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AN ”AVERAGE” CONCEPT IN CALCULATING THE
ELASTIC COEFFICIENTS FOR COMPOSITE MATERIALS

Dumitru BOLCU?, Sabin RIZESCU?, Marcela URSACHE?, Cora MIREA®

Rezumat. Aceasta Ilucrare propune o metoda noud, originala constind in
considerarea unui concept de , medie” in calcularea componentelor matricei
rigiditatii in cazul barei compozite, cu doud faze, cdnd proprietdtile elastice ale
constituentilor sunt cunoscute.

Abstract. This work proposes a new and original method consisting in considering
an “average” concept in calculating the components of the rigidity matrix in case of
two phases right composite bars, when the elastic properties of their constituents
are known.
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1. Introduction

The composite materials are very useful in many industrial domains like aircraft
and automotive. The elastic coefficients are determined mostly using experimental
ways. A real challenge is the analytical calculus of these coefficients.

Preliminaries

Let’s consider a composite material made of some many distinct constituents
(phases). Those phases could present different forms of anisotropy.

Many authors [1], [2] take into account that under the action of certain external
charges the material will accumulate for each phase:

This way, the Sjx surface between the "i" phase and "k" phase (fig. 1) the
continuity conditions are:

- for the strain-stress status:

(i) _ (k). (i) _ (k). (i) _ ~(k).
O-nn _O-nn ’ O-nt _O-nt ’ O-nr _Gnr ’ (1)
- for the deformation status:
(1) _ a(k) e o) _ o(k) . (1) _ (k) (i) _ (k).
Eq =&y s &y =& &, =&, sothat yi =y, 2)
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where o.: 0. O

nn? nt? nr

1
are the efforts and ¢,; ¢_; %25 7., are the

deformations corresponding to three ortogonal directions n; t ; z the way that:
n the normal unit vector to Si, from the “k” phase to the “i”” phase.

t and r are unit vectors normal each other and they are situated in the
tangent plane to Sic (t x z=n).
The composite material can be assumed as being a continuum material.

Fig. 1
An “average” concept for the calculus of the elastic coefficients
for a two-phases composite material
The basic concept of this workpaper [3], [4] is that if a composite has constituents
having not too much different characteristics then a certain external charge will
produce an unique deformation status as well as an unique strain-stress status that
are parts of an unique constitutive equation. Both deformation status and strain-
stress status have components with values that are to be calculated like some sort

of averages of the values provided by {a“)} and {g“)} that characterizes each

[3TEE
|

and every phase. This way, the material an be considered as being
“homogenous™ and it remains to determine its type of anisotropy.
We’ll define:

- the vector of average deformations {E} "
{el=g 2l e fav ©
k=1"v,
- the vector of average internal efforts {5} X

{5}:\%;&;{0“4(1\/ : @
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Where V is the volume of the composite, dV is the elementar volume

dV = dx,dx,dx,, Vi being the volume of the "k" phase (V = sz) .

k=1
Considering all these, the constitutive equation of the composite as a whole can be

written as follows:
(o} =[E]{e); ©)

or: {g} =[C] {a}; (6)
where [E] and [C] are, respectively the rigidity matrix and the thickness matrix of
the composite material. We’ll show that both matrices are symmetric, having their
main diagonal different from zero, so they are inversable.

In order to be more more specific, let’s consider a composite material
presenting two homogenous and isotropic phases. In its non-deformed status the
material is considered as having its own reference system OX, X, X, . We note Sy,
the separation surface between these two surfaces. We are to consider also a
curvilinear coordinates system chosen the way that the in each and every point of
S12 the unit vectors corresponding to this system are actually the same with the
normal unit vector an other two rectangular unit vectors placed in the tangent

-

plane to Si2. We’ll note these n; t and z. If i, is the unit vector of OX,; i, Is

the unit vector of Ox,, and i, is unit vector of OXx,, so we have:

