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Abstract
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1 Introduction

Rational Extended Thermodynamics (RET) [28, 31, 32] is a non-equilibrium
theory that extends the set of field variables beyond the classical ones mass
density, velocity, and temperature by including additional non-equilibrium
quantities such as the stress tensor, dynamic pressure, heat flux, and other
non-equilibrium fields. The field equations are balance laws, closed by lo-
cal and instantaneous constitutive relations. The constitutive functions are
determined by means of universal physical principles, such as the entropy
principle (existence of an entropy inequality and concavity of the entropy
density) and the principle of relativity. The exploitation of the entropy prin-
ciple is made by use of the Lagrange multipliers (main fields). It has been
shown that in terms of these main fields the equation system is symmet-
ric hyperbolic. Hyperbolicity guarantees finite speeds of propagation, while
symmetric hyperbolic systems imply well-posedness of Cauchy problems (i.e.
existence, uniqueness, and continuous dependence on the data).

RET was first applied to monoatomic gases [28], yielding many inter-
esting results. Recently, it has been generalized to dense and rarefied poly-
atomic gases both in the classical [31, 32] and in the relativistic framework
[29, 2]. Rational Extended Thermodynamics yielded significant results also
for gas mixture, see the recent books [31, 32]. In particular, it is remarkable
that RET is able to describe the thermal-diffusion effect, as shown in [4] and
in the reference therein. In the last decade, different materials are described
inside Rational Extended Thermodynamic theory: metal electrons [7], quan-
tum systems [34], graphene [35], biological models [6, 17, 18], nanofluids [9],
gas bubbles [14, 15] and many others.

In the case of Mixture, RET moves in parallel with the kinetic the-
ory with similar results. In 1967, Goldman and Sirovich [23] introduced
a 13-moment model of gas mixtures with the multi-temperature (MT) as-
sumption, which considers a different temperature field for each mixture
constituent. After then, many authors worked almost independently on the
same model for Maxwell molecules. We recall among the others the paper by
Tsendin [36], the one by Goebel, Harris and Johnson [22], the model deriva-
tion by Kremer [25], the most recent work by Bisi, Groppi and Spiga [11].
Recently, the model for MT-gas mixture obtained in [22] has been studied
in [3] showing some interesting mathematical and physical properties.

In this paper, the equations of RET applied to a binary multi-temperature
mixture [22] are used to describe the propagation of acceleration waves in
a non-constant state. The study of propagation of acceleration waves or
weak discontinuities is a classical problem in literature, see for example
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[37, 12, 13]. It describes a disturbance that propagates in an unperturbed
state through which all field variables are continuous, while the first deriva-
tives have a jump. The aim is to identify a critical wave amplitude below
which the acceleration wave does not degenerate into a shock. From a math-
ematical point of view, this problem found its natural application to system
of hyperbolic equations, like those obtained in the context of Rational Ex-
tended Thermodynamics. Recent studies of accelerations waves in models
described by RET can be found in chemotaxis [6], gas-bubbles [14], mixtures
[3], granular gasses [8], pit corrosion [30] and many others.

In 2000, the field equations of Rational Extended Thermodynamics for
a rarefied gas were first formulated in spherical symmetry [20], and later
also in cylindrical symmetry [27]. The study of how the solution depends on
radial symmetry has provided many interesting results, prompting various
studies in this direction. The heat transfer problem has also been investi-
gated under different conditions and symmetries (see for example [5, 10] and
the references therein). The aim of this paper is to study the propagation
of acceleration waves in a non-constant state in a binary multi-temperature
mixture described by Rational Extended Thermodynamics in spherical sym-
metry. The numerical solution is shown and the results are similar to the
planar case presented in [3].

The structure of this article is as follows: in Section 2, the field equations
are recalled and the dimensionless form are introduced. In Section 3, we
determine the conditions for the existence of similarity solutions. Finally, in
Section 4, the propagation of acceleration waves is studied, and a particular
solution is presented.

