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SOME CONSIDERATIONS ON DISLOCATION FOR
THERMOELASTIC MICROSTRETCH MATERIALS

Marin MARIN?, Olivia FLOREA?

Rezumat. Scopul studiului nostru este de a obtine o relatie de tip De Hoop-Knopoff pentru
deplasarea campurilor in contextul corpurilor termoelastice cu microstructura. Apoi, ca o
consecintd, se obtine o expresie explicita a sarcinii corpului echivalentd cu o dislocare
seismicd. Rezultatele sunt extensii ale celor din teoria clasica a corpurilor elastice.

Abstract. The aim of our study is to derive a relation of De Hoop-Knopoff type for
displacement fields within the context of thermoelastic microstretch bodies. Then, as a
consequence, an explicit expression of the body loadings equivalent to a seismic
dislocation, is obtained. The results are extensions of those from the classical theory of
elastic bodies.
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1. Introduction

The theory of thermo-microstretch elastic solids was first elaborated by Eringen, [4],
and, briefly, this is a theory of thermoelasticity with microstructure that includes
intrinsic rotations and microstructural expansion and contractions.

The purpose of this theory is to eliminate discrepancies between classical elasticity
and experiments, since the classical elasticity failed to present acceptable results when
the effects of material microstructure were known to contribute significantly to the
body's overall deformations, for example, in the case of granular bodies with large
molecules (e.g. polymers), graphite or human bones.

These cases are becoming increasingly important in the design and manufacture of
modern day advanced materials, as small-scale effects become paramount in the
prediction of the overall mechanical behavior of these materials.

Other intended applications of this theory are to composite materials reinforced with
chopped fibers and various porous materials.

This theory can be useful in the applications which deal with porous materials as
geological materials, solid packed granular materials and many others.
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On the other hand, materials which operate at elevated temperatures will invariably
be subjected to heat flow for some time during normal use. Such heat flow will
involve a non-linear temperature distribution which will inevitable give rise to
thermal stresses. For these reasons, the development, design and selection of
materials for high temperature applications require a great deal of care. The role of
the pertinent material properties and other variables which can affect the magnitude
of thermal stress must be considered.

The main difficulty of the thermo-microstretch materials is the large number of the
thermoelastic coefficients and, as such, the problem of their determination in the
laboratory. Yet many authors consider that this problem will be solved in the future.

Already, in the isotropic case, when strongly decreases the number of coefficients,
they are calculated as can be seen in many works due to Eringen or lesan, see [4]-[6].

The present paper must be considered as a first step to a better understanding of
microstretch and thermal stress in the study of above enumerated materials.

The reciprocity and representation relations that appear in our study constitute
powerful theoretical tools in the assessment of the theory of seismic-sources
mechanism, in the studies connected with seismic wave propagation.

Also, we think that this paper is a good help to understanding the application of
microstretch mechanism to earthquake problems.

There are many results regarding the mechanism of earthquake, as in the papers [1]-
[3] and [5]-[8].

For instance, in the paper [6] the authors establish a reciprocity relation which forms
the basis for a uniqueness result, a continuous dependence of solutions upon initial
data and body loads and a variational characterization of solutions. The effects of a
concentrated heat supply and of a concentrated heat volume charge density in an
unbounded homogeneous and isotropic electromagnetic body are investigated.

We find another results regarding thermoelasticity of microstretch materials, as in the
papers [4], [9], [10]. The main results of our study are extensions of some similar
results in the classical elasticity in order to cover the thermoelasticity of microstretch
bodies.

First expressions of the body loadings equivalent to a seismic dislocation where
obtained by De Hoop [2] and Knopoff [7].
2. Basic equations

For convenience the notations and terminology chosen are almost identical to
those of our studies [9], [10]. Our present paper is concerned with an anisotropic
and homogeneous material.
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Let the body occupy, at time t=0, a properly regular region B of the three-
dimensional Euclidian space, bounded by the piece-wise smooth surface 6B and
we denote the closure of B by B. We refer the motion of the body to a fixed
system of rectangular Cartesian axes Ox;,i=1,2,3 and adopt the Cartesian tensor

notation. Points in B are denoted by x; and te[0,) is temporal variable.

Throughout this work the Einstein summation convention over repeated indices is
used. The subscript j after comma indicates partial differentiation with respect to

the spatial argumentx;. All Latin subscripts are understood to range over the
integers (1,2,3), while the Greek indices have the range(1,2). A superposed dot
denotes the derivatives with respect to the t— time variable. Also, the spatial
argument and the time argument of a function will be omitted when there is no
likehood of confusion.

