 grid-points, namely z;,
with z; = 29 + jAz, for j = 0,---,J . Then, at each of the grid-points
zj, we define iuj for 5 = 1,...,4. In particular, U; = luj ~ U(z;) and
W; = 2u; ~ W(z;) are the numerical approximations of the exact solutions,
the density of plant and water, respectively.

Starting from the fourth equation of the above system, we introduce its
equivalent Volterra integral formulation

1 z
) = ot iy [ fe e -9 s (1)
where ]
f(z, tu(z) = > (—ca *u+ *u+ (fu)**u—a).
For the problem under study, the equivalent Volterra integral equation at

z = zj41 reduces to

4U(Zj+1)

1 Zj+1 o
"o+ Fos / £(s, *u(s)) (251 — )2 ds

= 4 LJ e s, fu(s))(zia1 — 8)* Vds
- °+r<a>§)/zk (s, Muls)) (2301 = 9)* Lds. (15)
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Now, in each sub-interval [zj, zx41] we can substitute f(z,*u(z)) with
an interpolation polynomial, so that the resulting integrals can be exactly
evaluated. In order to compute 4u(zj+1), to approximate the integral on the
right-hand side of the (18), we use the rectangular explicit rule, obtaining
the following explicit formula

1 .
4uj+1 =1 up + m Zakf(zk, 4uk) j=0,---,J—1 (19)
k=0

Zk+1 1 1
ap = / (Zj41 —8)* ds = o [(Zj+1 — 21)" = (2j4+1 — 2k41)7] -
zZ

Finally, operating in the same way for the first three equations, we obtain
the following explicit method with an order of accuracy equal to one

.
1 _ 1 3
Uj+1 = uj + Az Cuy

2, — 2, 4,
ujr1 = “uj + Az “uj

Sujpr = Suj+ Az (—cq ?Uj +m tuy — (Yuy)? 2uy) (20)
1 j

i = tug + T () Zak (—ca Y + Zup + (Cug)? 2uy — a) .

\ k=0

In the following, we solve the system (6), assigned the parameters a, m
and v, with initial conditions:

1 m 3

2 4
ug = Uy, up = +—, ug = 0,

UOZO

on computational domain [zg, Zmax] = [—¢a7,500] with 7 = 10. We set
Az = 0.06 such that J = [%W The initial conditions ‘ug and Zug
are chosen as perturbations of the equilibrium point (U, W, ), obtained by
(8). Moreover, the migration speed ¢, is set such that c, < ¢ to obtain
oscillatory solutions.

3.1 A numerical application

To validate the theoretical results, we present an application of interest con-
cerning the vegetation pattern formation obtained by numerically solving the
proposed fractional model. By the numerical solutions, we show that vegeta-
tion pattern formation arises when the migration speed ¢, assumes smaller
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values than the migration speed c//Z, according to the theory performed by
Sherratt [27] for the KL model.

We set the parameters involved in the models as follows
a=14, m =045, v =182.5,

so we get of (U, W, ) = (2.74709,0.364021) and as perturbation (*ug, ug)
= (2.52732,0.17805). Varying « in the range |0, 1], we obtain the profile of
migration speed cZ7B given by (15). When a = 0, we have c/B = 1B =
10.1433 and when a =1, ¢, = 0, see [15,27] .

For solving the fractional model, we find the value ¢, reported in Tab. 1,
for each parameter value « to get oscillatory solutions and pattern formation,
such that ¢, < X5,

« 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 — 1

Ca 10.05 6.475 4.344 2.982 2.070 1.436 0.972 0.627 0.363 0.156 — 0

Table 1: Values of ¢, depending on the fractional parameter .

The values (a, ¢, ), reported in Table 1, are used as interpolation nodes
to build the interpolation cubic spline p(«) and then to obtain the values of
Ca, Yo with 0 < a < 1. In Fig. 1, we show the migration speeds ¢, (blue
points), 7B (green line) and p(a) obtained by the interpolation with the

cubic spline (black line).

12 - - - - - - - - - 12
Cubic Spline
B

Cubic Spline

C” [
104 i 104 A

0 ¢, o ¢,

L L L L L L L T >} L L L L L
D
0 0.1 02 03 04 05 06 07 08 09 1 0 0.05 0.1 0.15 0.2 0.25 0.3
@ @

Figure 1: Migration speed cXB, depending on o, given by (15) for v = 182.5.
Right frame: zoom of the left frame.
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In Figs. 2 and 3, we report the numerical solutions U; and W of the
fractional model (6) obtained for different values of o, with 0 < o < 1 and
with the corresponding migration speed ¢, reported in Tab.1.