- — - - — - - —

N=a, i, +p,i,+0,ly; t=a, i, +L,i,+0,1,; 1=050,+ 1, +0;1,.  (7)
Obviously, from (18) it results that the matrix of changing the unit vector basis

from Ox X, X, to the reference system attached to curvilinear coordinates will be:

t
a, B o, a a, O

[Sl=|e, B, & |=|B. B Bsl: 8)
a3 | 05 o0, 6, 0,
Let’s consider:

Onn Ont Op, 011 O Oy3
[O-n ]: Onw Oy Oy |, [U]: O Oy Oy, 9)
O, Oy O O13 Oy O3

the (symmetric) matrices attached to stress-strain tensors in the local reference
system defined by those curvilinear coordinates and in the OXx, x, x, reference

system.
Let’s also consider:
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1 1 1 1
Enn E7nt 5 €1 5712 5713
1 1 1 1
[gn]: E?’m Ey E ; [‘9]: 5712 €9 5723 , (10)
1 1 1 1
_EVnr Eytr _5713 5723 €33

the (symmetric) matrices attached to deformation tensors in those two reference
system. Taking into account the tensorial character of the matrices from (9) and
(10), the following relations does exist:

lo]=[s]'[en][8): [, 1=Is1 [ 8] (12)
and:

le]=[s] [en IS ]: [ J=[s]lelST: (12)
and, also: [S]*=[s]; (13)
[S] being an eigen matrix. Given all that we can write:

{o} =lellon} : {0} =la] {0} (14)

e =lBlle.)s {en) =lB]" el ; (15)
where:
{U}I :{0-11;0'22;0'33;612;0_13;0-23}t; {0 } _{Gnn;o-tt;o-rr;atn;gnr;aﬁ }t; (16)
{5} :{511;322;533;712;713;723}t; {g } {gnn’gtt’grr’gtn’gnr’g }t; (17)

Concerning {o} and {¢}, notations (16) and (17) are marking the order difference
between the components 4 and 6 versus the usual notations and well known in
literature. Concerning {o, } and {g,} we notice the same difference with respect

to notation suggested by [o, ] given by (9) and [, ] given (10) which is to be:

{onl={omioni0, 10000 i0u) i e l=lemicnienicnicnien s (18)
In order to find out the matrix of elastic coefficients we assume that, on the action
of a certain external charge an internal status of strain-stress and deformation will
appear in both phases. The column vectors attached to each status can be arranged
in the curvilinear coordinates reference system as it follows:

e
kgl

where:
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(1) (2)
gtt gtt gtt
{er}=1elD (=16® (=1e 1 (21)
(1) (2)
j/tr j/tr ytz‘
and:
_ L. ). (. { }_{ (2).,(2). (2)}‘.
{gnl}_{ynt Ve 1€mn }’ gn2 =Vnt V0 2€m S (22)
and:
(1) (2)
Gnt O-nt CTnt
% 1 2 4
o }={ot i=io@ is L (23)
(1) (2)
Gnn Gnn O-nn
and, also:
_ . ). @t _l(2). _(2). ()t
{O-nl }_{O-tt 10 10, }’ {an }_{O-tt 10 50y, } (24)

Considering all that we’ll come back to the two phases-composite and we
can write for each phase:

(R e b

(et .

where, materials being homogenous, we have noted the following matrices:

and:

B 00 -4 R
Ey E 3 G,
L. 1 U: 1 o ¥~
== — 0 [;|Al=|0 0 ——|;|C.|=s| 0 — 0 |;i=12(27
[A] B\ T [A] 5 ] = i=12(27)
AN 00 0 0
€l G,

This V\_/ay the constitutive equations for both phases take the followiﬁg form: - for
the first constituent:

e )=l j+[B.lor )i e, =[B.] o, J+[C. ]l ) (28)

- for the second constituent:

{5: }: [Az ]{O-nz }+ [Bz ]{O_: }; {‘9n2 }: [Bz ]t {O_nz }+ [Cz ]{O_: } (29)

From (28) and (29) we conclude:

o, AT e AT B )
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b, =B AT e e [e - AT [B.] o ) (30)
and:
o, =aT e AT B, )l
e =B, (A s e, )-[B, 1 [A ) [B, ] o) (31)
Putting (30) e{md}(3 1) into (29) and (20) we’ll have:
(L [I ] [0] 3:
Ko [LJH?T:}} 2
(1) __[Tl] [Ul 5: .
et >
and:

