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Abstract
Let L2(U,) be the Bergman space of the upper half plane U,.
In this paper, we consider the integral operator H from L? (U4) into
L2(U,) defined by (H f)(w) = f(w) = / £(5)ldw(s)PdA(s), w € Uy,

Uy
1 wi(—2)Imw
VW =i (s+w)?
Us. We refer the map H as the Berezin transformation defined on
L?(U,). We have derived various algebraic properties of the operator

where dg(s) = and dA is the area measure on

3
and showed that ||H|| < Zﬂ- considered as an operator on L2(U,).
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1 Introduction

The Berezin transform was first introduced by F.A. Berezin [I] as a tool in
quantization [2]. It has since found applications in many areas of mathe-
matics and mathematical physics [3]. The Berezin transform was studied
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systematically [11], [13] for a number of reproducing kernel Hilbert spaces.
It has become an indispensable tool in the study of operators in function
spaces, including Toeplitz, Hankel and composition operators.

The Berezin transform is the analog of the Poisson transform in the
Bergman space theory. On D), the only measure left invariant by all Mobius

transformations z — e’e —=,0 € R,a € D, is the pseudo-hyperbolic measure
dn(z) = (ICET;Q))Q. It turns out that the Berezin transform behaves well with

respect to invariant measure. Berezin exhibited an explicit formula for the
Berezin transform B on L?(D, dn) in terms of the Laplace-Beltrami operator
Ay = (1—12]?)? 8zaz on D.

In the setting of Fock spaces (or Segal-Bargmann spaces) and when
parametrized appropriately, the Berezin transform is nothing but the heat
transform [I1]. This connection with the heat equation makes the Berezin
transform on Fock space particularly useful. The Lebesgue measure dz on
CN is (up to multiplication by a constant factor) the only measure invariant
with respect to the group of the rigid motion of CV. An explicit formula
for Berezin transform has been estabhshed by Berger and Coburn [4] on
L?(CV,dz). They showed that Bf = f —e? f, where f is the solution of the
heat equation with the initial condition f at the time 2, A = H az?;z]
on CV. There are several natural and successful applications of the Berezin
transform in operator theory, but the Berezin transform can also be studied
as an operator itself.

The Berezin transform is a contractive linear operator on certain L
spaces provided they are taken with respect to an appropriate measure — the
measure which is intrinsic for the Riemannian geometry of the

2
domain namely, the space LP(CV,du), where du(z) = (27:)1\,6_%612 and
dz denotes the Lebesgue measure in CV, for all N > 1 or in LP(DD,dA),
where dA(z) = Ldady, respectively. It is known [6] that the Berezin trans-
form is a contractive linear operator on the space L?(ID, dn) and in the space
L?(C,dA), where dA is the Euclidean area measure on [11] C,|B| =

Further, Englis [6] has shown that the norm of the Berezin transform on
the spaces LP(D,dA),1 < p < oo is equal to 22VP_ and B is not a bounded

V-1
operator on L!(D,dA).
As an integral transform, one can certainly apply the Berezin transform
B iterately many times to a ‘reasonably good’ function. In particular, B™f
is well-defined for any f € L>°(D) and any positive integer n. Since for any
p,1 < p < oo, the Berezin transform B is a bounded linear operator on
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LP(D,dA), then we can also consider B"f for f € LP(D,dA),p > 1, and
n > 1. A natural question one can ask at this point is the following: Is
there anything we can say about B"™f as n — oo ? This describes various
ergodicity properties of the Berezin transform [6]. In this paper, we shall
investigate the boundeness of the Berezin transformation on the Bergman
space L2(Uy, d;l), where U, is the upper half plane. Notice that in this case
the domain is unbounded and does not have a rectifiable boundary. More-
over, the symmetry properties of the two domains D and U, are different
(although analogous).

