
Ann. Acad. Rom. Sci.
Ser. Math. Appl.

ISSN 2066-6594 Vol. 16, No. 2/2024

DIFFERENCE DOUBLE SEQUENCES

OF BI-COMPLEX NUMBERS*

Sujeet Kumar� Binod Chandra Tripathy�

Abstract

In this article, we have introduced the notion of convergence of
difference double sequences in Pringsheim’s sense, difference null in
Pringsheim’s sense, bounded difference, bounded convergence differ-
ence, bounded null difference, regular convergence difference and reg-
ular null difference double sequences of bi-complex numbers. We have
proved that these are linear spaces. With the help of the Euclidean
norm defined on bi-complex numbers, we have established their differ-
ent algebraic and topological properties, as well as some of their geo-
metric properties. Suitable examples have been discussed to support
the introduction of these classes of sequences and during the investi-
gation of their properties for failure cases.
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1 Introduction

In 1892, Segre [15] introduced the bi-complex numbers. The most compre-
hensive study of bi-complex numbers is done by Price [12]. Later on, Wagh
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[21], Değirmen and Sağir [4], Bera and Tripathy [1, 2], Sager and Sağir [16]
and many researchers have studied some algebraic, topological and geomet-
rical properties of bi-complex sequence spaces.
In this section, we procure detailed preliminaries on bi-complex numbers.
Throughout C0, C1 and C2 denote the set of real, complex and bi-complex
numbers and θ, the zero elements of C2.
Segre [15] defined the bi-complex numbers as follows:

γ = u1 + i2u2

= w + i1x+ i2y + i1i2z,

where u1, u2 ∈ C1;w, x, y, z ∈ C0, and i1, i2 are two distinct imaginary unit
whose square is −1, and i1i2 is hyperbolic unit whose square is 1.
The set of bi-complex numbers is denoted by C2 and defined by

C2 = {w + i1x+ i2y + i1i2z : w, x, y, z ∈ C0}.

There are three types of conjugations of bi-complex numbers defined by
Rochon and Shapiro [14] as follows:
(i) i1-conjugation of bi-complex number γ is γ∗ = u1 + i2u2, for all u1, u2 ∈
C1 and u1, u2 are complex conjugates of u1, u2 respectively.
(ii) i2-conjugation of bi-complex number γ is γ̃ = u1 − i2u2, for all u1, u2 ∈
C1.
(iii) i1i2-conjugation of bi-complex number γ is γ

′
= u1−i2u2, for all u1, u2 ∈

C1 and u1, u2 are complex conjugates of u1, u2 respectively.
A bi-complex number γ = u1 + i2u2 is called hyperbolic if γ′ = γ, the i1i2-
conjugation of γ.
The set of all hyperbolic elements is denoted by H and defined by

H = {w + i1i2z : w, z ∈ C0}.

A bi-complex number γ = u1 + i1u2 is called singular if |u21 + u22| = 0 and
otherwise it is called non-singular.
In C2, there are exactly two non-trivial idempotent elements e1 and e2,
where

e1 =
1 + i1i2

2
and e2 =

1− i1i2
2

.

Obviously, e1 + e2 = 1 and e1 · e2 = e2 · e1 = 0.
Every bi-complex number γ = u1 + i2u2 has a unique idempotent represen-
tation as
γ = µ1e1 + µ2e2, where µ1 = u1 − i1u2 and µ2 = u1 + i1u2 are called the
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idempotent components of γ.
Norm (Euclidean Norm) on C2 is defined by

∥γ∥C2
=

√
w2 + x2 + y2 + z2 =

√
|u1|2 + |u2|2 =

√
|µ1|2 + |µ2|2

2
.

C2 becomes a modified Banach algebra concerning this norm in the sense
that

∥γ · t∥C2 ≤
√
2∥γ∥C2 · ∥t∥C2 .

The set C2 is a Banach space w.r.t. the Euclidean norm.
The notion of the double sequence was introduced by Pringsheim [13]. It is
also found in Bromwich [3]. Later on, Hardy [6] introduced the notion of
regular convergence of double sequences and Tripathy and Sarma [18, 19, 20],
Móricz [11], and many researchers have studied their different properties. A
double sequence x = (xlm) is said to be bounded if ∥x∥ = supl,m≥0 |xlm| <
∞. The symbol 2ℓ∞ stands for the set of all bounded double sequences.
A double sequence (xlm) of real or complex terms is said to converge in
Pringsheim’s sense to K, if for each ε > 0, ∃ a natural number n0 such that
|xlm −K| < ε, for all l,m ≥ n0, which is written as

P − lim
l→∞
m→∞

xlm = K, where l,m → ