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Abstract

We prove that the solutions of the damped Klein-Gordon equation
with a monotone perturbation cannot fulfill the finite extinction time
property, even if the perturbation is a non-Lipschitz (or multivalued)
function of the unknown wu. This contrasts with the case of the non-
linear Schrodinger damped equation (recent results dealing with this
same monotone expressions but with a purely imaginary coefficient),
and with the case of nonlinear parabolic equations with strong absorp-
tion (for which the finite extinction time property is well-known since
the middle of the seventies of the last century).
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1 Introduction

Non-linear hyperbolic equations, like the Klein-Gordon equation, have been
of considerable interest to mathematicians and physicists since the pioneer-
ing works in 1950 by L.I. Schiff, K. Jordens and I.LE. Segal. Among other
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reasons, the equations arise in Relativistic Quantum Mechanics (see the
references in [43]). The main goal of this paper is to analyze the asymp-
totic behavior of solutions when ¢t — +o00. The long-time behavior of the
semilinear damped Klein-Gordon equation is relevant because it provides
insights into the stability, dispersion, and asymptotic dynamics of wave-like
phenomena in nonlinear systems. Understanding these aspects is crucial in
various physical applications, including field theory, optics, and condensed
matter physics. In certain asymptotic regimes, the damped semilinear Klein-
Gordon equation exhibits behavior reminiscent of the nonlinear Schrodinger
equation (NLS). This connection arises through paraxial approximations in
wave propagation, where the Klein-Gordon equation reduces to an NLS in
the weakly relativistic regime. Nevertheless, as we will show, the asymp-
totics of solutions for a long time are very different for these two dispersive
equations, and also in comparison with the semilinear parabolic equations
with non-Lipschitz terms.

The nonlinear function which appears as a perturbation of the linear
damped Klein-Gordon operator is like an additional control of the energy
dissipation. In absence of diffusion, in the linear ordinary differential equa-
tion it is well-known that the damping term suppresses oscillations and
drives monotonically the system towards the asymptotic state (u = 0). We
will show here that in the presence of a monotone perturbation ((u) the
solutions present infinitely oscillations, instead of purely exponential decay.
In particular, there is no finite time extinction property. We will prove this
for the general semilinear damped Klein-Gordon equation

gt + yug — Au+mu+ B(u) 30 in Q x (0, +00),

uy =0 on 99 x (0, 400), (1)
ux(0,2) = up(x) on €,
ux (0, ) = vo(x) on €.

where ¢,7,m > 0 and B(u) is a maximal monotone graph of R? such that
0 € $(0). Our main interest deals with the case @ = RY, but sometimes it is
useful to start by the consideration of the case in which €2 is a bounded open
set. The two main examples are the equation with saturation (sometimes
written in a single-valued way)

gy 4+ yug — 2 Au + mu + aﬂ =0 inRY x (0, 400), (2)

|ul
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which corresponds to the special case of

a if r >0,
B(r) = asign(r) = [—a,a] ifr=0, (3)
—a ifr <0,

and the case with a strong absorption term
g + yug — EAu+mu+alul VP u = flz,t) inRY x (0,400), (4)
with p € (0,1), corresponding to

B(r) = alu~ " P, ()

Concerning the existence of solutions, both cases were already considered by
J.-L. Lions in [44] (among many other authors), for the case of 2 bounded,
vy=m=0.

There are many results in the literature showing that under some condi-
tions on the nonlinear term S(u) the solutions u(.,t) converge to zero when
t — 400 (see, e.g, Chapter 10 of [22] and its many references). Here we will
prove, in any case, the absence of finite-time extinction for this semilinear
Klein-Gordon equation with damping for any choice of the maximal mono-
tone graph [(u), once we assume that 0 € $(0). We will prove that the
time decay is at most exponential. This contrasts with the case of parabolic
equations with a strong absorption term (see [2]) or with a maximal mono-
tone graph 8 multivalued at the origin (see [15], [18] and the survey [28]),
and even with the dispersive case of damped Schriodinger equations with
single-valued non-Lipschitz perturbation (see [23], [24], [6], [7], [8], [9]) or
the damped Schrédinger equation (see [10]).

