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Abstract

Let By be a bipartite planar graph with an even number of re-
gions. We are able to find bounds for the graded Betti numbers and
the projective dimension of the quotient ring associated to the graph.
We will also investigate the minimal vertex covers and the maximum
matchings related to such a graph.
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Introduction

Let G be a graph with vertex set V(G) = {v1,...,v,}and R = K[X1,..., X,
be the polynomial ring over a field K, with variables X; associated to vertices
v; of G. The monomial ideal I = (X;X; | {vi,v;} is an edge of G) C R is
said the edge ideal of G. In this paper we are interested to extract specific
information about some invariants linked to the minimal graded resolution
of R/Ig when G is the bipartite planar graph By, t > 1 integer, with 2t the
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number of its regions. In [1], the K-algebra K[By| related to the graph By,
was studied using its geometry and the Hilbert function of K[By] of it was
computed.

The paper is structured as follows. In Section 1 some preliminary notions
about the planar graphs By, are given. In Section 2 we study all the graded
Betti numbers that appear in the minimal graded resolution of R/Z, where Z
is the edge ideal of By, using some geometric properties of By;. The graded
Betti numbers determine the rank of the free modules in the minimal graded
resolution of R/Z and in general it is not possible to give a generic formula
to compute them. We are able to give bounds for them in terms of the
number of the regions of By;. As a particular case, we study the second
Betti number of degree 3 of R/Z linked to the number of the regions of
these planar graphs and give an explicit formula to compute it. The last
two sections of the paper are devoted to consider important sets associated
to a bipartite planar graph G: the minimal vertex covers and the maximum
matchings of G. The study of the vertex covering of a graph is intensively
examined among others in [6-9, 11]. It consists in finding a vertex cover of
minimum cardinality, that is a minimal subset A of the vertex set of G such
that each edge of G is incident with one vertex in A. More precisely, we
describe the minimal vertex covers of the bipartite planar graphs Bs; and
connect to the vertex covers of By some algebraic aspects such as dimension
and height. There is a correspondence among the minimal vertex covers and
the minimal primes of the edge ideal. If all minimal vertex covers have the
same size, then the graph is unmixed. The unmixed bipartite graphs were
characterized in [14], and some generalizations of them were given in [5].
We will verify that the planar graphs Bo; are not unmixed. Furthermore,
as algebraic topic, we will compute the dimension of R/Z and establish
bounds for the projective dimension of R/Z by connecting the geometry of
Bo; with graph-theoretical properties. The problem of finding maximum
matchings for the bipartite graphs By, is to associate the geometry of By
with the minimal vertex covers. We prove that the graphs Bo;, for ¢ odd,
have perfect matchings of Kénig type ( [12]), say a collection ey, ..., eq4 of
pairwise disjoint edges such that the union of the vertices in which ey, ..., ¢4
are incident is the vertex set of the graph and g is the height of its edge ideal.
Finally we give a complete description of these matchings.
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1 Preliminary notions

Let G be a graph with vertex set V(G) = {v1,...,v,} and edge set E(G)
which consists of pairs {v;,v;} of adjacent vertices, for some v;,v; € V(G).
A graph G on vertices v1,...,v, is complete if there exists an edge for all
pair {v;,v;} of vertices of G. It is denoted by K,. A graph G is bipartite if
its vertex set V(G) can be partitioned into disjoint subsets Vi = {x1,...,z,}
and Vo = {y1,...,ym}, and any edge joins a vertex of V; to a vertex of V5.
A bipartite graph G is said to be complete if every vertex of V is adjacent
to all the vertices of V5. It is denoted by K, 1.

Definition 1. A graph G is said planar if it has an embedding in the plane
such that each pair of edges is intersected only in the common vertices.

A planar graph is subdivided by its edges into plane regions.

Theorem 1 (see [4], Theorem 11.13). A graph is planar if and only if it
has no subgraphs containing Ks and K3 3. O

The complete graphs K5 and K33 are the minimal, not planar, graphs.
In fact, it is not possible to represent these graphs in the plane so that the
edges are not intersected only in the vertices.