A (34)
|
Py = (35)
i

where we used the following notations:

[D.]=[B.] [A]": ki[[F{(]+[Rk]-[Dk]]:[B']-{g[Ek]~[Tk]]+[C]~[§[Gk]~[Tk]} : (36)
100 00 0

[l]=]0 1 o];[o]—o 0 0|; (37)
00 1 000

[D,]=[B,]' [A]"; [LI=[C,]-[B, ] [A ] [B,]; (38)

I=[AT" U =-[A]"[B.]; (39)

[m1=[A]5 U, J=-[A ] [B,]; (40)

Using (14) and (16) we can determine the column vectors for the strain-stress
status and for the deformation status in the O x, X, X, reference system:

e b o [[E]]H{{ié}}};{gm}z[[[g]] 0. [[S]]H{{ié}}};

) (41)
N
g SR
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Where, taking into account the concrete form for [a] and [B]:
0‘22 a32 a,0;
M= 8. A BBy |
20,0, 2035, a,f;+asp,
o,a, a,a; 0512
[N]=| .5 Bl g (43)
af, +a,p a,fyt+afy 20,0

20,6, 2a,0, a,0,+a,d,
[P]: 2ﬂ252 213353 P05+ B35, |;
A~ 5 5,0,
a8, +a,0, a,0,+a,0, 20,0,
[Rl=| .6, + B8, PS5+ Bsd, 2/3:6, |. (44)
5.6, 5,6, P
and:
af b 20,01

[El=| B2 B2 285 |
_azﬂz af; . fs+asp,
[ 2a,0, 20,0, al
[Fl=| 255 268, B (45)
i fy B Sy tasfy apy
[a,6, a0, a,0,+a,0,
[G]: P20, P3b; Br0s + 36, |;
| 5; 52 20,0,

a,0, +a,0, a0, +a0;, a,0;

[H ]: P16, + .0, Pios+ P36, o | (46)
20,0, 20,0, 5f

The column vector of medium deformations in the OXx, x, X, results from (3) and

the column vector of the medium strain-stress status results from (4). Particularly,
if {¢,} and {5, } have constant components we obtain:

el wlo gl e
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2 [Ek] [Fk] [Tk] [Uk {5:}
{é{m 1 b [.ﬂH{a;}}’ 4o
i DoV 61 T ETev s [, D= T ov
R (I Flev
R ([T Plav e, d=c [[flelav sl 1= [ff [Rlav [, = [ [ Jav

(49)
The constitutive equation for the composite as a whole in the Ox, X, X, reference
system will take the following form:

el

Putting in (50) {z | given by (47) and {o | given by (48) we’ll obtain:

ST IR S e SR ) 6

2

Z[Nk]'[Lk]:[A]'[g[[Fk]+[Ek]'[Uk]]}'[B]'Lzzl:[[Hk]+[Gk]'[Uk]]}; (52)
Slek RO IHEH SR Se 0] 6

SR L SIEREIDI SR U 6o

k=1 k=1

where:

The rigidity matrix contains both matrices [A] and [B] given by (51) and (52) and
contains also both matrices [B’] and [C] given by (53) and (54).

We obtain:

- St ko) Sl ] S L]
[Zmpte ] |l [le )] -
[gErEa][fmpeln] | e
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pl- [ St v R Sl L]
[Br ] e [Sern] -
U _

2 2 -
SR B | SR FETL.]) } (%)
k=1 k=1
In case that these matrices are inversable the problem has an unique solution.
Let’s consider that [3], [4] constituents are disposed like fig. 2 shows, the
constituents being 1 and 2.