The organization of this paper is as follows: Section 2 is devoted to
proving the existence of solutions. The absence of finite extinction time
property for the problem (1) will be presented in Section 3 where we start
by considering the case of the second order nonlinear ordinary differential
equation. The presentation of the new results for hyperbolic equations is
here accompanied by numerous remarks, containing a large number of refer-
ences, to place the results for these hyperbolic equations in comparison with
some results established for the nonlinear Schrédinger equation, parabolic
equations with similar nonlinear terms and, even, other hyperbolic nonlinear
equations with nonlinearities applied on the damping term u; instead of the
own unknown u.
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2 On the existence of solutions

Concerning the existence of solutions, we start by considering the case of a
bounded domain 2 and also with a possible forzing term f(z,t)

gy + yug — Au A+ mu+ B(u) > f(a,t) in Q x (0, +00),

uy =0 on 9N x (0,400), (6)
ux(0,2) = up(z) on €,
uxe (0, ) = vo(x) on .

Theorem 1. Assume Q bounded and let f = 0j, with 0 € (0), be such
that

D(B) =R. (7)
Let T > 0 arbitrary, and consider
ug € Hy(2) with j(ug) € L'($), (8)
v € L*(9), (9)
f € LY0,T; L*(2)). (10)

Then:
1. There exists u € L>(0,T; H}(Q)), ur € L*°(0,T; L*(2)), weak solution
of (6), in the sense that there exists a function g € L*(2 x (0,T)) such that
g(x,t) € B(u(x,t)) a.e. Qx(0,T) and the equation of (6) is satisfied in the
sense that

g + yur — AU+ mu+g = f. (11)

2. If, in addition
ug € H*(Q), vo € HL(Q), and there exists g, € L*(Q) g, € B(vo) a.e.on Q,
(12)
f€L*0,T;L*(Q)) and f, € L'(0,T; L*(Q)), (13)
then u € C([0,T]; H}(Q)) N L>(0,T; H*(Q)), ux € L>®(0,T; H}(Q)) and
ugy € L*(0,T; L?(2)).

Proof. A proof of the above result, for the special case of v =0 and m = 0,
was given in [13, Theorem III.3], and the additional regularity in [12] (The-
orem II1.3). For completeness, here we will extend their arguments to our
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formulation. We consider the approximation of 8 by its Yosida approxima-
tion 8y = 07\ and we approximating the data by more regular data ug y,
vo.x, and fy satisfying the stronger conditions (12) and (13). As a first step,
we consider the regularized problem

Ungt + Yune — Auy + muy + Ba(un) = fa(z,t) in Q x (0, 400),

uy =10 on 90 x (0, 400),
ux(0, ) = uop,(x) on ,
ux(0,z) = vo () on €.
(14)
We get the existence and uniqueness of a solution since the operator
D) = (@ 12@) x 1@, A= _on’ 0 01 )

is maximal monotone in the Hilbert space H = H}(Q) x L*(Q) (see [12])

and the operator
0
B =
(5)

is Lipschitz on H (see Remark 3.14 of [14]). In that case we get a strong
solution of (14) since
Uy = ( Yo > € D(4)
Vg, \
and

d
F= ( ]? ) is such that F' € L?(0,T; H), aFeLl(o,T;H).
A

Multiplying by u); and integrating over ) we get
1d 2 d

m 2 2 d .
S Junlt + = (| Vua2e + — [ual2) + 7 |uxd +/j)\<u)\)d1' (15)
2 dt L2779 gt L2 T o IMAIL? L2 o

dt

< |f)\’L2 |UAt|L2 .