Let Uy = {# = x +iy € C: Im z > 0} be the upper half plane in C,
and let dA = dxdy be the area measure on Uy. Let L?(U;,dA) denote
the Hilbert space of complex valued, absolutely square integrable, Lebesgue
measurable functions on U with the inner product

(f.9) = : f(s)g(s)dA(s).

and

171l = ( / + |f<s>\2dﬁ<s>)§ |

Let L2(U,) be the closed subspace of L?(Uy, dg) consisting of those func-
tions in L2(U,) that are analytic. The space L2(U,) is called Bergman
space of the upper half plane. The functions K, (z) = —W(Tl_z)%w e Uy,
z € Uy are the reproducing kernels [10] for L2(U,.). The Bergman (orthogo-
nal) projection Py from L2(U,,dA) onto L2(Uy) is given by
(Pyf)(w) = (f, Ky). Let L>®(U,) be the space of all complex valued,
essentially bounded, Lebesgue measurable functions on Uy. Define for
p € L>®(U4), l[¢llc = esssupsey, |p(s)]. The space L>(U;) is a Banach
space with respect to the essential supremum norm. Let D := {z € C :
|z| < 1} be the open unit disk and dA(z) be the Lebesgue area measure
on the open unit disk ID normalized so that the measure of the disk D is 1.
In rectangular and polar coordinates, we have dA(z) = %d:rdy = %rdrd&.
Let L2(D) be the space of all analytic functions that are in L?(D,dA). The
space L2(DD) is called the Bergman space of the disk D and is a Hilbert space

with respect to the inner product (f,g) = / f(2)g(2)dA(z), f,g € LA(D).
D

The sequence of functions e,(z) = vn+1 z",n =0,1,2,---,z € D form
an orthonormal basis for L2(ID). The Bergman kernel or the reproducing
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kernel of D of L2(D) is given by K(z,w) = ﬁ and the normalized re-

producing kernels of L2(DD) is given by k,(w) = (11:‘;1[2)2. Let L*°(D) be
the space of all complex-valued, essentially bounded, Lebesgue measurable
functions on D. Let £(L2(D)) be the space of all bounded linear operators
from L2(D) into itself. For f € L'(D,dA), the Berezin transform of f is
~ 1— 2\2
defined by f(w) = (fky, kw) = / Mf(z)dfl(z),w € . Notice that
D — W=z
kyw € L>(D) for all w € D, so the definition makes sense.

Define M : Up — D by M(s) = Z__FS = z. Then M is one-to-one, onto
i+s
1—
and M~! : D — U, is given by M~l(z) = i1+z. Further
z
/ —24 / —27
M = ——— and (M~! = ———. Let : L2(D L3(U
(S) (Z+S)2 an ( )(Z) (1+Z)2 et W a( ) - a( "r)
be defined by (Wg)(s) = g(Ms) \/E((iﬁs)l" The map W is one-to-one and onto.
Hence W~! exists and W1 : [L2(Uy) — L2(D) is given by
—1 _ . -1
W16)(:) = (IVAGCM () 3o

The organization of the paper is as follows. In section 2, we introduce
certain elementary functions dg(s), Dy (s), D(s,w) which will be be used in
defining the integral operator H. In section 3, we derive certain algebraic
properties of the transformation H. In section 4, we establish that the
operator H is not a bounded operator on L'(Uy,dA). Further, we prove
that the integral operator D given by (Df)(s) = / F(w)|dw(s)|PdA(w),
s € Uy is a contraction on L' (U, dA) which maps L>(U,.) boundedly into
LP(Uy,dA) for 1 < p < oo. In section 5, we derive certain asymptotic
properties of various related integral operators, using which we shall find

3
the norm of H. In section 6, we establish that ||H|| = Zﬂ and the map

1 -
L given by Lf(w) = 1 f(8)|dw(s)|?dA(s),w € Uy, f € L*(Uy) is a
U+
strict contraction. Related maps are also considered in [12] and [7]. Here
we consider H € L(L?*(U,,dA)). Thus it follows from Theorem that

|H|| < 3% if it considered on the Bergman space L2(Uy.).
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2 Preliminaries

In this section, we introduce certain elementary functions deg(s), Dy (s), D(s, w)
which will be used in defining the integral operator H.