3 3
29 29 29
.28 .28 .28
B & =
27 27 27
26 26 26
25 25 25
24 24 24
100 0 100 200 300 400 500 5 0 50 100 150 200 250 300 350 400 450 500 0 50 100 150 200 250 300 350 400 450 500
31 a1 31

-
E

0 S0 100 150 200 250 300 350 400 450 500 0 50 100 150 200 250 300 350 400 450 500 0 S50 100 150 200 250 300 350 400 450 500

Figure 2: Numerical solutions Uj; of the concentration of the plant U(z;) of
the KL, and KL-GS models and for different values of 0 < o < 1; from left
to right: KL model, « = 0.1, « = 0.4, a = 0.6, a = 0.8 and KL-GS model.
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Figure 3: Numerical solutions W; of the concentration of the water W (z;)
of the KL and KL-GS models and for different values of 0 < o < 1; from left
to right: KL model, « = 0.1, « = 0.4, a = 0.6, « = 0.8 and KL-GS model.
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Figs. 4 and 5 display the numerical solutions of u(¢, ) and w(t, z), com-
puted for various values of «, at the final time t = 10. The solutions are
evaluated in the reference domain taking into account that z = x—c,t, where
¢, denotes the migration speed dependent on «. Cubic spline interpolation
is employed to reconstruct the solutions across the entire computational do-
main. The numerical results illustrate the migration of vegetation patterns
in the uphill direction and reveal how their trajectories vary with «a, so that
we can affirm that the fractional order parameter is linked to the slope of
the terrain. This variation in « leads to different values of the migration
speed c¢q, resulting in distinct uphill movement behaviors. On slopes, the
vegetation forms alternating bands of plant cover and bare ground, aligned
parallel to the level curves. The space-time plots in Figures 4 and 5 clearly
show the evolution of both vegetation and water distributions. These plots
highlight the anomalous transport phenomena, with the direction of pattern
migration consistently oriented towards increasing x. For each «, the pat-
terns propagate at a constant speed in this positive direction, confirming the
uphill migration of vegetation.

The fractional formulation of the model captures the oscillatory nature of
the solutions, which is essential for reproducing vegetation pattern formation
and migration in arid and semi-arid regions with arbitrary slopes.

We observe that when v = 0 the new system models the classical advec-
tion process that describes the downward-oriented flow of the water and, for
a = 1, it models the classical diffusion process where the water diffuses, there
is not advection term and the water does not flow. As « approaches 0, the
solutions tend toward those of the KL model, where advection dominates.
In the limit @ — 1, advection becomes negligible, and the solutions closely
resemble those of the KL-GS model, characterized by classical diffusion. In
the fractional model, as the o parameter increases, from zero to one, the
trajectory of the solution changes due to the decrease of the migration speed
related to the decreasing of the slope of the domain that tends to become
flat, The differences in the trajectories of the vegetation patterns depend on
the value of the migration speed ¢, a function of the fractional parameter
« that is linked to the slope of the domain.

Remark. Furthermore, another important result of the present study
is to find the values of ¢, for all a by using the cubic spline interpolation
reconstruction p(«), based on the data presented in Table 1, that allows to
compute numerical solutions for any value of « in the interval 0 < oo < 1, as
demonstrated in [15].
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) 4 ) ‘ .
S T m w w @ T m m w

Figure 4: Numerical solutions of the concentration of plants u(¢,z) at final
time ¢ = 10. From left to right: KL model, FM with o = 0.1, o = 0.4,
a = 0.6, « = 0.8 and KL-GS model.
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Figure 5: Numerical solutions of the concentration of water w(t,z) at final
time ¢ = 10. From left to right: KL model, FM with a = 0.1, a = 0.4,
a = 0.6, « = 0.8 and KL-GS model.

4 Conclusions

In this paper, we develop a novel fractional model to describe the dynamics
and the interaction between vegetation and water concentration in non-flat,
low-lying arid and semi-arid regions. The key idea behind the proposed
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formulation is to link the order of the fractional operator to the slope of
the domain. This approach allows the model to capture how vegetation
migration changes with varying terrain inclinations and different values of
the fractional parameter ov. The proposed fractional framework establishes
a connection between the classical KL model and the KL-GS model, with
the transition governed by the parameter «. This modeling assumption
is supported by an analytical investigation of the Hopf bifurcation of the
migration speed, denoted by cB  demonstrating that it is a function of
a. Consequently, we prove that the migration speed ¢, depends on «. This
point marks the onset of pattern formation, where vegetation stripes begin to
emerge. The fractional formulation enables the system to exhibit oscillatory
behavior in the solutions, thus ensuring the formation of vegetation patterns
in arid and semi-arid regions, regardless of slope. Numerical simulations
confirm the self-organization of vegetation into migrating bands, where the
migration speed c, satisfies ¢, < c¢B and is influenced by the terrain’s
slope. The numerical findings are in strong agreement with the theoretical
predictions.

The analytical and numerical study of a new fractional model with a vari-
able rainfall rate will represent the future direction of the research. Moreover,
other numerical methods, as, for example, the methods implemented in [1,4],
could be used to confirm results obtained in the present study.
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