From this we conclude that the sequences |u,\t|%2 and |Vu ,\|%2 + |u >\|%2 are
bounded in L*>(0,7) as A — 0. On the other hand, multiplying (14) by
the resolvent vy = (I + AB)'uy, using that it is a contraction and the
monotonicity of the operator —c?Auy +muy, integrating over Q x (0, T), we

obtain
/OT/QBA(uA)wS/OT/Q\fA(a:,t),’uA‘JF/OT/Q‘UM‘Q

T /Q fure (. )| Jua (. T) | + /Q [0 (2)] o ()]
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Thus, this term is bounded as A — 0 and so, there exists a subsequence
An — 0 such that

uy, — U weakly in L>(0, T; H} (Q)),
uy ¢ — ug  weakly in L>°(0,T; L?(Q2)),
uy, = U a.e. on Q x (0,7T),

Ba(uy) — g weakly in LY(Q x (0,T)).

The last convergence was a consequence of Theorem 18 of [13] (see also
Theorem 1.1 of [49]), thanks to the assumption (7). O

For the important case of @ = R, it is useful to assume some supple-
mentary conditions on the support (supp) of the data.

Theorem 2. The statement of Theorem 1 remains valid for the case 2 =
RN once we assume that

supp ug and supp vy are compact sets of RN,

and
supp f(-,t) is compact, for a.e. t € (0,T).

Then, in addition
supp u(-,t) is compact, for a.e. t € (0,T),

and the function g € L'(2 x (0,T)), g(z,t) € B(u(z,t)) a.e. Q x (0,T),
satisfying (11), is such that

supp g(-,t) is compact, for a.e. t € (0,T).

The proof of this theorem is a consequence of the following basic result
on the dependence cone:

Lemma 1. Let Ty > 0 and xo € Q. Let B satisfying (7) and let ug, vo,
f(z,t) as in the first part of Theorem 1. Let’s suppose that

B(zo,cTy) = {z € RN : |z — x| < Ty} € Q.

Assume that ug and vy vanish almost everywhere on B(xg,cTy) and that
f(-,t) vanishes almost everywhere on B(xzg,c(Ty — t)), for a.e. t € (0,Tp).
Then the solution u given in Theorem 1 vanishes on the cone

U B(xo,C(Tg — t)) = {({L‘,t) € RN X (O,To) : ]m — xo‘ < C(T() — t)}
te(0,70)
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Proof. Without loss of generality we may assume that the data ug, vo, f(z,t)
are regular as in the second part of Theorem 1 and vanishing on the indicated
sets. In addition, we can also assume that ¢ = 1. Indeed, by rescaling the
spatial variable

X =pzx, p=1/c, U(X,t) = u(x,t),
we find that
AN u = AxU.

For simplicity in the notation, we keep the old notation (identifying X and U
with z and u) but assuming now ¢ = 1. Let u) be the solution of the approxi-
mate problem (14) with ¢ = 1. We multiply the equation by ux ¢y, (|z — xo|)
with

1 if r€[0,p—1/n],
Up(r) =< —n(p—r) ifrelp—1/n,pl,
0 if 7 € [p, pol,

where pg > 0 is such that pg > Tj. Then we have

~ [ Bustusne = o) = [ Tu- (Tutnla = z0)
Q Q

+/QVU,\ (uxeVibn (| — 20l))-

Using spherical coordinates (r,w) with center zy we have

" T — o " N-1
n Ut VU - der =n uxt VU - Ur dwdr,
P p—1/n JSN-1

—1/n |$ —330\

where U is the outward normal vector at = € S,(z¢) = dB(xo,p). As in
Lemma 2.1 of [36], from Lebesgue’s differentiation theorem and the fact
that r — fstl uxVauy - UrVNldw € LY(0, pg), we deduce that for almost

all p € (0, po),

lim n/ uxt Vuy - T dr = / uxe V) - drV-1ds.
P SP(IO)

n=o0 Jy 1/n |z — o

Then, going to the limit (n — 00), as in (15), we deduce (taking p = Ty —t)

1 9 , ) ; )
2/B(x0,Tot)3t((u’\t) +[Vual” + m |ual”) + 5 [urel 22 (Bwo 10 —1))