For a € D, define the functions 7,(s) from Ui onto Uy given by
Ta(s) = Efi:g:_sg, where a = ¢+ id € D and s € U,. It is not difficult
to see that Ta(s) are a2ut0morphisms of the upper half plane U,. Fur-

/ — la|
ther 7,(s) = T+ s — . )
yo LwHi(2)mw 178 G thenaeD
‘ VTW—i (s+w)? l1+a
i—w

and @ = - = Mw. That is, M~'a = w. Define D(s,w) = Dy(s) =
i+ w

. Further for s,w € U, define the elementary

functions dg(s

_l’_
%((115))22 (1—6#@2 Lemma describes the relation between these elemen-
tary functions.

Lemma 2.1. Let s,w € Uy. The following relations hold:
(i) (dw(~w))* = D(w, w).
(i) |dw(s)| || Dwl| = |Dw(s)]-
Proof. An easy calculation shows that
1w+ (=2)(Im w)
VW —i (—w+w)?
(=2)) M~'a+i Imw
VT Mg —i (0w —w)?

dw(—w) =

_ (20) bl w-w
v (ha)_i(zi)(w—w)?
. |l1—a
o i+
B Tt —iw -
1 2 1+4a 1
7T1+a/ 2 ﬁ+lm
1 l+4a (1+a)(1+a)
VA +a)i(1-a)(1+a)+ (1 —a)(l +a)
1 (1+a)?
- iym[l+a—a—|a2+1+a—a—l|a?
1 (1+a)?

iv/m2(1—[af?)
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Now

Hence

d@(S) =

167

(—2i)w+i Imw 1 (1+a)?
VT w—i(s+w)?(2i)y/7 1—|al?

(-20) (e ti) _(*%%) 1 (1+ap
NG —2}_7_—2 —1 z%jrg)? (2i)y/7 1 — |al?

(—2i) (i%%“) [(Z%Z)—(—ihi)] I+a)? 1 (14a2

Vi (Bar1) @BIEa 0P @)VE 1P
l1—a+1+a

oL (%i) (1 +[1$a++1<11+ i]an? = \ij (a+a)°

114+a (14+a)? 2(1-|a?) (1+a)?
2rl1+a(l—|a?) A +a)1+a)[s(1+a)+i(l—a)?

1 /1+a\? (1+7a)2
<1+a> [i + 5+ a(s — )2

2

1+a (1+a)?
<1—1—a> [i +s—a(i—s)]
<1—{—a>2 (1+a)?
l+a (i+s)? l—a 2+§)r
1(1+ a)? 1
7 (i+ )2 (1 —aMs)?
D(s,w)
Dw(s).
Dis, w) =(—w))? = D(w, w
Ty and (da(=)* = D(w,w).

This proves (i). Now to prove (i), notice that

|1Dwll* = (D, D)

:/yD )2dA(s)

= |D(s, w)|*dA(s)
Uy
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N / e (—0) | dan (5) [P d A(s)
Uy

— ldn(-w)P /U s (5)PdA ()

|dw(—0)|?|| dw]|3
ydw(—@)ﬁ Since ||dgl|2 = 1.

Thus || Dyl = |dw(—w)| and |dw(s)| || Dw|| = | Dw(s)]- O
1 (Im w)%l
Lemma 2.2. Let | = 1+ ¢, where c € (0,%) and 0.(w) = ~—————. Then
(1 +w)
T
110c]]2 ~ \/> as ¢ — 0.
c
Proof. The proof is straightforward. O

3 The Berezin transformation

Let w € Uy and Mw = @,a € D. For f € LY(Uy,dA), define (Hf)(w) =

~ ~ 1 w+i(—2¢)Im w
— 2 _

flw) = /U+ f(s)|dw(s)|dA(s), w € Uy, where dg(s) = rTi Grul

Notice that di € L*(U;) for all w € Uy. Let D(s,w) = Dg(s) =

%%ﬁ and du(w) = |D(w,w)|dA(w),w € U,. In the sequel we

shall refer the map H as the Berezin map on L2(U, ) for obvious reason. It
is defined in the same way as the Berezin transformation defined on L2(DD),
the Bergman space of the disk D [I3]. In this section we derive certain
algebraic properties of the transformation H.

