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THE CLASSIFICATION
OF THE HAMILTONIAN MECHANICAL SYSTEMS
USING
THE ALMOST SYMPLECTIC CONJUGATION CRITERION

Adrian LUPU* Petre STAVRE?

Rezumat. Tn acest articol vom continua studiul din [4], cu aplicayii la sistemele
mecanice hamiltoniene. Vom obyine un criteriu de comparatie al acestor modele.

Abstract. In this paper we will continue the study from [4] , with applications to
the Hamiltonian mechanical systems. We will obtain a comparison criterion of these
models.

Key words: locating system, anisotropic source, energetic intensity distribution

1. Introduction.

The almost symplectic and the integrable almost symplectic structures play an
important role in the theory of the geometrical models of the Hamiltonian
mechanical systems.

Let us consider Mn:(M,[A],R”) a real, n-dimensional C” differentiable

manifold, which is paracompact, connected and & = (E =TM, r, M), the tangent
bundle of the M, manifold and & =(E* =T'M,r, Mj, the cotangent bundle.

In Hamiltonian mechanics, M is called the configuration space, TM is the speed
space and T "M is the phase space.

Generally speaking, a nondegenerate differential 2 form, on a differentiable
manifold is an almost symplectic structure. The manifold dimension must be an

even number so that the nondegenerate differential 2-form could exist. For » to
be integrable, from the point of view of topology, the manifold must be orientable.

We have dimTM =2n and dimT M = 2n.

An almost symplectic structure defines an isomorphism between TM and T'M
so, for any vectorial field &, on M, there is a differential form, « , such that:

1) alEY)=alY)

Technical High School, Drobeta Turnu Severin, adilupucv@yahoo.fr
2University of Craiova.




82 Adrian Lupu, Petre Stavre

Generally speaking, we note
and we can write:

where i is the inner product.
We obtain:

3) Ly o =da+i, do
where L, isthe Lie derivative and d is the exterior differential.
If @ is integrable (w is a symplectic structure) then
dw=0
SO:
() Lyo=da

Example (1). Let us consider H the Hamiltonian associated to a Hamiltonian
mechanical system which is a function on the phase space:

H =E+V (E = kinetic energy; V = potential function). We have:
@) XgH=(AH)(X,, )=o(XyXai)=0  (The law of energy)

Let us consider X, which is tangentto T'M in @ e T°M and

(5) ,B(Xa)dzef a(z.X,). It results:
(6) o=—-d8,do=0
So w is an integrable almost symplectic structure.
We obtain a well-known result:

Proposition (1). On the phase space, T M, there is an integrable, almost
symplectic structure o.

Example (2).

Because TM is paracompact, connected and C*- differentiable and
dimTM =2n, there is a metric structure, g and an almost complex structure

F(F2=-1).
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We define:
(7) G(XY)=9g(XY)+g(FX,FY), XY € ~(TM).
It results:
(8) G(FX,FY) =G(XY).
We obtain:

Proposition (2). There are almost hermitian G structures.
We define @ by:
9) o(XY) =G(X,FY).
It results:
(10)  o(XY) =-o(YX)
and @ is a nondegenerate, differential 2-form. It will be called natural, associated
to (G, F).
2. Natural almost symplectic structures
Let us consider a natural, almost symplectic structure @, defined by (9)81.
Proposition (1). We have, for any linear connection D, on E=TM :
(1) (Dx@)Y2) =(DxGXY.FZ)+G(Y,(D«F)2))
Proof. We have
(Dx@)YZ) = Xa(YZ) ~ (D, Y, Z)~ Y, D, Z) =
= XG(Y,FZ)-G(D,Y,FZ)-w(Y,FD,Z)=
= (D« GXY,F2) +G(Y, (D, F)2))
because
2 (DyF)Z)=DyF(Z)-F(Dy2).
It results:
Proposition (2). We have:
(3)  (Dx@XYZ)=(D,G)Y.FZ) < DyF =0

Definition (1). A linear connection, D, on TM with the property DF =0 will be
called F-connection.

We will denote by D(F) the set of F —connectionson E=TM .
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We have:
(3)  (Dx@)¥Z)=(DxG)Y,FZ),vD e D(F)
Definition (2). A linear connection, D, with the property
(4)  DyF=p(X)F p e (TM)

will be called p—F linear connection.
We will denote by D(p,F) the set of p— F -linear connections. It results:
Proposition (3). We have:

5)  (Dyo)Y.Z)- p(X)ax(Y,Z) = (D,G)YFZ) VD e D(p;F)
Let us associate the Nijenhuis tensor to the almost complex structure F:

6)  Np(X,Y)=[FX,FY]-F[FX,Y]-F[X,FY]+F?[X,Y]
F =)
Proposition (4). We have:
(7) N (X,Y) = (De FXY) = (Dgy FXX) — F(Dx FXY) + F(D, FX(X) -
—{T(FX,FY)—FT(FX,Y) - FT (X,FY)-T(X,Y)}
Proof. From (6) and from
[XY]=D,Y —D, X —T(XY)
(D, FXY) =D, F(Y)—F(D,Y) it results (7).