(@ =0 [ V(- ) T

+/ (fx = Balux))uae-

B(zo,To—t)
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We also point out that if ¢ € WH1(0,T : L'(Q)) we have

4 oz, t)dr = d/To_t rN_ldr/ o(r&, t)dE
dt JB@omo—t) dt Jo SN-1 ’

= % _ _ \N-1 B
_/B(mTOt) 8t($,t)dx (To —t) / o(To — )€, t)dE.

gN-1

Then we have
1d
2dt B(zo,To—t)
<@ 0"" [ ({0 1V m
—2u,\tVu>\}((To —1)¢) - 7] + JBao o) (A — Brlua))une.

By the Cauchy and Young inequalities

((uxe)® + [Vurl> +m|uxl?)

12ur Vuy - U | < 2 |ung] [Vauy| < (ux)? + [Vual? .

On the other hand, since 3y is Lipschitz continuous and |8y (uy)| < C(A) Juy|,
applying that fx(.,t) vanishes almost everywhere on B(xzg, Ty — t) for a.e.
t e (0, To),

C(N) ) )
/B(xO’TO_t)(f)\_B)\(U/\))U/\t < W/B(xo,To—t)((U)\t) +m|uy?).

Then
1d

C(/\)/

2 2 2 2 2

—— U +|Vur|“+m|u < —= U +m |u .
2 dt (20Tt t)(( /\t) ‘ )\‘ ’ A| ) 2 /m (20Tt t)(( At) ’ )\| )

Integrating the above inequality

/ ()’ + [Vua|? + m ua|?)de
B(:Co,To—t)

C) 2 2 2
< e2vm ((vox)” + [Vuor|” + m |ugx[)dz = 0,
B(z0,T0)
for all t € (0,Tp) (and not only a.e. t € (0,Ty), since uy € C([0,T]; H}(Q))).
This proves the result for uy and gy = Sx(uy). For the more general case,
as in the proof of Theorem 1, we know that uy, — u a.e. on £ x (0,7).
So, u also vanishes on the same cone (notice that it is independent on A).
Finally, since By(uy) — ¢ weakly in L'(Q x (0,T)), and we know that
g=f— (ug +yus — 2Au+mu) € L' (2 x (0,T)), we conclude that g also
vanishes on the same cone. O
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Proof. (of Theorem 2) Given T' > 0, let Q be a bounded regular set such
that the solution u of the problem (6) on © x (0,T), satisfies that support
u(-,t) C Q, for a.e. ¢t € (0,7) [as a consequence of Lemma 1 and the
assumptions on the data]. Then the function

U(z,t) ifxeq,
t) = _
u@,t) {0 it € RV \ €,

satisfies all the requirements (after extending by zero the function g such
that g € f(u) a.e. on Q x(0,7)). O

Remark 1. Lemma 1 extends Theorem 1.4.63 of [17] (stated for the case
of the linear wave equation). In particular, we have replaced their approxi-
mation argument with Lemma 2.1 of [36] and the Yosida approximation of
B. Theorem 2 is valid for unbounded domains €, once the dependence cone
associated with the data is assumed to be contained in Q0 x (0,T)), or when
B is a monotone continuous function such that 3(0) = 0 (see Theorem 2
of [49] where the compactnees of the support of the data is not required).

Remark 2. Problems like (6) are called by some authors (see, e.g., [12],
[43] and [38]) as “variational inequalities of the second type”, once they are
written in the terms of the primitive j of 3:

/Q(utt + yug) (v — u) + / AV - V(v —u)

—|-m/Qu(v—U)+/Qj(U)_/Qj(U)

> / fz,t) (v —u) for any v € HY(Q) a.e. t € (0,T).
Q

The uniqueness of solutions to this type of problem is a delicate question
when [ is not a global Lipschitz continuous function. Alternatively, there
are many different criteria in the literature (see many references in [45], [49],
[48], [19], [17] , [22], and also [40], where the case of complex-valued solutions
was considered).