2 Field equations

In this paper, we consider the field equations for a binary gas-mixture of
classical ideal monatomic gases derived in [22] using the 13-moment Grad
distribution function. These equations are written in spherical coordinates
and the fields are assumed to depend only on the radial coordinate r and on
the time ¢. With these assumptions, the set of the ten field equations for the
ten fields, that are the densities p,, velocities v,, pressures p,, deviatoric
part of the stress tensors o, and heat fluxes g, of both components (o =
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1,2), assumes the form

apa + paava + Uaapa + pava =0,

paag? +pava8va + aga + 8pa + Ua —E

0 le] 0 o o
B+ vl + §§ﬁ+3 aaa”rﬁaaa” +
10 pa’Ua 4 qa _ 20aVa — Ua
+ + 3 r 7 3
Ot (07 8(1 (64 (a3
80’ +Ua80' + 185 8qr + 3pa8v + Ba_aav +

_ 8 qa Vo _ & Va
15r+30—ar par—Zo”

an +UaaQa 4 lﬁqaava + pa O 80(1 + 5pa;‘0'a 3pa+

—Is (7"7& + 5’%) Qo | ety 4 Miay, — W,

Equation (1); represents the conservation law of mass for each con-
stituent. The production term vanishes since mixtures of monatomic gases
don’t react chemically.

Equations (1)2_5 follow from the balance laws for momentum, energy,
stress tensor and heat flux for the a-constituent. In this paper, we assume
that their production terms, ¥, Uy, Z, and W, are the product of some
functions of the two temperatures T, and the Maxwellian productions, ob-
tained in [22]. So they read (for 8 # «)

Yo = fl (TlvTQ) C(Uﬁ - Ua) )
Ua = f2 (Tl,TQ) D [3](23 (Tg — Ta) + m[g ('UQ — 1)1)2} s
Zo = f3(11,T2) [_Eaga + Gaog + 2p3Ga (v2 — 01)2} 7

Wy = f4 (T17 TZ) {_HaQQ + IaQ,B+

g 5k (Ts—Th
‘1‘,0571[32” I, [ B(mﬁg ) + (vg — 01)2] + (vg — Vo) (Laoa + Iaaﬁ)} ,

(2)

where kp represents the Boltzman constant, m,, the molecular mass and we
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have
C = V112,01P2 D= 2C
T omit+ma? T omit+ma’ o o
T. = _Pa B = 3v5 pa + (4maV1 +3mgry )pﬁ
a— & a = 2
o pa’ dma 2(m1+m2) ’
3
G — mlg(41/112—31/212)pa H — Vg% pe ((3m3+m%)u112+2m1m211212)p,8 ( )
@ 2(m1+mg)® 7 @ 2ma (m1+mo)” ’
I — 2m%(2u112—u212)pa L. — —8mamﬁ1/112+(ma—3m5)mﬁué2
o (m14+ms)? ’ « 2(m1+ms)> B

The coefficients v{"" and vy are characteristic of the Maxwellian molecules.
They are given by

a A
U = 21 A (5) X/ Bty = 2200, (4)

where A; (5) = 0.422, Ay (5) = 0.436 (see [16]), while xq, denote the
Maxwell force constants. The response functions f; (i = 1,...,4) are related
to the relaxation times and, in turn, to viscosity and heat conductivity co-
efficients which we assume dependent on both temperatures of the mixture.
See [22, 3] for more details.

Next, for later convenience, let us introduce the following dimensionless
quantities and parameters:

AT _t ~ P kp 0
T_L7 t_T7 p&_pgma ad
T _ Tu D, = Yo 4 — _9a
« Tg Y a co’ CIa ngO I (5)
_ kg 79 A~ _ D ~ _ O
Ho = ma?gu Pa = i) Oq ﬁa

where p%, TO, p2 = kp/m,T? represent some constant equilibrium density,

temperature and pressure of the a-constituent, furthermore

kB 0704 kB j070
L=cY, co= \/5 my piTy g psT5 T = L mytmy (6)
’ 3 Pi+Ay ’ 1 pitey

L is the reference length, ¢y denotes the speed of sound in the mixture and
T has the dimension of a time and it is defined in terms of the Maxwellian
coefficient of the mixture. By insertion of the dimensionless quantities (5)
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into the field equations, the following dimensionless equations are obtained

QAA

0pa a 0P
p +paav +vap + 7#Pala = U,

A fe A2 Doy el OPa _ ¥
Pa%+pava%%+%a %+ %o + 300 = 3,

OPa OPa 2 0da A OVg 2~ 00a
p+vap+313(IT+3pagr O-aﬁvr_‘_

3 T 3

+10pava + 4Q(x 25000 — Ua

060 | 5 990 | 8 04 4Aaa 7~ g
U+a§r+15§:+3a§4‘ga§*+

8 4~ D A
_7(]704_}_ O'aT_gpang = Za,

94 ~ 04 A 9%
e + D0 + Laa B + o |D52a s 4 Jlattalley

Pa

with the dimensionless productions

and the coefficients

_DPa (75 5pa apa 3pa—0'a 14 4o 5
ﬁ3<2a+ 2) + O-Oc +5TA’UOC_

Wa,

mima  (é0)”

A 95P1p2
C = oo - 20m1+m2 kpTy’
4ma-|—3m[3£ 0 A Mo (4 3”52)

£ — 3matmy V5 phpa | vi® PgPs G = 12 ) Pihe

a4 Me V%2 pO 2(m1+m2) ,DO ) [0 2(m1+m2) pO 9
12 12
3m2+m2+2mima 25 0 2mam (271> 0~

[, — mtma V3" pape | " P D T S 1) Pgha

[ 2Me 1/112 p (m1+m2)2 pO ) [0} (m1+m2)2 p() 9

12
_ _ 2 N
8mam5+(ma 3m[3>m5? p%pﬁ

Lo = .
@ 2(m1+m2)? o0

9)

System (7)-(9) is not autonomous, since the independent variable 7 ap-
pears explicitly in the field equations. In the following, by employing a
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well-known procedure based on the Lie group method [20, 19], we transform
system (7) in an autonomous form and then we derive a system of ODEs
depending only on a single variable, the so-called similarity variable.

3 Similarity solutions

In order to transform the set of field equations into an autonomous form,
we first require the system (7)—(9) to be invariant under the following group
of dilatation transformations

t* = evt, r* =er, oL =

~ * ~
o éyapom Ua - EgavOH

(10)

x _ bamn * _ 2ba s ¥ cOag
pa_gapow Ua_5a0a7 qa_5 aqou

where € # 0 is an arbitrary parameter that characterizes the dilatation
and the exponents v, Y4, 9o, 0a, ba and a, must be determined. The
requested invariance of equations (7)-(9) with respect to the transformation
(10) conducts to the following relations

Yo =75 Joa=1—v,
()
do=ba=7+2(1-v), an=7+3(1-v),

together with the following functional forms for the arbitrary constitutive
functions f; involved in the production terms

VR e T
fi (T 15) = 75T F, (;) , (12)
1

with F; arbitrary functions. In particular, for arbitrary constants k; and
parameter s, the choice

N 1—s
k; [ T5
—Fi I (A + 1) ~ ~ 1-s
a /A A T + T
2\ = fi <T17T2> =k <1—52> , (13)
vy
2(v—1)

so that response functions obeying power laws that for Ty = Ty = T have
the same functional dependence as in the theory of Gilbarg Paolucci are
obtained [20, 21].
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According to the Lie group theory, let us introduce the new variables

114§ ap—1 5 P
T = Int, E=7rt"v, Ra = pat v,
N p_lov . p_at2(-=v) L a_a+2(1-v)
Vo = 0at™ v, Pa = pat v , Sa =04t v ) (14)
. A y+3(1—v) A oA 2(1-v)
Qo = qat v y Xa =Tut v,

and let us recast the system of field equations in the following form

19Ra +Raaav£a (Va _ é) 8;2; — 2R Vs, Ra,

v ot v

JRa%E + Ra (Va - g) B+ a5 + 0 B =

v

vty R
= VT_lRaVoc - 3%8(1 + Xf(yil)fl (%) Eaa

1 0Py £\ 9Py 20 2 8Vaf
;aT+(Va—;) oe + 5% + (3Pa+ 55) G =
vty

— _10PaVa _ 4Qa 4 28aVa 7+2(1 V) 2(7-D) o
T3 T3E T3 P+ = Fo (22) U,
0

3
1 90Sa Sa 8 0 7 Vo _
vor <Va*§) &+ 15 %8 + (5P + 550) G

vty
4 PoVa 8 Qn _ 884Va _ ¥H2(1—v) 3w-1) 5
35+T5T—§s‘ 580+ X (52) 2

+ 16 ava Pa=8q 0Sa
Qa + o Ra O

+5@7’a+8a% %o Pa (78704 + &) ORa _

2  Ra 06  RZ 0 —

b B, - Uy, - 20, i (4 W,

(15)
The corresponding productions can be easily obtained from (8)-(9). Partic-
ular solutions of (15) depending only on the similarity variable &, represent
the similarity solutions of the basic equations (7)-(9).