Fig. 2
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The unit vector n to the separation surface will have the Ox, direction, t will

have the Ox, directionand t will have the Ox, direction, so:
[

=iy (@,=0:4,=0;5,=1); t=1i,; (a,=1:5,=0;5,=0); 7= i ;

(a3:0;ﬂ3:1;53:0)- (59)
1 00 0 0 0 0 0 O 1 0 O]
[M]{O 1 O][N]{O 0 o};[ﬂ:ﬁo 0 o};[ﬂ:o 1 0|; (60)
00 1 000 000 0 0 1]
1 00 0 0 O 0 0O (1 0 O]
[E]{O 1 0];[F]{O 0 O][G]{O 0 o][H]= 0 1 0f; (61)
00 1 000 000 0 0 1
With all that, we’ll have
S[[M, 1[N [, 11D g[ek] [r, 1=[o]
DIAIARATT A RS NN Y
g[[a]ﬁek]-[uk]]:—[vl[All-l[sl]wz[Az]-l[szl]”it‘—[w]: (62)
> T Jele. 0, -]
g[[PkHRk] CHIRACHIAN A A [N
Z[R —v, [e. B AT B v, [c,]-[,] (A1 [B,]= [¢]
This way (51) (52); (53); (54) takes the form:
[1] =[Allg]; [0] ==[Allv]+[B]; [v] =[Bll0]; [¢] =-[B][v]+[C]. (63)
so: [Al= [(/)]1 [ (AT +v, A ] } (64)
[Hco] [w <. A ISE AL -1[521}1; (65)
Bl o] =l [B, t&]]k Al @)
[c] ]+l vl[ c,]-[B J+
w,|[c - B]‘[Az J+lv[ ] +v2[B][ I}

B, J+v, [A.]*[B,]] (67)

A H
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Where v; and v, are the volumic ratios for both phases. The matrices [A;] and
[A,] are symmetric. It’s easy to verify that:

[A]'=[A]: [B']=[B]'; [c] =[c]. (68)
So, the rigidity matrix of the composite material is symmetric and that confirms
once more the validity of the hypothesis adopted.

So, we have:
s _po Vi B 1-02Jev2 B (1—0] J+ 2y, E, B, (1-0, 0,). (69)
v v, E, (1-02)+v, E, (1-0?)
_ 32 2
Ll =) iy E, (1 v, )+V2 v, E, (1 L] : (70)

v, E, (1-02)+v, E, (1-0?)
GY'=v,G, +v, G,; (71)

DO — o) = [Ul Vi (1_')2 )"‘Uz Vv, (1_01)]'[\/1 E, (1+U2)+V2 E, (1"' Ul)] : (72)
A v, E, (L-02)+v, E, (1-0?)
¢ . G, G
Gl(3) =G§3) =12 L ) (73)
G,v,+G, v,
1 2[o v, (1=0,)+0,v, (L=0)F - [, E, (1+0,)+V, E, (1+0,)]
Eé” (1_01)(1_02)|_V12 El2 (1_')22)'“/5 Ez2 (1_012)+2V1V2 E.E (1_01 Uz)J
o V1(1+Ul)(1_201)+ v, (1"'02)(1_202). (74)
(1_01)E1 (1_Uz)E2
L\ o= oG\ 02
EfY (B E,
(c) (c)
U3y 1 U3
11 B Eéc) E£C) 0 0 0 _E_2 011
& O
X 0 D AN Lo N6 0 &
}/12 h/ G](_g) 0-12 4 (75)
Va 0 0 d_ AV 0o |7
G(C)
V32 13 h O3
Eas 0 0 0 0 = 0 O33
G,
o v g,
L E, E, E§C) i

We have to specify that the "(c)" index refers to the entire composite.

Finaly, we have, writing (75) in its usual form:
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BN ‘
E©  E© T E 0 0 0
1 1 1
g - - o
11 Eéc) Eéc) E2 11
Eyp (c) (c) 032
Ug3 Uj3 1 0 0 0 . (76)
fsl_| B, B EP Tss "
Vs 0 0 0 ! g0 ||
Va1 Gé? O3
Va1 0 0 0 0 i 0 O
G§;
1
0 0 0 0 0 NG
L 12
Conclusions

The conclusion is that in this case the composite material can be considered as
being homogenous and orthotropic having the planes Oxx,; Oxx,; Ox,x, as planes

of elastic symmetry.
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