The uniqueness of solutions for the multivalued hyperbolic equation (2)
was mentioned in [44] as an open problem. The following result offers a
positive answer in the class of non-degenerate solutions, already introduced
in [35] for a different parabolic problem.
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Definition 1. Let u € L*°(Q2). Given ey, 0 < €9 < 1, for e € (0,¢€p), we say
that u is a non-degenerate function if it satisfies the following property: if
there exists a constant C > 0 such that for any € € (0, €g)

‘{xéQ:‘u‘ﬁe}‘ﬁCe.

The key point is the following technical result:
Lemma 2. (see [35]) Let w,w € L>®() and assume that w satisfies the
nondegeneracy property. Let B as in (3). Then Yq € [1,00) there exists
C' > 0 such that if z,2 € L>®(Q), with z(x) € B(w), 2(x) € B(wW) a.e. z € Q,

we have
1
2= 2 @< aC | w— || g, -

Theorem 3. Assume N =1, Q =R, m > 0, and assume the data such that
there exists a bounded nondegenerate weak solution u of (6) with 8 given by
(8). Then u is the unique bounded weak solution of the problem.

Proof. Assume that there exists another bounded weak solution % corre-
sponding to the same data ug, vo, f(z,t) and let g(x,t) € f(u(z,t)) be the
corresponding function appearing in the equation. Let w = u —u. Subtract-
ing the two equations and multiplying the difference of them by w; we get
that, if we define the energy E(t) of the difference by

1 1 c? m

d
GEO <= [ wfdo+ [ lg =gl

Since N = 1, by the Morrey theorem (see Theorem 9.12 of [16])

/ lwg |2 dx + — /]w| da:>rn1n </ |wy| dw+/ |w] da:)

2Clw HLoo(R)
On the other hand, by Lemma 2

then

/R\g =gl <9 =9 llee@l we le2@=< 5 19— 9 2@ +3 | we 72

aC 1 9
< X 0 ey +3 1l 01 By

. ( [ wPas % [ ubas)

c?
Qlen 2 2

|| wt HL2 R) -
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Then, there exists K > 0 such that

d
—FE(t) < KE(t
4 B(1) < KE(),
and then
0 < E(t) < E(0)eX",
Since E(0) = 0, we get that E(t) = 0, which proves that u = u. O

Remark 3. Obviously, the existence of bounded, non-degenerate solutions
requires additional conditions on the data. For instance for N = 1, the use of
the D’Alembert formula for the associated linear problem allows to see that if
the initial data and f(.,t) are bounded and non-degenerate, then the solution
also satisfies both properties. For N > 1 the boundedness of the solution can
be proved once we assume bounded the data by means of the use of the
associate Green function (see [5], [37], [50]) of the associate linear equation
We emphasize that the presence of the damping term yu; and the assumption
D(B) =R are, in some way, essential in our treatment. For example, for the
obstacle problem (when B is given by B(r) = {0} if r > 0, B(0) = (—o0, 0]
and B(r) = ¢, the empty set, if r < 0) the term g(x,t) € B(u(x,t)) becomes
a singular measure and the behavior of the solution is quite different (see,
e.g., [47] and [39]).

Remark 4. The case of a saturation nonlinearity can be understood in the
framework of Control Theory as a special case of feedback control, of bang-
bang type, for the linear wave equation, to get the exact controllability to zero
(finite time stabilization) at time Te: i.e., we can reformulate the equation
as

ugy — AU+ mu = f(z,t) +y(z,t) in RY x (0, +00),

with the control y(z,t) = ~yu, + a|—z| (see some general references on this
point of view in [10]). The more difficult case, in which the control is only
defined on a small part w of U, requires additional conditions (see, e.g., the
presentation made in [41]).

Remark 5. Concerning the uniqueness of solutions of problem with 8 given
by (5), the result proved in [43] (Théoréme 1.2; for v = m = 0) remains
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valid for the case v > 0 and m > 0 (see also Lemma 3.1 of [49]). It requires
the condition

L —
PE N5

and thus it holds for p € (0,1) for any N > 2. Notice that this contrasts
with Theorem 3 where it applies to the case N = 1.