Let us denote by u; the components of the displacement vector and by ¢, the

components of the microrotation vector. Also, we denote by « the microstretch
function and by ¢ the temperature measured from the constant absolute
temperature T, of the body in its reference state.

As usual, we denote by t; the components of the stress tensor and by m; the

components of the couple stress tensor overB. Also, we denote by 4 the
components of the microstress vector.

For clarity and simplification in presentation, the regularity hypotheses on the
considered functions will be omitted.

On these grounds, the field equations in the dynamic theory of thermoelasticity of
microstretch bodies are, (see, [4], [10]):

- the equations of motion
ty ; +pF = pli,

, 1
Mjii + il + PG = 15953 1)
- the balance of the equilibrated forces
Aij—s+pL=Jo. 2
The equation of energy is given by
Ploi7 =G + pr. 3)

In the above equations we have used the following notations:

- F; the components of body force;

- G; the components of body couple;
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- L= the generalized external body load;

- s is the generalized internal body load;

- J; are the components of the internal hypertraction vector;
- p Is the reference constant mass density;

- J and I =1 are the coefficients of microinertia;

- t

i» m; are the respective components of the stress and couple stress;

n is the entropy per unit mass;

r is the heat supply per unit mass;
- g; are the components of the heat flux vector.

For an anisotropic and homogeneous microstretch thermoelastic material, the
consti-tutive equations have the form:

tij = Aijrs Ers + Brsij:urs + I:)ijr7/r +aijw_ Eijev

Mij = Bijrs &rs + Cijrstrs + Ejjryr + 00 — Dy,

Ai = Dysi &ps + Ergittes + Cij7 +djo—L;6,

S:aij gij+bijﬂij+di7i+ma)—a9, (4)

a
77 = 770 + EIJ ‘9ij + Dl]/ulj + Li]/i +aa)+_|_—0,

0

i = k0 ;.
where Ay, By, Cirss Dyjry Eijr s @, by,

the characteristic constitutive coefficients.

Cij’ di’ Eij’ Dij’ Li’ m, ¢, a and k” are
The components of the strain tensors¢;, «; and y; are defined by means of the
geometric equations:

ij = Uji T EjikPor Hij=Pji» Vi = @i )

where ;, Is the alternating symbol.

The constitutive coefficients obey the following symmetry relations
Ajirs = Arsijs Cijrs = Crsij Cij = Cji ki = Kj. (6)
One can assume that a positive constant 4, exists such that 1;&¢; > 2,&4, V4.
Also, the Second Law of Thermodynamics implies that:
kijgi&; =0, V¢, 7
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We denote by t; the components of surface traction, m, the components of surface
couple, p the microsurface traction and g the heat flux. These quantities are
defined by t; =t;n;, m; =myn;, p=4n;, g =q;n;, at regular points of the surface o8 .

Here, n, are the components of the outward unit normal of the surface 6B .

Along with the system of field equations (1-5) we consider the following initial
conditions:

Ui (X!O) = uio(x)l L]i (X’O) = U?‘(X),
9;(x,0)= 9 (X), ¢ (x.0)=¢{(x), xeB

8
o(x,0) = @°(x), @(x,0)= w'(X) ®
6(x,0) = 6°(x),
and the following prescribed boundary conditions
u; =T, on 0B, x[0,t,), t; =f; on B x[0,1,),
@; = @; on 0B, x[0,t,), m; =m; on dB5 x[0,1,), 9)

@ = on dByx[0,ty), p= P on oB3 x[0,t,),
0 =6 on 6B, x[0,1,), q = § on dB{ x[0,t,),
where t, is some instant that may be infinite. Also,B,,oB,, o8B, and &B, with
respective complements 6B¢, 8BS, BS and aB¢ are subsets of the surface 9B such
that
2B, NOBf =B, NBS =3By "B = 0B, NBS =T
OB, UOB{ = B, LB = 6B, UABS = dB, LB = 0B.

Also,u?, ul, o, o, 0°, &', 0°, 0,5, 0, M, @, p, @ and § are prescribed functions
in their domains.

By a solution of the mixed initial boundary value problem of the theory of
thermoelasticity of microstretch bodies with voids in the cylinder Q, =Bx[0,t,)
we mean an ordered array (u;, ¢, @, 8) Which satisfies the equations (1), (2) and (3)
for all (x,t) eQ,, the boundary conditions (9) and the initial conditions (8).

3. Main results

Let u and v be functions defined on B=x[0,:0) and continuous on [0,«) with

respect to the time variable t for each spatial variable xe B. We denote by u*v
the convolution of u andv, that is

(u*v)(x,t) = JZu(x,t —7)v(x,7)dz. (10)
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Let us introduce the notations

g() =t,h(t) =L, f, = pg*F, + pltu(x) +u® ()|

6 = p9*G; + 1y bt 00+ 02 00}1 = o * L+ 30 (0 + ()| w= ph*r + pTy,
Following the same procedure used by lesan in [5], it is easy to prove the
following result, which enables us to give an alternative formulation of the initial

boundary value problem in which the initial data are incorporated into the field of
equations.

(11)

Theorem 1. The functions u;, ¢y, 0.6, =, ;. mand q; satisfy the equations

(1), (2), (3) and the initial conditions (8) if and only if they satisfy the following
system of equations

g*tij+ i = o4

g*(mji,j +€ijktjk)+ 9; = lijp;

g*(ﬂ’i,i —S)+I = \]CO

h*q;; +w= pTon
In our following estimations, we will use the formulation (12) of the mixed
problem. We wish to find the behavior of the considered medium when embedded
in B there is a discontinuity surface = for the displacements, the microrotation
vector, the microstretch function and the temperature. The sides of = are denoted
by =~ and =*.

(12)

Let v; be the components of the unit normal vector of %, directed from the side
(-) to the side (+). Then on surface = we consider the conditions

+ - _ to, g
ui —Ui _Ui’tjiVj —tjiVj

V.

‘ (13)

P —pi =@, miv; =m;

o —w” :‘P,/ﬁvj = Av;

0" -0~ =0,qjv; =qjv;
where f* and f- are the limits of the function f(x) as x approaches a point on
the side (+) or (-) of the surface x, respectively, and U;, ®,, ¥ and © are

prescribed functions. In this way we can consider the equations (12) in the
domainB\x.

Let us consider two different systems of external data for the body
G = [F@ G, L@ 1@ @, 5@ 7@ g (@ m@ {@ §@ y o, v,0}a=12
and two corresponding solutions

S@= @, g, o), 0, £, 1D 1), @ 4@, 5@, gl | =12,
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For the sake of simplicity, we now introduce the notations

t; t,JnJ,T ,JJ

m; =m;n;, M; —m,JvJ (14)
A=2ni, A=Ay

[
q=q;n, Q=g
In the following theorem, we prove a reciprocity relation of Betti type.

Theorem 2. If a microstretch thermoelastic body is subjected to two systems of

loadings G then between the corresponding solutions S there is the
following reciprocity relation

1
.[ [fi(l)*ui(z)Jrgia)*%(a+|(1)*w(2>_Tg*wa)*g(Z)jvar
B

0

+J‘ g*[T,(l)*ui(z)+M,(1)*<1>f2)+A(1)*\1'(2>—ih
> To

_Tig*w(a*g(l)JdVJr (15)

0

*Q(l)*@)(?)]dA:
J‘[f(z #y® 4 g@ %0 4@ %,
B

+IBQ*(ti(2)*Ui(l)+mi(2)*(/’i(l)+1(2)*w(1)*Tih*q(z)*g(hjd"**
o 0

+_[z g *{TI(Z) *Ul(l) + MI(Z) *(Dl(l) +A(2) *\*1(1) _ih*Q(Z) *@“’]dA

0

Proof. In view of symmetry relations (6) and with the aid of the constitutive
relations (4), by direct calculations it is easy to obtain

t %@ L m®* 4@ 4 10 xy@ 4 SO _ g%y @) =
16
_t<2)* D m@ 0 4 J2 %0 1 5@ x o _ 5@ %@ (16)
Let us introduce the notation
|y = JBg *[tﬁ“) * £8P 1 % ) 1+ A (P 4 5@ % o) _ pp(@ %y 4) ]dv (17)

Based on the identity (16) and the notation (17), it is easy to see that

Vop = pa (18)
With the aid of the equations of motion and the equations (12), we can write
g [t(“ O L R A pg(a)*n(ﬂ)]:
_ {t(a *U 4 mle > ) 4 2@ %y 0)

ih*qi(a)*g(ﬁ)} 4
0

i
)

19
£ 1@ D) 4 g@ x B L@ %) Tig*ww)*g(ﬂ)_ (19)

0

_[pui(a) *ui(ﬁ) + Iij (pi(a) *(Dgﬂ) + Ja)(a) *w(ﬁ) ]+Ti g *h*kij 0,(ia) *H,Eﬁ)'
0
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By integrating in (19) and using the divergence theorem, we are lead to

1
» =J'B( £(@ ) 4 gl 5 ) 4 (@) % 0, () =
0

g * (@) xg(h) ]dv +

+.["Bg *[ti(“) U 4 M@ * P 1 4@ % o) _Tih*q(a) *g(ﬁ)JdA_ (20)
0l 0

_J. g*(Ti(d) *Ui(ﬂ) + Mi(a) *(Di(ﬁ) +A(0!) *\y(ﬁ) _ih*Q(a) *@(/f)]dA
) Ty

Finally, introducing (20) into (17), we arrive at the desired result (15).

It is easy to see that in the absence of discontinuities we obtain the generalization,
in the context of the thermoelasticity of thermoelastic microstretch bodies, of the
previous results established in the classical thermoelastodynamics.

Based on the relation (15), we now calculate the thermomechanical body loadings
equivalent to a given dislocation. To this aim, we assume thatu®,»®, »® and
6@, as functions of (t,x), where x=(x), are of class C*(Bx[0,x)). Of course, if
the functions u®, 0@, »® and 6@ are given, then by means of equations (12),
we can determine the functions F®, @, L@ and r®,

Now, we restrict our considerations only to the case whenu® =o® =0,i=1,2,3,

v® =e® =0 and @ correspond to the faulted medium. Then, in the case of
identical boundary conditions, we obtain;

1
J‘p(,:i(l)*ui(z) +GM *p® | | ,@ _T_h*r(l)*e(z)JdV -
B

0

:J’Bp[,:i@)*ui(l) 16 xpM L@, _Ti h*r(z)*g(l)]dv _ (21)
0

7J‘ g*[T-(z) *U @) +M @ *(D_(l) +A® g @) 7i h*Q(z) *@(D]dA
s I I 1 1 -I-O
In view of (14), we have
Ti(Z) = [Aijmngmn + Bijmn:umn + Dijm7/m + aij - Eij ‘9]"j
Mi(Z) = [Bijmngmn + Cijmntmn + Eijm¥m + 15 @ — Dj; H]Vj
A(Z) = [Dmnigmn + Emnilumn +Cij7j +di - I-i 9}‘4
0 =k; v
Taking into account the definition of the Dirac translated measure, 5, we can
prove the relation of the following type
ViD= Wi (0 Sx-EAV w1 (€D = [ i (D) 8 (x=E)av (22)
B B
and then the relation (21) can be rewritten as follows:
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J.Bp[(lzi(l) +F, )* ui(z) + (Gi(l) +G; )* ¢i(2) +(|_(l) + L)* o® _Ti*(r @ 4 R)* 9(2):|dV =
0

(23)

= I /{ F@ xy®,G@ * 50 @ * a,(l)?l h*r@® «g® ]dv.
B
0

In the above relations we have used the notations

1
Fo= —;_[Z[Ajirkui(l) + Bjin @ + Djkr\P(l)kr(X —&)v;dA;

1 1
Gy = _;-[Z [(Bjirkui(l) +Ciin®@® + Ejj ¥ )5,r x=8)+ L= *;IZ[(DjimUi(l) +Ejin®@® +C @ )Jm (x=&)+
Eoni AU @ + B iy ®® + D, O J5(x - £) |, dA, (a,U® b +d, ¥ s(x—&) o dA,

1
R =;jZTO[(EjiUi(1) +D, 00 + 1,9 5(x— &) -

ko (x—&) Jo;dA;

4. Conclusions

In the absence of discontinuities we obtain the generalization, in the context of the
thermoelasticity of thermoelastic microstretch bodies, of the previous results
established in the classical thermoelastodynamics.

In the classical elasticity in the system of equations of motion occur only three
unknown functions, while in our case the number of unknowns is seven.

Also, while in the classical elasticity the equations of motion are parabolic,
hyperbolic or elliptic only, in our case we have a mixed system of equations.

Taking into account the relation (23) we deduce that the effect of discontinuities
across the surface » can be represented by extra external body loads and heat
supply.

Although these are supposed to act in an unfaulted medium and cannot in any
sense represent real forces acting in the real medium, they may nevertheless
provide, as pointed in the papers [2], [3] and [8], a useful theoretical tool and this
because if two dislocations have the same equivalent force, they also emit the
same radiation.
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