Now, we consider the class of bipartite planar graphs By introduced
in [1]. Let By be the planar graph with r = 2¢ regions, ¢ > 1 an integer, on
vertex set V(Bai) = {v1,...,vs34+3} and edge set E(Ba) = {{vi,viz1}|1 <
i <3t+2, i #At+1,2t+2} U {{vi,vipr+1}1 < i <2t + 2}, By Theorem
1, Bo; is a planar graph, for all ¢ > 1. Moreover, By is a bipartite planar
graph: in fact, the vertex set of Bs; can be partitioned into disjoint subsets
V1 and Vo, with N = |Vi| + |Va| = 3t + 3 and |V;| denotes the number of
vertices of V; for ¢ = 1,2. Two cases occur:

1) If t is even and N = 3t+3 is odd one has V; = {v; | i odd, 1 <17 < 3t+3}
with [Vi| = 322 and Vo = {v; | i even, 1 <14 < 3t + 3} with |Va| = 32,
2) If t is odd and N = 3t + 3 is even one has Vi = {vy,v3,...,v} U

{U2+(t+1)7 Vgt (t4-1)5 - - 7vt+1+(t+1)} U {v1+(2t+2)7v3+(2t+2)a e 7vt+(2t+2)} and
Vo = {v2,vy,... 7Ut+1}U{U1+(t+1)7 V34(t+1)r -+ vt+(t+1)}U{U2+(2t+2)7U4+(2t+2)7
SRR} Ut+1+(2t+2)}-

Note that [{v1,vs,vs, ..., 0 }| = [{ve,v4,06,..., 0041} = %, hence one

has |V4| = |Va| = 23, Then the graph By, has vertex set V(Bay) = Vi UV,
with V4 NV, = 0, such that its edges join the vertices of V; to vertices of V5
only, as follows from the definition of F(Ba;).
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Example 1. G = Bg, with V(Bg) = {v1,...,v12} and E(Bg) = {{v1,v2},
{U2,U3},{U3,U4},{U5,U6}, {U67"U7}7{U77U8}7{U971}10}7{U107U11}7{U117U12}7
{v1,vs}, {vo, v}, {vs, v7}, {va, vs}, {vs, vo}, {ve, vi0}, {v7, vi1}, {vs, vi2}}.

V1 Vo V3 Vi

- ve Vi |vg

Vi Vio Vi1 Via

V(Bg) can be partitioned into disjoint subsets:

V(Bﬁ) = {Ul, V3, Ve, U, V9, Ull} U {027 V4, U5, U7, V10, Ul?} = ‘/l U ‘/2

If we rename {x1,...,x¢} the vertices of Vi and {y1,...,ys} the vertices of
Vo, then the edge set can be written as:

E(Bs) = {{z1, y1}, {z2, y1}, {z2, v2 ), {@s, ys b, {wa, va}, {z5, 45}, {76, y5 1,
{1‘6, yﬁ}a {xla :‘/3}’ {x3> y1}7 {x% y4}a {x4a y2}7 {$57 y3}? {x37 y5}v {xﬁa y4}7
{z4,y6}, {w3,ya}}-

The two pictures represent the same planar graph Bg.

Let R = K[X1,...,Xy] be the polynomial ring over a field K, with one
variable X; for each vertex v; of G.

Definition 2. We call edge ideal associated to a graph G the ideal of R,
denoted by I, which is generated by monomials of degree two, X;X;, on the
variables X1, ..., Xy, such that {vi,v;} € E(G), for 1 <i,j <n.

Bipartite graphs determine monomial ideals in the polynomial ring in
two sets of variables R = K[X,..., X,; Y1, ..., Yn], where n is the number
of the vertices 1, ..., z, in V] and m is the number of the vertices y1,...,ym
in V5.

The edge ideal I associated to a bipartite graph G is the ideal of R which
is generated by the monomials of degree two, X;Y}, on two disjoint sets of



M. Imbesi, M. La Barbiera 201

variables X1,...,X,;Y1,..., Yy, such that {z;,y;} € E(G), for 1 <i <n
and 1 < j <m.
In the following, we put Ig = Z when G = Boy.

2 Graded Betti numbers associated to By,

We are interested in finding bounds for the graded Betti numbers that ap-
pear in the minimal graded resolution of the edge ideal of By, in particular
we give upper bounds for them in terms of the number of the regions of Bo;.

Definition 3. Let G be a graph on vertex set V(G). We call induced
subgraph of G the graph H C G which has an edge between any two vertices
of it if and only if there is an edge between them in G.