3 Absence of the finite extinction time property.

It is convenient to start our analysis by the consideration of the nonlinear
ordinary differential equation (ODE) with saturation

u”+7u’+mu+aﬁ:0 t € (0,400),
u'(0) = vp.

In the case a = 0, the ODE reduces to the linear ODE v” + ~vu' + mu =
0. This second-order ODE with constant coefficients has as characteristic
equation
2 +yr+m=0.

The roots of the characteristic equation are

_ —yE V2 —dm
- 5 .

r

In the case of strong damping (72 > 4m), the roots are real and distinct

_ y+tVAE—dm — =V —4m
- 5 , '

2

1 r2 =

Both roots are negative and then the general solution is
u(t) = Cre™t + Coe™!,

where C7 and Cy are constants determined by the initial conditions. The
solution wu(t) is a linear combination of two decaying exponential functions,
so there are no oscillations because the roots r; and r9 are real. This sys-
tem is overdamped, and the solution decays to zero without crossing the
equilibrium point u = 0 more than once.

The situation radically changes when a > 0 since the ODE becomes
nonlinear. Even in the case of strong damping, the nonlinear term aﬁ
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dominates near u = 0, causing the solution to oscillate infinitely. Indeed,
for w > 0, the ODE becomes u” + yu’ + mu + a = 0 and the solution in
this region is a decaying exponential (due to strong damping) shifted by the
constant term —a/m

u(t) = Cre™ 4+ Coe™ — a/m.

When u < 0, the ODE becomes u” + yu’ + mu — a = 0 and the solution, in
this region, is a decaying exponential shifted by the constant term a/m.

u(t) = Cre™ 4+ Coe™" 4 a/m.

This switching behavior leads to an infinite number of oscillations, even in
the case of strong damping. We can explore the sequence of crossing times
T,,. Let T,, be the n-th crossing time (the time at which u(t) crosses zero for
the n-th time). Let us explain how to calculate T from 77 and, in general,
T, 41 from T,,. The ODE is piecewise linear, with different dynamics in the
regions v > 0 and u < 0. Step 1. Calculation of T3 from T7: We solve for
u(t) in t € [0,71). Assume, for instance, u(0) = up > 0 and «/(0) = 0. For
t €[0,71), u(t) > 0, so the solution is:

u(t) = Cre™ + Cye™t — e
m

Using the initial conditions, we get

C1+Cy — - = uo,
r1C1 + 1r2Cy = 0.

We can solve this system to find Cy and C5. Step 2: Find T7. At t = 17,
U(Tl) =0. i.e.,

a
CleTlTl + CQBTQTI ——=0.
m

This is a transcendental equation for T3, which can be solved numerically.
Step 3: Solve for u(t) in t € (11,T3). For t € (T1,T>), u(t) < 0, so the
solution is:

£ = C/T‘1(t—T1) C/’I‘Q(t—Tl) 3
u(t) = Cy + 0y T
We must use the conditions u(71) = 0 and «/(T1) = «/(T7 ) (continuity of
u') to solve for Cf and C). Step 4: Find To. At t = Ty, u(T3) = 0, which

leads to

C{Tl(TrTl) + C;W(TTTl) + a =0.
m
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This is another transcendental equation for T5, which can be solved numeri-
cally. The process can be generalized in an obvious way: i) Solve for u(¢) in
the current regime (u > 0 or u < 0) using the appropriate general solution.
ii) Use the crossing condition u(7},) = 0 to solve for T, iii) Use the solution
in the new regime (opposite to the previous one) starting from t = T,,. iv)
Solve for T,,11 using the crossing condition u(7},+1) = 0. This recursive
process can be continued to compute all crossing times 7;,. The transcen-
dental equations for 7}, cannot be solved analytically, in general. However,
they can be solved numerically using methods such as Newton’s method,
Bisection method or Fixed-point iteration.