Proposition (5). If there exists a linear torsion-free (Ssymmetric) connection,
D € D(F), then the almost complex structure F is integrable.

So F is a complex structure.

Proof. From (7) with T =0 and DF =0, it results N =0. So F is a complex
structure and, therefore, (G, F) is a hermitian structure.

Proposition (6). If D € D(F) and T =0 then:

a) The structure (G, F) is a hermitian structure.
b) We have:

8  (do)XXvZ)= Y (D,GXY.FZ)

(XYz)
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Proof. From the general relation

@  (do)X¥Z) = > {(Dyo)YZ)+o(T(XY),Z)}

(X¥Z)
and from (1), because T =0, it results (8).
Because D € D(F) and T =0, from (7) we obtain
N, =0.
So F is integrable and therefore, F is a complex structure.
The structure (G, F) is a hermitian structure.

Proposition (7). Let us consider the Levi-Civitta connection defined by

G(VG =0T = O).

We have:
(10)  (Vx@)(Y,Z) =Gy (Y.(VxF)2))
(11) N (X,Y)=(De F)Y) = (Dey F)(X) — F(Dx F)Y) + F(D, F)(X)
Proof. From (1) it results (10). From (10) it results (11).
Definition (3). A linear connection D will be called @ -compatible if we have:
(12) D,w=0 VX . It results:

Proposition (8). If D is @-compatible and torsion free then o is a symplectic
structure.

Proof. From (7) it results dw =0, so @ is a symplectic structure.

The structure (G;F,®) is an almost kéhlerian structure.

Proposition (9). The Levi-Civitta connection, V, is a F-connection if and only if
the structure (G; F,®) is a kéhlerian structure.

Proof. Let us consider the Levi-Civitta connection. From (10) if VF =0 it
results:

(13)  (Vi@)YZ)=0

From (9) (13) it results do=0. From (7) and VF =0 we obtain N =0. So
(G;F, ) is a kdhlerian structure.

Conversely: If (G;F,w) is a kdhlerian structure, then we have
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dw=0; N. =0.
We have (10) (11). It results:

19 (V,0)2) = [okX¥2) - 6(FX, N (¥, 2))

and therefore
V,0=0.
From (10) it results VF =0.

3. Natural almost symplectic conjugations @ -compatible models

Any geometric model of an Hamiltonian mechanical system contains a

differentiable manifold E, an almost symplectic structure, @ and a linear
&
connection, D, on E. So it is a space with a linear connection, D, denoted by

&)
(E,Dj equipped with an almost symplectic structure . This model will be

& &
denoted by L = (E,a); D).

®» ] _ ) @)
If we change D with D we will obtain another model, L = [E,a;; DJ.

The linear and symmetric connections D on E play an important role in the
mathematical modelling. There are such connections. But a linear connection D of
the model can be chosen such that D be @ -compatible, i.e. Do =0.

In Lagrange models, based on a Riemannian metric G and on a relativistic
(pseudoriemannian) metric G, respectively, there is always a linear connection,
V, which is symmetric and G-compatible (VG =0). This is the already
mentioned Levi-Civitta connection.

Proposition (1). Let us consider (Ea)) where @ is an almost symplectic
structure.

a) There are symmetric linear connections D.
b) There are @ -compatible, linear connections D.

c) There are no linear connections D, on E, which have both properties a)
and b).

Proof. For any linear connection, D, on E, the connection D, defined by:
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(1) DxZ=D,Z —%T(XZ),VXZ e +(E)

is symmetric (‘F = O).

We can associate to any connection D on E a new connection, D, defined by:
@) a)(Y,BxZ)=a)(Y,DXZ)+%(DXa))(YZ)

and we have:
(3) Dxw=0
so D is w-compatible.

But D defined by (1), does not have the property Dxw =0 or D, defined by (2)
does not have the property T =0, because from

@  ([doXx¥2) = Y {Dxok¥z)+ alT (xY),Z )} it will result

(Xv2)
(5) do=0 if
Do = O,T =0.
So @ will be necessarily integrable.

But generally speaking, we have dw = 0 for an almost symplectic structure.

Definition (1). We will say that we obtain the connection D which is -
compatible, by (2), by the @ -compatibilisation process of the connection D.

Example (1). If o is natural, i.e. is defined by (9)81, then the Levi-Civitta
v
connection, V, is torsion free: (T =0) but is not @ -compatible, if @ is not

integrable.