Proposition 1 (see [10], 4.1.1 Proposition). Let G be a graph. If H is an
induced subgraph of G on a subset of the vertices of G, then

bi]' (H) < bz7 (G)7 Vi,j7

where b;;(H) (resp. b;;(G)) are the graded Betti numbers associated to H
(resp. G). O

Proposition 2. Let By be the bipartite planar graph, r = 2t be the number
of its regions and T be its edge ideal. Let b;,(Bat) be the graded Betti numbers
in the minimal graded resolution of R/Z. Then:

3r+12 3r+4 . .
1) b, (Ba) < Zk_s];ll:;iu ( ; )( i ), if t is even;

3r+10 3r+6

2) bi;(Ba) < Zk—zll:;'i&-l () 3), iftis odd.

Proof. Bs; is a bipartite planar graph on two disjoint vertex sets V; =
{z1,...,2,} and Vo = {y1,...,ym}, but it is not complete. Moreover, it is
an induced subgraph of the complete bipartite graph on vertex sets V; =
{z1,.. ., xny1} and Vo = {y1,...,Ym}

1) If t is even we have |Vi| = n = 34 and (Vo] = m = 32, By is
an induced subgraph of the complete bipartite graph K41, where n +
1 = 346 and m = 32, that is V(By) C V(Kny1,m) and [E(By)| <
|E(Knt1,m)|- Then, by Proposition 1, we have: b;,(Bat) < b, (Kny1,m),
where b;, (Kpy1,m) are the graded Betti numbers of R/I(Kpy1,m). By [10],
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5.2.4 Theorem, we have: b; (K 11,m) = Zk—kl:ii&-l ("Zl) ().

k>
It follows:
bi; (Bat) < Z <k >( ] )a t=§-
k+l=i+1
ki>1

2) If t is odd we have |Vi| = |Va| = % By is an induced subgraph of the
complete bipartite graph K1, where n +1 = % and m = %, that
is V(Bat) C V(Kpt1,m) and |E(Bat)| < |E(Kn+1,m)|- As before we obtain

8145\ /3043 ,
bi; (Ba) < Z <2><?), t=3

ktl=i+1
ki>1

It is possible to express the second graded Betti number in degree 3 of
R/Ig in terms of graph theoretical properties for any graph G.

For a simple graph G there exists the so-called edge graph L(G) of G
(see [13]). It has vertex set equal to the edge set of G and two vertices of
L(G) are adjacent whenever the corresponding edges of G have one common
vertex:

V(L(G)) = E(G) = {1, fq}
E(L(G) ={(fi ) | fi ={vi,vs}, fy =Avj, o}y i#5, J#k}
If G is a simple graph on vertices v1,...,v, , then the number of edges of

L(G) is given by

n

[B(L(G)| = ~|B(G)| + )

=1

deg? (v3)
2 )

where deg(v;) is the number of edges incident with v;.
Theorem 2 (see [2]). Let G be a graph and I be its edge ideal. If
... RY(—4)® R*(-3) - R1(-2) - R = R/Ig — 0

is the minimal graded resolution of R/1g and L(G) is the edge graph of G,
then
b= |E(L(G))] — Ns,

where N3 is the number of the triangles of G. O

In particular, for G = Bg; we can establish the following
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Theorem 3. Let Bo; be the bipartite planar graph, r = 2t be the number of
its regions and I be its edge ideal. If

... = R(-4)® R’(-3) - RI(-2) = R — R/IT -0

is the minimal graded resolution of R/Z, then:
1) g= %r +2;
2) b=06r—2.

Proof. 1) q = |B(By)| = [{vsvisa} : 17 <3642, i #t+1,t42}+

{{vivigea}: 1<i <2042} = (Bt +2-2)+ (2t +2) =5t+2=5r+2.