It is easy to see that the difference T;,+1 — T, (the time intervals between
consecutive zero crossings) increases with n. Indeed, the damping term
~u' ensures that the amplitude of the oscillations decreases over time. As
the amplitude decreases, the time intervals between consecutive crossings
Th+1 — T, increase because the oscillations become slower (see Figure 1,
below).

Instead to prove more rigorously that there is no finite-time extinction
for this example, we return to the study of the Klein-Gordon equation since
the same arguments apply to the nonlinear ordinary differential equation.
Notice that the above behavior of the solution is very different when con-
sidering some related elliptic problems, which in radial coordinates leads to
the equation

(N-1)

—’LL” _ Tu/ + mu + ﬁ(u) =) 0, te (0,+OO),

with m > 0 (see, e.g., Section 2.2 of [29]).

Theorem 4. Let f = 05 with 0 € B(0), satisfying (7). Let ug and v as in
part 1 of Theorem 1 (if 0 is bounded) or as in Theorem 2 (for Q = RV ),
and let f =0. Let u be any weak solution of (1). We define the energy

1 2 m .
B = [ (Q\utﬁ + 9l + D ? +j<u>) d.
Q

Then,
E(t) > E(0)e™®" > 0 for any t > 0. (17)
In particular, u cannot satisfy the finite extinction time property.
The proof of this result will use that if f = 0, and if the data are regular
(as in Part 2 of Theorem 1) then we can get an identity for the derivative

of the energy and not only an inequality (see a related result in Théoreme
1.6 of [43] and also in [48]).
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Figure 1: Numerical experiences corresponding to different values of the
parameter a, with m = 1 y=v/4m + 5 and ug = 0.5 and vy = 1. Notice
that v ¢ C? and that the oscillations are not due to the presence on any
trigonometric function (since the roots r1, 7o are negative real numbers).
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Lemma 3. Given XA > 0, let 8 be the Yosida approrimation By = Jj\ of
B, and let ug x, vox, satisfying the stronger conditions (12) and (13). Let
u) be the unique solution of the reqularized problem

Unet + Yure — Auy +muy + Ba(uy) =0 in Q x (0, +00),

uy =0 on 02 x (0, +00), (18)

ux(0,2) = up,x(2) on Q,

uxt(0,z) = vo \(x) on (.
Define

1 1 c? m :
Bx) = 3 [ (Gl + 5190 + Tlunl? + ia(un))
Q
Then
—E,\ . / lug[2da (19)

Proof. We drop the subindex A for simplicity in the notation. Since by
Part 2 of Theorem 1 we know that u € C([0,T]; H}(2)) N L*°(0,T; H*(Q)),
up € L0, T; HE(Q)) and ug € L>®(0,T; L*(Q)), Ba(uy) € L*(0,T; L*())
and B\ = 97, (and the subdifferential is single-valued, since (3 is a Lipschitz
function) we can justify that

d 1
%E(t) = / <2 [uttut + AV - Vg + muut} + utﬁA(u,\)> dx. (20)
Q
Multiplying the equation (18) by u; we get
ugruy — ¢ Auuy + muug + By (w)ug = — (ut)2 (21)

On the other hand, since u; € L>=(0,T; H}(2))

—/ Auuy = / Vu - Vuy. (22)
Q Q

Substituting, we see that there are several cancellations and finally we get
the identity (19). O

Proof. (of Theorem 4) Assume for the moment the data as in Lemma 3.
Since

/Q el 2da < 2B (1),
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(notice that jx(uy) > 0 since jx(0) = 74(0) = 0 and j) is convex), we
conclude, by Lemma 3, that
d

%EA(t) > —2yE\(t) a.e. t € (0,400).