) 1) @ (2) (2) . .
Having two models Lz(E,a);Dj, Lz(E,w;Dj of an Hamiltonian

mechanical system, there must exist a natural criterion of comparison
(compatibility) for them.

o @
Definition (2). Two 1-dimensional distributions !13)!13) on E are called w-

conjugated if, in every u € E is preserved:
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@ (2 “m O @ @
(6) a)(V,Vj:O,VVeg),Ve(/l/)'

® &
at the parallel transport of distribution !13) with respect to D and of distribution

@ (2)
B,wnh respectto D.

. : @ ®) @ )
In this case we will say that the two models L =| E,o;D |, L =| E,®;D | are -

_ ® @ \ ) M@ Do
compatible or D, D are w-conjugated. We will write L~L or D~D.

In [5] the first author gives, for the first time, a general theory of the geometries of
the spaces with @ -conjugated linear connections. If we apply this theory to the
above case, it results:

— @ (] (2) (2)
Proposition (2)([5]). The two-models L:(E,a); Dj, L:(E,a); Dj are -

compatible if and only if:
(7) a(X)o(YZ) :UlD)x a)j(YZ)—a)[Y,(ZTD(XZ)j

VXYZ € 7 (E);ax € A, (E)

where

(29 (2) @
B8) 7(XZ)=DxZ-DxZ

It results:

W (2
Proposition (3). The two-models L, L are o-compatible if and only if:

9) a(X)o(YZ) 2(([2))x a)}(YZ)—a{Y,(lz'Z)(XZ))

@ (@)
Proposition (4). The two-models L, L are o-compatible if and only if we have:

10)  a(X)w(YZ) = ((LZ))X wj(YZ) + a)(Y,(Zrl)(XZ)j

W (@)
Corollary (2). If L~ L then:
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@) (2
(11) Dxw+Dx w=a(X)w

We obtain:

@ 2 @ (@
Proposition (5). Two models L,L cannot be @-compatible if D,D are w-

_ M @
compatible (Da) =0;Dw= Oj .

@ @) OFYC)
Proof. If Do=0;Dw=0 and we assume that L~ L, it results ¢ =0 and from

(7) we obtain:
(23 )

)
(12) 7 (XZ) =0 therefore D = D, which is a contradiction.
'/ ) ®) @ @ © @
Proposition (6). Let us consider L = [E,a); Dj, L = [E,a); DJ suchthat T =T .

@ (2 (h) ()
Then L, L are not w-compatible if D is w-compatible or D is w-compatible.

Proof. From (7) it results:

(13) a(X)o(YZ)—a(Z)w(YX) = —a)[Y , %(XZ) —%)(XZ)j =0
if Ell') = ('IZ') and 8a)=0.
Therefore:
14) oY, a(X).Z-a(Z),X)=0
Because @ is nondegenerate, we obtain:
(15)  a(X).Z-a(Z),X =0
So a=0.

@) ORNE))
Because Dw =0 itresults D = D, which is a contradiction.

As a corollary we obtain:

Proposition (7). Let us consider two Hamiltonian mechanical models, with the

symplectic structure @ (da)=0). These two models are not @-compatible if

® @ O .
T=T=0and D is w-compatible.
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Example (2). If w=-df where g is defined by the phase space, because

o @
dw=0, then two models L,L with symmetric connections are not w-

&
compatibles if D is w-compatible.

Example (3). Let us consider the natural, almost symplectic structure » defined
by (9) §1. Generally speaking, we have dw = 0. So it does not exist a symmetric,
@ -compatible connection D, but there exist @-compatible connections D. We
apply Proposition (5) and Proposition (6).

@ ®) @ )
Proposition (8). Let us consider L = (E,a); DJ, lg= (E,a); Dj two models with

O @ ® @
T =0;T =0. They can be w-compatible and D, D are mutually determined.

Proof. From (7) it results:
&) M
16)  oY,a(X).Z -a(Z).X)= [Dx coj(YZ)—(Dz a)j(YX)
Because @ is nondegenerate we obtain that « is well-determined and therefore:
(2) [h) 1)
@an a)(Y, Dx Zj = a)(Y, Dx Zj—(Dx a)J(YZ) —a(X)w(YZ)

where « is given by (16).
In the same way we obtain the invariant:
O

18)  olt.a(x).2-a@).X)=( Bx 0 |02)~( Bz o 1)~
2((|23)x a))(YZ)—((IZD)z a)j(YX)
and therefore
(19) a)(Y,ilD)x Zj=a)(Y,(|:2))x zj{%x wj(YZ)—a(X)a)(YZ)

Based on the above propositions we would can obtain a partition of all the @ -
compatible models {L = (E,@; D)} using the @ -conjugation criterion.
4. The classification criterion of the Hamiltonian models

Let us consider the set of the Hamiltonian models(L)(D).
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bE

The relation ,,~” is not an equivalence one. It is symmetric one but, generally
speaking, it is not a reflexive or transitive one.