2) By Theorem 2, b = |E(L(B2))| — N3, where N3 = 0 because the graph
20,

is bipartite. One has |E(L(By))| = —|E(Ba)| + 3N deg (%) where N =

i=1 2
3t + 3. We observe that By, has N = 3(¢ + 1) vertices representable in the

plane on three horizontal lines and on each line there are t + 1 vertices. In
fact, the representation in the plane of By is a sequence of squares without
chords arranged in 2 rows and ¢ columns. It follows that

3t+3 2 2 2 2
deg®(v;) 2 3 4 17
E 5 <2>+ t<2)+(t )<2> Tt 27",

i=1

where deg(vy) = deg(viy1) = deg(varys) = deg(vsiys) = 2, deg(vi) = 3
for2 <i<t,i=t+2,2t+2and 2t +4 < i < 3t+ 2, deg(v;) = 4 for

5 17
t+3<i<2+1. Thenb:\E(L(th)ﬂ:—<2r+2) + 5 =6r—2.0

3 Algebraic topics on minimal vertex covers of By,

Definition 4. Let G be a graph with vertex set V(G). A subset A C V(QG)
is called a minimal vertex cover for G if:

(1) each edge of G is incident with one vertex in A;

(2) there is no proper subset of A with this property.

If A satisfies condition (1) only, then A is called a vertex cover of G and
A is said to cover all the edges of G. The smallest number of vertices in any
minimal vertex cover of G is said vertex covering number. We denote it by

Oé()(G).
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Proposition 3. Let By be the bipartite planar graph with r = 2t regions
andt > 1. Then:

3r 43 ift odd,
ag(Bat) = { .

%’F—Fl if t even .

Proof. Let V(Bat) = {v1,...,v3+3} and E(By) = {{vi,vit1} |1 <i <
3t+2, i At + 1,2t + 2,3t + 3} U {{vs, vite41}|1 <@ < 2t + 2}. Hence the
representation of Bo; in the plane is a sequence of squares without chords
arranged in 2 rows and ¢ columns.

Vi Vo vy 5 Vil
V{2 Vi3 Vi4d Vo2
Vory3 Vel Vs V343

For t =1 and «ag(B2) = 3, it is

Vilp V2
Vi P4
vs(H Vg

and A(Bz) = {v1,v4,v5}, A (Ba) = {v2, v3,v6} are minimal vertex covers of
Bs.

For ¢t > 1 a minimal vertex cover of ag(Bg) is given by adding to the
minimal vertex cover of By one vertex for each even column and two vertices
for each odd column. Hence, if ¢ is odd

t—1 t—1 3 3 3 3
ao(Bat) = ap(B2) +1 (2> +2 <2> =St+o=r+5

where % is the number of the even or odd columns in the graph for ¢t > 1;
if ¢ is even

t t 3 3
ao(Bgt> Oé()(BQ)+ <2> +2 <2 > 2t+ 4T+ 5
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where % is the number of the even columns and % — 1 is the number of the
odd columns in the graph for ¢ > 1. 0

Proposition 4. Let By be the bipartite planar graph with r = 2t regions
and t > 1. Then the minimal vertex covers with cardinality ag(Bat) are:

[ W, Vo ift odd

A(Ba) = { Vo if t even .
Proof. If t is odd, ap(Bat) = %, that is the cardinality of the vertex sets
Vi and Vo, where Vi = {v1,v3, .., 0} U {02y (¢41)5 Vg (t41)5 - - » Vtp14(¢+1) U
{U1+(2t+2)a U3+ (2t+42)5 -+ +» Ut+(2t+2)} and Vo = {v2,v4,...,041} U {U1+(t+1)a
U3 (t41)s - - Ve (t41) b Y {024 (2642)0 Vag2642)s - -+ V14 (2t42); are two mini-

mal sets of vertices that cover all the edges of By. If t is even, ag(Ba) =
3642 that is the cardinality of the vertex set Vo = {v; | i even, 1 <4 < 3t+3}.
Vs is the only subset of vertices with cardinality «g(Bg:) that covers all the
edges of Ba;. O

Now we consider some algebraic aspects linked to the minimal vertex
covers.
An immediate consequence of Proposition 3 is the following

Corollary 1. Let Z be the edge ideal of Boy with r = 2t regions. Then:

W(T) = %T+% if t odd ,
%r+1 if t even .