Theorem 3.1. Let f € L' (U, dA). The following hold:
(i) If f is bounded, then so is Hf = f and ||f|lcc < ||f]lsc. In other

words, H is a contraction in L>(UL).
(ii) The norm of H on L=(Uy,dA), is equal to 1.
(iii) If f >0, then fz 0; if f > g, then fz g.

(iv) The mapping H : f — f is a conlractive linear operator on each of the
spaces LP(Uy,du(z)),1 < p < oo, where du(w) = |D(w, w)|dA(w).

(v) For arbitrary f € LY (U, dA), f(w) = }r/ (foraoM)(s)dA(s), where

Ut
a= Muw.
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Proof. (i) For proof of (i), assume f € L*°(Uy). Then
f(w)] = (fdw, dw) < || fdwllol|dwll2 < || flloold][5 = || ]]oc-

(ii) Since f :~f when f is a constant function, hence the norm of H on
L>(U4,dA) is equal to 1.

(iii) The operator H is an integral operator with positive kernel. Thus if
f=>0,then f>0.1If f >g,let h=f—g. Then h > 0 and therefore
h > 0. Hence f > 3.

(iv) Since L'(Uy,dp) C L'(U,,dA), the operator H is defined on the
former space, and

| flw)] = | . F($)ldw(s)|*dA(s)| < H(IfI)(s).

Hence since Dy(s) = 5= (1g;$j)2 M’ (s), therefore

/ Fw) | D@, w)|dA(w)

Uy

IN

() [PdA(s w, w)|dA(w
/U+ (/U+ | f(s)]|dw(s)|"dA( )) D@, w)|dA(w)
= [ 1561 [ 1patoPaitmaic
U+ Ut
= [ 16w DA

- / F(8)IDG, 5)[dA(s),

Uy
the change of order of integration being justified by the positivity of
the integrand. It thus follows that H is a contraction on LY(U,dpu).
The same is true for L*>°(U,), and so the result follows from the
Marcinkiewicz interpolation theorem [g].

(v) f € LY (Uy,dA) and let @ = Mw € D. Then

flw) = g £(s)|dw(s)|?dA(s)
= [ (ool Plt(s) PGS
= /U(fOTa(S))Vadw(s)Fdﬁ(S)
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-/ (f o ra())| LA (5)]2(s)

= [Genon o2 ar e P () RaA)

_ 1/(f07aoM1)(z)dﬁ(z)

™ JD

_ /(foTa o M~1)(2)dA(2).
D

4 Boundedness of the Berezin map
In this section we establish that the operator H is not a bounded operator

on L! (U+,dg). Further, we prove that the integral operator D given by

(Df)(s) = / F(w)|dg(s)?dA(w),s € Uy is a contraction on L*(U,,dA)
Uy

which maps L (U,) boundedly into LP(Uy,dA) for 1 < p < oc.

Proposition 4.1. The operator H is not a bounded operator on L' (U, dg)

Proof. If it were, its adjoint H* = D, where
(Df)(s) = . f(w)|dw(s)PdA(w), s € Uy, (1)
+

would be a bounded operator on L>*(U,). Let f € L>(U,). Now if z = Ms
and @ = Mw, then

(DH)(s) = . f(w)ldw(s) PdA(w)

= [ f@IWh(s)PdA(w)

=~ [ Fw)ka (MM (5) PdA(w)

™ Ju
_ P [ oM @k(2)PaAara)
D

s

= IM/(S)IQ/D(foM_l)(a)Ika(Z)IZI(M_l)'(a)IQdA(a)-
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Hence

(DP1)(s) =

[ lrate)dac
D

Since

27 1
——dt =
/0 |1 —Zreit|4

for z € D and r € (0,1).

[(P1)(s)|

where s = M1
—2410g(1
operator on L>*(Uy.).

/ dus(s) Pd A (w)
Uy

TrN2 ()2 -
M (s) /Dm 2|

YA /D Ika(2) 2dA(a)

! / Ika(2) [2dA(a)

D

22

_ /“‘“”dA(@

p [1—az|*

1 1 2 1
= 1—r2)2__ —dt 2r d

/0 ( ) 271'/0 ]1—27"6”\4 rar

= /01(1—7“2)2 3

") (a)*dA(a)

Z(n + 1)%r27 22" 2 dr
n=0

1+ |z)%r?
(REERE

[e.9]

= Y1

n=0

Thus

< 24/Zn+1

tn| |2ndt

IN

| |2n

42 n+2 n+3)

171

z. As |z| — 1, this expression behaves (asymptotically) like
— |2[%), hence D1 ¢ L>(U,), so D = H? cannot be a bounded

O]

Lemma 4.1. The integral operator D given by (1) is a contraction on
LY (U, dA) which maps L®(U,.) boundedly into Lp([U+, dA) for1 < p < .
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Proof. For arbitrary f € L*(U,, dA), by Fubini’s theorem [9] it follows that

/U+|(Df)(5)|df4(5) < /[U+ /U+ $)?|f (w)|dA(w)dA(s)

- /U+!f / $)PdA(s)dA(w)

_ / | ()| (i, ) A A(w)
Uy

- / | (w)|dA(w),
Uy

so D is a contraction on LY(Uy,dA). If f € L°(U,), then
(Df)(s)] < HfHoo/U |di(s)PdA(w) = ||f|locl(P1)(5))-

Hence, to prove the second assertion of the lemma, it suffices to check that
D1 belongs to LP(U,,dA) for each p € [1,00). We have already observed
that (D1)(s) behaves like —2%log(1 — |Ms|?) as |Ms| — 1, so it is enough
to show that log(1 — |2]?) € Lp(ID) dA) for all p € [1,00). Now,

/|log (1 — |z]»)PdA(2) / |log(1 — r?)[P2rdr = / |log(1 — t)|Pdt =

/ |logt|Pdt, and, changing the varriable to y = —logt, this reduces to
0

o0
/ ye Vdy=T(p+1) < o0. O
0

5 Asymptotic estimates

In this section, we derive certain asymptotic properties of various related
integral operators, using which we shall find the norm of H.

Theorem 5.1. Letl =1+ ¢, where ¢ € (0,1). For fized r > 0, let .(w) =
00 yQ—l—Cg1 1 1
/ ( —— - = l) dy. Then lim v/c ||[¢b¢|]2 = 0.
T ( ( c—0

y+Imw)d \ (2iy+i+w) (i+w)

Proof. Since Im w > 0, we obtain |2iy+i+w| > |i+w| and hence |¢).(w)| <

c—1

2 /00 Y23 dy — 2 0 )%IF< r> here FL(3) —
‘Z—i_’u)‘l r (y+1mw)3 y_‘Z—i—w‘l m w c Imw ,W ere . —
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o 332“'651
/ 73da:. Thus we have
s (I+m)

belg = /U o) PdA(s)
< 4/ (Imw)C1)F3( r )d[l(w)
U

. |i + w[2(te Im w

— 4| AR 7“)d/
lA ! C(v V) @+ (v F )P
[’ c—1 0
v o T dl
=8/ ———F*(-)d S -
A (7+1ﬂ”Cc<v> ”A (1+ )+

8t [ 4t o [T
< = — ___F*(-)d
T2y ey )"

e’} c—1
Y 2 (T
= 4 S A
7T/o (v +1)l+2ec (7) K

= 4777"0/ (pin(p)dp.
0

T+p)1+20 c

We shall now show that

o0 pC 9
g%c/o WFC (p)dp = 0.