As it can be easily seen, the new system (15) is still not-autonomous
but the invariance with respect to a new dilatation group of transformation,
that is . _ ~

& = wé, RE = whaRy, Vi=wna),,

7); = weP,, S:y = WdaSaa QZ =wQ,,

allows the reduction of (15) to an autonomous form [19]. Therefore, the
requested invariance with respect to this new group furnishes

ko =k =¥ ne=1, coa=do=k+2,  ex=k+3  (17)

v

(16)




E. Barbera, C. Curro 185

Finally, let us introduce the transformations

r=r, n=Iné, Ra=E*03Ra,  Va=5(Va+1),
_ o £kt2 _ o ek+2 _ k+3 2
Pao = P%%PM So = P8£V2 Say Qo = Po 3 Qo Xa= 1572790”

(18)
with p§ a dimensionless constant introduced for further purpose. System
(15) is then recast in the autonomous form

W 4 Ro%n 4 Vo 2l = — (y = k) Ro — (k+3) Ro (Vo + 1),

8Va WVa o 0P 2o 0Sa
+Va on + Ro On Ro On

= v (Va+ 1) = (Va+1)* = (k+5) 252 — (k +2) Zfa 4 To,

- 0
8Pa Vaaalj]a +5P0488‘j7a +%SOL88Y7 +% gia —

— (Y= —k)Pa— (k+T7)Pa(Va+1) = 2 (k+5) Qo + Z,

9Sa 4 17 05a | 8 6Qa ip Vo | Tg OVa _
o TVa gt 155, T 3a%; +35.%; =

—(7—2y—k:)S —(k+7)Sa (Va+1)— £ (k+2)Qa + Za,

8Qa + Va 8Qo¢ + 16 Qa BVQ + 3, PaRaSa 0Sq + Ema PQI;LSQ 8£7a

— ot (% + 25¢) %% = — (7= 30— k) Qo — 103 5=

—(k+9)Qq (Vo +1) — 5%3 + (k+5) % "aSa + W,

(19)

)
) D3 (95— va) + (Vo = 10)?]
) [-BaSe+ GaSs + 35 GaRs (Vo — i)?]

Wa = Lﬂc}— 1972) { HaQa + IaQB+

+10 R 250 [5 (Vg — o) + 35 (V2 = VI)Q} + (LaSa + 1aSp) (Vs — Va)} ’
(20)
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with the coefficients

_ R1R2p A2
¢ = tefulen D = 20 mma 3
P mi+ma kpTo’
pe pe (21)
G B Mo (4—3?) p%ﬁg}{a f B 2mamg (2—ﬁ> PﬁPoRa
@ 2(myi+ma2) v o (m1+mo)? "o
and
4ma+3 v3? 3
m, mag—F5 0 =
E. — 3mitmo v P Ra + ° 5”%2 PPy s
CT L me 2 0 2(mitma) o0
12
3m2 4+m2+2mims 25 08
H _ 1mytmg ¥5° PapoRa + « B ! 2”%2 PsPo s (22)
=32 ma oz 2 0 s
a Vv pY (m1+ma2) p
12
= meamngr(ma 3m5)m5 12 p@pﬁRg
o= .

2(m1+m2)? oY

As it can be easily seen, when written in terms of these new variables, the
system of fields equations becomes autonomous, as required. The variable
7 is called the similarity variable and assuming that the fields don’t depend
on 7 we get a system of ODEs that depend on ¢t and r only through 7.

In the next section, we will study the evolution of acceleration waves
allowed by these equations. For further purpose, we write the dimensionless
physical variables in terms of the new quantities, i.e.

th—‘

7=1nt, pn=In1, (23)

for the independent variables and

~ ey Ak AR N P ~ _
Pa:PS‘?"ktv” Raa Ua:LA(Va“‘l)a pa:pg”%zt v Paa

ak+2 Ay — o Tk+3 w k

_ =af =k . S p
Ja_pg ztzt Som Go = PO 373 3t3 Qaa Ta_ygigﬁcw

for the field variables.