Proof. Tt is known that the vertex covering number ag(G) of a graph G
is equal to the height of the edge ideal of it, ht(Ig) (see [13], 6.1.18). Hence,
the assertion follows from Proposition 3. O

Proposition 5. Let By be the bipartite planar graph with r = 2t regions,
t > 1, and I be its edge ideal. Then:

%r—i-% if t odd ,

%7’4—2 if t even .

dim(R/T) = {

Proof. Let R = K[X1,...,X,;Y1,...,Y,] and Z C R be the edge ideal
of By with |V (By)| = n+m = 3t+ 3. By [13], 2.1.7, we have dim(R/Z) =
dim(R)—ht(Z) and, by [13], 6.1.18, ht(Z) = a¢(Ba:). Hence dim(R/Z) =
(n+m) — ap(Bat) = 3t + 3 — ap(Bat). Then, by Proposition 3, it follows:
1) dim(R/Z) = 3r+3— (3r+3)=3r+ 3, if t is odd,

2) dim(R/Z) = 3r+3— (3r+1) = 3r +2, if t is even. O
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Proposition 6. Let By be the bipartite planar graph with v = 2t regions
and T be its edge ideal. Then, for the projective dimension of R/Z, we have:

1) 3r 4+ 3 < pdp(R/T) < 3r +3, if t is odd;
2) 3r+1<pdr(R/I) < 3r+3, ift is even.

Proof. For the lower bounds, by [13], Theorem 2.5.14, one has pdg(R/Z)
> ht(Z). Hence, by [13], Proposition 6.1.18, it follows that pdgr(Z) >
a(Bzt). Then the thesis follows from Proposition 3.

For the upper bounds, we observe that By, is an induced subgraph of the
complete bipartite graph Kj,41,,, where n = % and m = # as in
Proposition 2. The projective dimension of a graph is affected by some sim-
ple transformations such as deleting some edges. So, as a consequence of [10],
Proposition 4.1.3, we have pdr(R/Z) < pdr(R/I(Knpt1,m)) = n+l+m—1 =
n+ m (see [10], Proposition 4.2.9), with n 4+ m = 3t +3 = 3r + 3. O

Finally, we recall the one to one correspondence among the minimal
vertex covers of G and minimal primes of I. In fact, g is a minimal prime
ideal of I if and only if p = (A) for some minimal vertex cover A of G
(see [13], 6.1.16). Thus the primary decomposition of the edge ideal of G is
given by I = (A1) N---N(Ap), where Ay,..., A, are the minimal vertex
covers of G. If all the minimal vertex covers of G have the same cardinality,
G is said an unmized graph. In order to study the unmixedness of Bo; we
recall the following result.

Proposition 7 (see [14]). Let G be a bipartite graph with no isolated ver-
tices. Then G is unmized if and only if there is a bipartition Vi = {x1,...,Zm},
Vo ={y1,...,ym} of G such that:

1) {zi,y;} € E(G) for all i;
2) if {xi,y;}, {zj, yr} € E(G), then {z;,yr} € E(G), i,j,k distinct. O

Theorem 4. By is not unmized, for allt > 0.

Proof. If t is odd, using the characterization of unmixed bipartite graphs
as in the Proposition 7, it is enough to verify that, if {x;,y;}, {z;, yx} €
E(Bgy;), then {z;,yr} ¢ E(Ba). Let

Vi={v1,v3, .., vt} U{Vop(141), Vak(t41)> - - - » Vi1 (t41) |

{014 (2642)5 U3+(2042) 5 - - + > Vi (2642)
and
Vo = {2, 04, -+, Vg1 } U {14 (t41) V34 (441)5 - - + > Vi (t41)
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U{vag(2042) Vi (2042)5 - - 5 Ve 14(2642) }
the two disjoint vertex sets of By;. Replacing with {z1,..., 2343} the ver-
2
tices of Vi and with {yi,...,ys+3} the vertices of Vo, we have vy = 1,
2

VL(t41) = YLy V2(t41) = TrElogs V34 +1) = Yiglyp. Then
{xlv y%_ﬂ}v {$%+17 y%ﬂ-Q} € E(B2t)a

but {z1,yu1_ o} ¢ E(Ba). If t is even, it is sufficient to observe that V;
2

and V5 are two minimal vertex covers with |V;| > |Va|. Hence, By is not
unmixed. O

4 Perfect matchings of By,

Let G be a graph. A minimal vertex cover A of G is linked to the set of
the independent edges. The edges of G that have no common vertices are
called independent edges. The independence number of a graph G, denoted
by B1(G), is the maximum number of its independent edges.

Definition 5. A matching of G is a set M of independent edges.

Definition 6. G has a perfect matching if it has an even number of vertices
and there is a set of independent edges covering all the vertices.

This means that there is a pairing off of all the vertices of G.

Definition 7. A maximum matching of G is a matching M such that every
other matching M' satisfies |M'| < |M|. In this case |M| = B1(G).