Notice that

oo x2+°;1
F, < —d

c—1 1—¢
= B3 <9
(+ 2,2)_

for all ¢ € (0,3), where § does not depend on ¢ € (0,1) and B(.,.) is the
Euler’s Beta function. Hence we get the inequality

C

! p° 2 2 (! P
————F (p)dp < ——————dp.
I e G S

Thus

1 (]
. P )
lim —F =0.
cl—>()c/0 (7’+p)1+20 C(p>dp 0

We shall now show that

. P 2 —
i | G gyt (P)do =0
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If p > 1, then, for 0 < ¢ < %, we have
oo 1,2—1—651 oo :112_%
F = ———dx < ——dx
c(p) /p 1+a2p" = /p (1+ )3

00 x?—i
< ——dr =R
= / TETE

00 foi I
and for a given p > 0 there exists pg > 1 such that / g dr < .
oo (1+) 2

).

N[ =

Consequently, if p > po, then we obtain F.(p) < & for every ¢ € (0,
Thus

] pc ) £0 pc ) 00 pc
C/l v o e = 0/1 (ot e ) C/po G
PO c o) c
p p p
< ch/ dp+c/ —Ldp
1 (rE )it 2 Jp (r4p)tH%

9 [P p° U e p°
< CR 7d +C/ 7d
/1 o)=Y fo g e

Po p° n _ (e (1+c¢)
2 c
= cR —————dp+c= —_
¢ /1 (T )1+2C 027“ I (1 + 2c)

PO c 2

p po_I"1+e)  p
= cR? P dp+ Epe B
‘ /1 (r P T+20) 2

+
S

when ¢ — 0. It follows that for g > 0 there exists a € € (0, %) such that if
c € (0,¢), then

o0 pc 9
C/1 WFC (p)dp < p.

Hence

o0 ,OC 9
lim e | o o) =0

Further since
C

1
. P 2
lim P -
cl—>()c/0 (r+ p)tt2e © (p)dp =0,

we obtain

) [e.e] pC 9
1 —L e F2(p)dp = 0.
Cg%C/O (5 iz te o =0
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(%s) y2+cgl 1 1
Theorem 5.2. Let A (w) = / ( - = l> dy,
o (W+Imw)? \ (2iy+i+w) (i+w)
A
wherel:1+c,0<c<% Then lim I ”2:0

c—0 H9 HQ

1
Proof. From Lemma 1t follows that ||fc||2 ~ (£)? as ¢ — 0. Hence it is
enough to prove that hm c2 [|[Acll2 = 0. Let f(t) = (2ity+i+w)~L,0<t < 1.

. dt .
Then since | f(1)— f(0)]| < / I (t)|dt < 2yl/ ity 117w it follows
1 2yl

- <3
(2iy + i + w)* (i+w)l‘ i+ w] i + w|!
and ¢ € (0, %) . Now there exists a constant C such that B (3 + %, %) <

C, for every ¢ € (0,3). Since C%HQCHQ — /7 as ¢ — 0, there exists a

constant Ny independent of C such that \/c||0c||2 < Ny for every ¢ € (0, 3).

21 q
120N, ™

that ‘ as y,t,c are positive

Let i > 0 be arbitrary and [y =

G()—/lo Ui < ! ! >d
A=) rImw)?d \Qiy+itw)l (+tw))

Thus it follows that

lo 2—}—g
Go(w)] < 3— /(y 2y

i + wl|! y + Im w)?
1 [e%e) 2+C_1
< 3l l/ vy
i+ wl' Jo (y+Imw)?
1 (o) 2+C_1
< 3l- l/ y_
i+ wl' Jo  (y+Im w)
1 c—1 1—-c¢
= 3l0’ T |l(Imw)ZB<3—f— 53 >
< 3lpC|O.(w)].