Integrating in ¢t we get
E\(t) > Ex(0)e™®" > 0 for any ¢ > 0. (23)

As in the proof of Theorem 1, for data ug € H}(Q2) and vy € L*(Q), we
know that E)(t) — E(t) as A — 0. Estimate (23) is stable by approximation
of the data, and thus we get (17). In the case of Q = RY the proof is the
same since ug € H} (RY) and vy € L2(RY) are assumed, both, with compact
support and then we apply Theorem 2 which reduces the problem to the case
of a bounded domain 2, large enough. O

Remark 6. The role of the absorption term for the hyperbolic equation is
different with respect to parabolic semilinear equations (see, e.g., the results
quoted in [2]) concerning how the condition p € (0,1) implies the extinction
i a finite time of the solution.

Remark 7. There is a very extensive literature dealing with the study of the
decay of solutions to the Cauchy problem for the damped wave equation with
weak absorption (equation (4) with p > 1): see, e.g., [46] and its references.

Remark 8. The presence of the damping term was fundamental in the
proof of Theorem 4. We do not know the asymptotic behavior of solutions of
the equation with a strong absorption in the absence of any damping term.
It is easy to see that some special solutions may have a finite extinction
time. Indeed, consider, for instance, the wave equation with a nonlinear
absorption:

ug — Au+ alulPu = f(x,t) (24)

where f(x,t) will be defined later. We search for a possible self-similar
solution (of separated variables) in the form:

u(z,t) = C(T —t)Sv(x), (25)

where T is the extinction time, C' > 0 and a is an exponent to be determined.
Computing the derivatives we have uy = aC(T — )% 'v(z), uy = ala —
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1)C(T —t)§ v(z). The nonlinear term is a|ulP~'u = aCP(T — t)P|v|P~1o.
For consistency in the equation, the dominant terms must have the same
time dependence, which leads to the condition ap = a — 2, i.e.,

2
o= —-
1—p

Then, if we assume f(t,x) = \C(T — t)i/(l_p)v(:c), we get that constant C
1S given as
1/(1-p)
a
C=|—F+—
2(1+p) ’
A= Ty

once we assume \ > ?{1_';?2), and then function v € Hé(RN) must satisfy
the nonlinear elliptic equation —Av + |[v[P~v = v(x). For a study of this

equation see, e.g., [31] and its references.

Remark 9. In the case of parabolic problems, there are many papers dealing
with the finite extinction time property obtained using the construction of
super and subsolutions and the comparison principle (see, e.g., [18], [26],
[34]). For the application of some other abstract methods see, e.g., [52], [11],
[30]. An early survey on this property can be found in [28]). Curiously, this
property also holds for linear parabolic equations in the presence of suitable
delayed terms (see [25]).

Remark 10. Notice that in the case in which the multivalued maximal
monotone graph [ is applied on the damping term (instead on the unknown

u)
uy — Au+mu+ B(uy) 3 f(z,t) in Q x (0,+00),

u=0 on 09 x (0, +00),
u(x,0) = up(z) on Q, (26)
ut(z,0) = vo(z) on Q,

[}
the conclusion, when f(x,t) € B(0) a.e. on Q x (I, +00) is different to the
finite extinction time: in that case, it can be proved that there exists a finite
time T, > 0, such that

u(z,t) = ¢(z) on Q for any t > T,
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with ¢ € HE(Q)) such that —c>Ag +ms € —3(0) on Q. See [20], [21], [4],
[42] and [33]. However, if the friction is given by a power, p € (0,1), of
uy (for instance, as it happens with the hyperbolic damped equation wuy —
Au + |ug[P~tuy = 0), in general, the extinction does not occur in a finite
time. That was rigorously proved in the case of the damped oscillator mi +
i i + ke = 0 when o € (0,1): see [32], [1] and [51]. It was shown
i those references that the generic asymptotic behavior above described for
the limit case o = 0 is only exceptional for the sublinear case a € (0,1)
since the generic orbits (x(t), £(t)) decay to (0,0) in a infinite time and only
two one-parameter families of them decay to (0,0) in a finite time: in other
words, when o — 0 the exceptional behavior becomes generic. The finite
extinction time for the wave equation with dry friction equation fails if it is
perturbed with a linear term ~vyu; (see [3]).
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