4 Acceleration waves in a state characterized by
similarity solutions

This section is devoted to the study of the evolution of weak discontinuities
compatible with system (7) propagating in a non-constant state character-
ized by a similarity solution of set (19). To this aim, it is convenient to
consider the transformed system (19) expressed in terms of the canonical
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variables 7 and 7 and, following a consolidated approach [1, 33], to examine
the non-constant solution obtained from (24), which corresponds to a steady
state of system (19). For further convenience, let’s recast system (19) in the
vector form

oW oW
— 4+ A—=B(W 2
-+ AS = BW) (25)
with
W, B; A; 05
W = , B= , = . (26)
W, B 05 A2

In (26) 05 denotes the 5 x 5 null matrix and

Wa:[Ra Vo Po Sa Qo ]T’
_(V_k)Ra_(k"’_?’)Ra(Va"i_l)

v(Va+1) = (Va+1)> = (k+5) 25 — (k+2) Zafa 4 2o

B, _ | ~( =2k Pa— (kT Pa(Vot 1) = §(k+5)Qa+

—(Y=20—k)Sa = (k+7) S0 (Va+1) — 5 (k+2) Qa + Za

_(7_3V_k)Qa_(k+9)Qa(Va+1)+
2 2 —
— 10520 58 — 53c 5 + (k +5) 2822 + W,

VCM Ra 0 0 0
o Ha

0 Ve you v 0

Py 128, 2

A, = 0 R A 0 2
4Py +7Sq

0 mthe 0 Va, 2

_ 6 Pa(7Sa+5Pa) EQ 550 (Pa+Sa) 0 (Pa—Sa) v

i 2RZ 5 wa 2R, Ra o

(27)

In [3] the authors investigated the mathematical properties of the model
(19) and the strict hyperbolicity has been proved in a neighborhood of the
equilibrium state. The transformed system (25) maintains the hyperbolic
character of the original model, so that it admits only real and distinct
eigenvalues Ay to which there correspond right d®s) and left eigenvectors
1(4%) linearly independent, solutions of

(A-ADdN =0, 1NA-AT) =0. (28)
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In detail, the characteristic equation reads

T a-va

a=1,2

96

25 Ro

[(A )t e (26Pa + %5

a)m—wf

Ro \ D 15

Qal(A = Vo) + 355 (P2 + 2PaSo + %52)} =0,

whereas the right and left eigenvectors

are obtained from

A4V, =

d®W —

la:Ma -

5(A—Va)? 8,
9
4(A—Vy)?

9

5(A;Va) ((A—Va)2 _ Pa—l—Sa) _

3a Ra
i 1

R2(A—Va)[#a(11Pa+1780)—5Ra (A—Va)?]

32 P (5P~ 1754)

Ro[456(3Pa+7S0)+15Ra(A—Va)?]
9% Po (5P +754)

5Ro[#0(3Pa+7S0)—3Ra(A—Va)?]
950 Pou (5P +75¢)

2R2 (A—Vy)
L %0 Po(5Pa+754)

188

(30)
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( 1 -
0

0
0

do= | fotsiny | de= 0.
0
0

 Pa(7Sa+5Pa)
Ra(754+3Py)

0 LY

lazﬁa[% 0 % -1 O]’
A=V, = ls=[0 0 0 0 0] ifV,="V;,
- 1 T

R2(Va—Vp) [55(11P3+1755)—5Rp(Va—V)?]
3%§Pﬁ (5Pg+75p)

Rp[45(3P3+753)+15R3(Va—Vp)?]

5Rg [%ﬁ (3Pg+755)—3Rg(Va —Vﬁ)2]
93 P3(5Pg+753)
2R3 (Va—Vp)
L 23 Pg(5Pg+7S3) J

The factors L, and M, are obtained through the orthonormality con-
dition 1M . @) =1,

Let’s assume that the field variables W(r,n) suffer a jump in the first
order derivatives across the curve ¢(7,n) = 0, called the wave front, in the
(1,m)—plane to which there corresponds the curve

¢(imﬁm<;)>:¢%ﬁﬂ:0, (31)

in the physical (#,¢)—plane.

*

By (23), the following relation between A = —%, characteristic velocity

of the original system (7), and A = —i—; is obtained

A—i’;(AH). (32)

Next, let’s consider as unperturbed field the steady state solutions of the
autonomous system (19) satisfying B(Wy) = 0, that, bearing in mind (17);