Remark 1. Let M be a mazimum matching and A a minimal cover of a
graph G. Note that each edge of M must be covered by at least one vertex
of A and each vertex of A can cover at most one edge of M. It follows:

ﬁl (G) S Oé()(G).

Definition 8. A perfect matching of Konig type of G is a collectioneq, ..., eq4
of pairwise disjoint edges such that the union of the vertices in which ey, ..., eq
are incident is the vertex set of G and g is equal to the height of 1.

Remark 2. A graph G satisfies the Konig property if the mazximum number
of independent edges of G equals the height of 1. Hence a graph with a
perfect matching of Kénig type has the Kéonig property. In [3] it is proved
that the converse is true for unmized graphs.



Algebraic and geometric aspects of bipartite planar graphs 208

We are interested in analyzing bipartite matching problem, namely in find-
ing a matching with the maximum number of edges. Clearly, the size of any
matching is at most the size of any vertex cover. This follows from the fact
that, given any matching M, a vertex cover .A must contain at least one of
the vertices of each edge in M. The maximum size of a matching is at most
the minimal cardinality of a vertex cover.

Proposition 8 (see [13], Proposition 6.1.7). For any bipartite graph G, the
size of a maximum matching is equal to the size of a minimal vertex cover,

that is f1(G) = ap(Q). O

Theorem 5. Let Bo; be the bipartite planar graph with r = 2t regions, t
odd. FEach mazimum matching is a perfect matching of cardinality %7“ + %

Proof. By, is a bipartite graph, then, by Proposition 8, £1(Bg) =
ap(Bat). Hence any vertex of the minimal vertex cover is incident upon
independent edges. Then Bs; has maximum matching with cardinality
B1(Ba) = |[M(By)| = |Vi| = [Va] = %'r + %, r = 2t. Moreover By; has

an even number of vertices and |Vi| = |Va|, this means that there is a pair-
ing off of all the vertices of Bg;. It follows that each maximum matching is
a perfect matching. O

Theorem 6. Let Bo; be the bipartite planar graph with r = 2t regions, t
odd. Bot has perfect matching of Kdnig type.

Proof.
Vi ={v1,v3,..., 0} U {U2+(t+1)7 Vgt (t4-1)5 - -+ Ut+1+(t+1)}
U014 (2042) U4 (2642)5 - - -5 Vg (2642) }
and
Vo = {v2,v4,..., 0441} U {U1+(t+1)7v3+(t+1)’ B Ut—i—(t—i—l)}
U{vag (2042) Vi (2042)5 - - 5 Vi 14(2642) }

are minimal vertex covers of By with cardinality ag(Bg) = %r + % Note
that 31(Bat) = ap(Ba) = 3r+3 and any vertex of the minimal vertex cover
is incident upon independent edges. Hence, by the geometry of the planar
graph Bs:, we obtain the following maximum matchings:

o M= {{vi—1,v;} |ieven, 2<i<3t+3}.



M. Imbesi, M. La Barbiera 209

Vi I va V3 I """ I Viil
| | ..... |
vido T vids vigy ' I varlio
. | . ] hes | .
Vat43 T V3t V215 | T V3t4+3

o M={{vi_1,vi} [ieven, 2<i<t+1}U{{vite, vipora} |2 <i<t+2}

vi | v VB | g e L Vit
Viyda Vi3 Vitd Va2
VoiT3 Voird Vs V3E43

o M={{vi,vipey1} |1 <i<t+1}U{{vi—1,vi} | i even, 2t +4 <i < 3t+ 3}.

v Va V3 . SWEEE Vil
Vg2 Vi3 Vitd Vol
I = | ). ameds I

Vo3 Vot+d V24§ | V3t+3

The other perfect matchings of Konig type are obtained by the previous
schemes through different combinations of the columns in the representation
of the graph. In all the cases M is a matching such that | M| = ag(Ba) =
ht(I(B2)) and the union of the vertices in which the edges of M are incident
coincides with the vertex set of By;. Hence Bo; has perfect matchings of
Konig type. O

Remark 3. Fach mazimum matching M(Bay) is a complete matching from
Vo to Vi (being |Va| < |Vi|). This means that M(Ba;) covers each vertex of
Va, but not all the vertices of Vi; in fact, |M(Bat)| = B1(Ba) = |Va| = 2r+1.
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