Hence we obtain
[|Gell2 < 3l C[0]2-

Thus we obtain that for every ¢ € (0,1), Cz [|Gell2 < &. Now consider the
function

@(>—/OO i : L Va
A=) rmwpP \@iy+itw)l i+w)i )Y
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From Theorem i, it follows that lin(1) C%H@CH = 0. This implies that there
c—r
exists a e € (0, 3) such that if ¢ € (0, ¢€), then C%||@c||2 < 5.

Since A, = G, + O, for ¢ € (0,¢€), we obtain that C%HACHQ < p. That
is, C%HACHQ — 0 as ¢ — 0. The lemma follows. O

y2+C;1 dy
y+ Im w)3 (2iy + i+ w)t

Theorem 5.3. Letl = 1+c,c € (0, 3) and ®.(w) = / (
0

e TB-Hrld)  rehrd)
Then I odl, ~ — TB) 1)

Proof. Since

o) 2+c 1
y e dy
ew) = [ N
o (y+Imw)3|i+wl
(Im w) 2 c—11-c¢
B3
i+ wf T )
we obtain ( 1) (1 )
T 3+ c—1 T i—c
(I)c < 90 — 2 2
[[@cfl2 < [10c]]2 B
and hence ( 1) (1)
— P2 _ TB—=3)I(5
lim._sq < )
T16c] 12 I'(3)
(3 + <= (i=c
Since ®.(w) = O.(w) Chs F2(3)) 5 )+Ac(w) we conclude that
12l >l C TGy
cl|2 Z cl|2 F(3) cl|2-

That is,
[@cll2 L TB+ TS [l14dll2
[16c]l2 I'(3) [16c]l2
From Theorem [5.2] it follows that

([ @]l - T3 - 1)
1 > .
00, T T(3)

Hence the Theorem follows. O
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Theorem 5.4. Let | = 1+ ¢, where ¢ € (0, %),n € NuU{0} and

00 2451 =c
— y e dy Then Tim 1=mll2 _
= = . Then lim =0.
m(w) /0 (y + Im w)"tHm (24y + 4 4 w)ntH-—m c—0 |]0]]2
Proof. From Theorem it follows that |[0.|| ~ \/F as ¢ — 0. Hence it
c
is enough to prove that for m = 0,1,--- ,n — 1, we have 1in(1] c%HEang =0.
c—

Thus it is sufficient to show that there exists a constant K independent of
¢ such that [|Z¢ || < K for every ¢ € (0, 3). Since

/oo y2n+%1 dy
o (y+Imw)? (2iy +y+ w)ntl-m

IZle< | [ diw)
U+
by applying Minkowski’s integral inequality we get

_ o0 -1 1
(A /0 2T 2 () by,

dA(w)
h VA = :
where Z(y) /IU+ (y +Im w)("+1+m)2’2iy 4+ w‘2(n+l—m)

ward calculation gives

A straightfor-

Z(y) = / - dy /°° dt
v o= o (y47)2ntlem)(2y 41 4 4)2(nt=m)=L | (] 4 ¢2)n+i-m
< uoX(y),
° dt S d’y
where pg = /_Oo 7(1 N tQ)% and X (y) = /0 W+ 7)2(n+1+m)(2y i 7)2(n+l7m)71'

If y € (0,1), we have

1 o) 1 d’y o] d,}/
X(y) = /0 -dy+/1 .dyé/o (y 1 )20t 1+m) +/1 ()21 m) (Y2 =) —1

< Tn,myl_2(n+l+m)a

where 7, ,, is a constant which does not depend on y and c.
If y > 1, then

X(y) i

/0 (y + 7)2(n+1+m) (y + 7)2(n+l—m)—1
1 e dy

y2(2n+1)+20 0 (1 + p>2(2n+1)+25+1
Bn

< y2(2n+1)+2c’
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where [3,, does not depend on y and c¢. Then

2(y) < pox(y) < | FoTmand 2,y € 0.1)
VTS o2z, >0

That is,
11l p—m—1
Z(y)% < (MoTn,Tnl)zy2 , Ye (0’ 1)
(oBn)2y=Enth=e y>1.