lg = - 9725 P3(5P5 1753) , if Va # Vs,
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and the relations P, = R,v,, is obtained from
_ (k+1)
Vo = -1+ 7757,
_ 2(k+Dv® Ry k42
Sa = (k+3)(k+5) 0 kTE)R Va,
3(1—k)v 3daR1R
Qo = (lﬁfﬁ. (k)+3) Rota + 553572 (05 — Ya) W2 (01, 02),
(255 + (gaRa + haRRg)Wa(V1, 02)| Sa +laWa(V1, 92)RaSs (33)
8(k+2)Qa _
— 8kt _ g,
2558 + (aRa + Ga Ra) Va(01,93) | Qu + naWa(91,02) RaQy+
+%> [(k+5)S2 = 5RA0% — 10RaUaSa] =0
with
52 5P paa 0 sa
o = 2t b o g = e A A
L2 L2
. _4ma+3mgljﬁ p%pﬁ l Mo (4 31/?@) poﬁg
«a 2(m1+m2) pO ) « 2(m1+m2) pO )
V12 (34)
1 my+mp V8 p508 _ 73m +mﬁ+2m1m2 viZ P@pg
pOé - 2 Ma Vll pO 9 qa - (m1+m2) PO 9
12
2mampg (2—%) popg _k
v ¥
Mo = (m1—|—m2)21 /;OO’ Vi = Vk+1191 " <197?> '
Furthermore, according to (13), we choose
19 ’l9 1—s
U, = k; (1+2> ’ (35)
2
with k; arbitrary constants and
1
kE=2(s—1), §<s<1. (36)

By denoting with dy = d(Wy) and lp = 1(Wj) the right and left eigen-
vectors evaluated at the steady state (33), it follows

oW = 7rdy,

d
j+aoﬂ2+b0ﬂ':0,

1o (37)
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with
- 0 _ 0 d _ 90 0
0= %’¢:0+ 8¢’¢:07’ dU_3T+A08n7
ap = (VwA - d), ¢, bo = —1o (VwB - d),, (38)
T =0, n=no + Ao(T — 70).

Consequently, from (37), it results

ﬂ.oefbo (o—00)

(o) = — eyt (39)
1+%(1_6 bo(o—00))
The original field variables U,
~ ~ ~ ~ ~ T
U, = [ Pa Vo Pa OTa d(Ga ] 5 (40)

exhibit discontinuities in the first derivatives across the curve
. Aotl

t v
f = f[) <A> B (41)
to

related to the jump of W, through

L _
7 (5) 0 0 0 0
0o L 0 0 0
—a A k+2
U= | 0 0 Z(3) 0 0 W,
0 0 0 7 (f>k+2 0
28\ 7
0 0 0 0 i (f>k+3
L v3t \ i ]
(42)
Finally, from (39), the amplitude 7 in the original variables reads
b
: m(5)
m(t) = (43)

b Y
1+ @m0 [1 _ (f>_”()]
bO Eo

and the critical time is given by

t. =1 <7T0a()—|-bg> _ (44)
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The propagation of acceleration waves in a mixture of Helium and Argon
is numerically evaluated. A solution of system (33) with the choice v =
—1.5, v = 1.75, that imply s = 0.83, and pj = 1 is ¥ = 0.1027,9, =
0.9046, Ry = 2.5705 x 107%, Ry = 0.5311,V; = V5 = —0.5625, 51 = 2.220 x
1074, 85 = 0.155, Q1 = 3.5646 x 10™%, Q2 = 0.2703. This is a constant state
of the transformed system (19) whose corresponds by (24) a non-constant
state for the initial set (7). The greatest eigenvalue of matrix A reads A =
0.615317, whose correspond by (32) a non-constant propagation velocity .
Furthermore, the two coefficients ag and by are numerically evaluated as
ap = —2.5139 and by = 1.3175 x 107%. In Figure 1, the evolution of the
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Figure 1: Evolution of the amplitude IT in terms of o (a) and in terms of ¢ (c)
for different initial value II(0) The lines in red represent the critical initial
amplitude. (b)-(d): dependence of the critical value of ¢ and £, respectively,
on the initial amplitude.

discontinuity is depicted together with the critical times. More precisely,
Fig.1, refers to the evolution of 7 in terms of the transformed variable
o, as described by (39) with 09 = 0. It can be easily seen that, initial
perturbations smaller than the critical value my < 5242 (illustrated in the
figure with red dashes line) are damped, Therefore, the system is stable
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with respect to these initial perturbations. Instead, for o > 5242, the initial
discontinuity cannot be damped and it evolves into a shock. Fig.1; illustrates
the critical value of o obtained setting the denominator of (39) equal to zero.
It corresponds to the value of o when the perturbation becomes infinite.
Clearly, the critical value of ¢ exists only for mg > 5242. Fig.1. 4 illustrate
the discontinuity 7 in terms of the dimensionless time ¢, obtained from
(43) with o = 1. Clearly, the results are completely equivalent to those
illustrated in Fig.144.
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