Definition (1) ([5]). The model (L)[D) is called w-selfconjugated if D is w-

selfconjugated.

)
Let us consider the set of the Hamiltonian @ -selfconjugated models(L

W ~ 13 _
[(L)C(L)(D)j and the model (L)(D), where D is an w-compatible connection

(5(0 = O).
@ _
Proposition (1). If D e (L), noting by D the w-compatibilization of D, it results
@ o A5V
(L)(D) = (L)(D) and conversely.
Proposition (2). On the set

o gol-{torto L)

(@)

[0}

the relation ,,~ ” is an equivalence one. It results:

)
Proposition (3). The set (L) admit the partition

@ :g) i (%(5)

(O] (6]
o ofBngl8) o

0 @
for any @ -compatible linear connections D, D |.
It results:

Proposition (4). All the Hamiltonian models which are @ -compatible with the
model (E, @,D | Do = 0) are m-compatible models (comparable models).

It results :
Proposition (5). Let us consider
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4 L=L(D)\L

(@) M\ o (2) (2) 1) (2)
If (E,a), D] = L{D}{E,w, Dj = LZ(D] and L{Dj <L
() () (o) @

6 (2
then L,| D |c L.
(o) (@)

N OYe (@ 0 @
Proposition (6). If L{D}L{Dj and Ll(ch (L),
(@) (@) (w) 2

@ 2 A
then L, D |=L,[ D |=c(D)
(@) (@) (@)
4 - ) ECNE)
where D is the common @ -compatibilisation of the linear connections D, D .

(m)
Proposition (7). Let us consider the mean connection D of two linear

. O (2
connections D,D.
If
@) o 2)
) Ll(D}LZ(Dj
() ()
then

(6) Ll((fn))) <c(D)

(@) (@)

_ ® @
where D is the common c-compatibilisation of the connections D, D .

Namely the mean connection of any two @ -conjugated linear connection is @ -
selfconjugated one.

(m) m
The mean Hamiltonian model L(Dj =[E,a>, Dj is always o -compatible with

(@)
any model from the class (C)(B) where D is the @ -compatibilisation of the mean

connection and also of those connections from respective class.

(m) —
Generally speaking the mean connection D is different from D. An extended
study of other situations can be founded in References.
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As a summary we have:

Proposition (8). The set of the Hamiltonian models admits the partition:

m @O @
() L=LuL:LAL=d®
(0) (o) (0) (0) (@)

)
where (L) admits the partition in equivalence classes (2) (3).

Therefore we have a criterion to compare two Hamiltonian models , given by
Proposition (8).
This criterion is a natural one and a very general one because it is related only

with the conservation of the ®-conjugation of the directions at the natural
parallel transport with respect to these two linear connections.

Some applications of these results to the cases of the tangent bundle TM and
cotangent bundle T"M will guide us to new results in the Hamiltonian theory.

Starting from the general theory which was elaborated by the second author the
first author obtain for the natural structure @ on the almost hermitian model of a
Generalized Lagrange Space [3] a concrete form of the @ -conjugation and also

give simple expressions of the relations between the tensorial d-components of the
) weE o _ :
curvature tensors defined by D,D, if D,D are normal linear d-connections on

E=TM.

Using these results and the above classification we will obtain new results in the
Hamiltonian mechanical systems theory.

We are working on this. The relation between the pseudo-Riemannian conju-

gations [6] and the @ -conjugations in the cases TM and T M is also studied by
the authors.

We will highlight the relations between the relativistic models and the
Hamiltonian models

A very important problem is to obtain the linear connection transformations
o @ @ @
7,:D —> D;z,:D— D which preserve the -compatibility criterion of the

Hamiltonian models.
General curvature invariants will corresponds to these transformations.

The authors are working on this and they will present these results into a future
paper.




94 Adrian Lupu, Petre Stavre

REFERENCES

[1] Abraham R., Marsden I. E. Foundations of Mechanics, New-York, 1967.

[2] Gheorghiev Gh., Oproiu V. Varietati diferentiabile finit si infinit dimensionale, Ed. Academiei
vol. 11, 1979

[3] Miron R., Anastasiei M., The Geometry of Lagrange Spaces: Theory and Applications, Kluwer
Academic Publishers, 1994,

[4] Lupu A., Stavre P., About almost symplectic conjugations, Proceedings of International
Conference on Differential Geometry and Dynamical Systems, Bucuresti, Ed. Geometry
Balkan Press, 2008, p.129-136

[5] Stavre P., Introducere in teoria structurilor geometrice conjugate. Aplicatii in teoria
relativitatii, Ed. Matrix, Bucuresti, 2007

[6] Stavre P., Aprofundari in geometria diferentiald. Aplicatii la spatii Norden si la teoria
relativitatii, Ed. EUC. vol. 111, 2006, p.1-180