Thus we obtain

_ o -1 1
10l < /O 2T (Z(y) by

1 1 102
= (MOTn,m)Qm (Qofn)2 5 T Rpm(c) (let).
Now for m = 0,1,2,---,n — 1, the function ¢ — R, (c) is bounded on
(0,2) and hence ||Z¢,[|2 < K where K = sup Ry n(c). O
CG(O,%)

6 Norm of the Berezin transformation

Let ‘H be a Hilbert space. Let L(H) be the set of all bounded linear oper-
ators from the Hilbert space H into itself. In this sectlon we establish that

3T
|H|| = T and the map L given by Lf(w / £(8)|dw(s)|2dA(s),

w € Uy, f € L>(Uy) is a strict contraction. Related maps are also consid-
ered in [12] and [7]. Here we consider H € £(L?(U,,dA)). Thus it follows

3
from Theorem |6.1| that ||H|| < Zﬂ if it is considered on the Bergman space
La(U4).

Theorem 6.1. Let Lf(w) = i f(s)|dm(s)|2d/~l(s),w €U, [ € LX(U,).

3m 3
Then ||L|| = 16 < 1 and L is a strict contraction. Further ||H|| = Zﬂ-
1 ~
Proof. Let w € U,. Notice that Lf(w) = - f(s)|d@(s)|2dA(s)

4

(Im w)? 1 (Im w)?
/ I(s ‘3+w’4 dA(s) = s f( )\s—l— ’4dA( s). We shall show

that ||L|| = —6 < 1. We shall establish this using Lemma [2.2] Theorem



S.K. Das, N. Das 179

12

2
and Theorem Define £ on L?(U, ) by Eg(z) = - / Em §)|4g(§)dg(§).
Ut -z

We shall show that the operator E is bounded on L?(U). Notice that

12 [ c—1 o0 d
Bow) =2 [y [
™ Jo oo [P =iy —w[Hp +i+iy)

where [ = 1 + ¢. The function

1
(x — iy —w)?(z+ iy —w)?(z + i + iy)!

T —

is analytic in the upper half plane minus the point z = y + iw (where it has
a pole of order 2). Hence by Cauchy’s residue theorem [5]

h dp = 2mi(— 7F(2>F(l+ D 1 ilm w) 2

[ e = 2D | Crgr @ 2w
2y +i+w) "+ W(Qiy + 2iTm w) 3 (2iy + i +w) 7| .
Hence 31'(3) 24mi T(2)T (1 + 1)
Thus
I6ClLIIE] > (1Bl > Fgiph el ~ 24 Lot g
That is,
i) 0O By, T T+ 1) [l

I2(2) 10cll2 L@2) T l6ell2
Using Theorem [5.3] and Theorem [5.4] when ¢ — 0, we obtain that

a1z g (o-)r(2)

We shall now show that

1= ign(o-2)r(2)
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Let n(s) = (Im 5)_i. Then
(Im s)? 9, 13 11 5
2 A(s) = B(=,2)B(3—=,=
[ UORED o) (351 ) )
(Im s)? 9, 13 11 5
d| —= dA = B(=,2)B(3-<,= :
o [ ) A o) B (3-55) (n(s)
By Schur’s theorem [13], the operator E is bounded on L?(U ) and
12 /13 11
el < 25 (5.5) 8 (3-55)
. 1 .
Notice that L = EE* and we obtain
1 1 1 1 1
Ll = —||E*|==||E|l=-=30(3-=)I(=
ol = el =gl = o (3-3)7 ()
1 1 1
= —3r(24+=)r(1-=
5 (2p)r(-3)
1 1 1
= “r(2+=|r(1-=
i (ee)r(i-d)

_ 137
44sin%
_ s _ 66
16 112
and 12_/13 11 9
IE[|==—B(=2)B(3-2,2]="2=
P 2’9 2’92 4
. 3T
Since 4L = H, hence|]H||:4||LH:Z. O
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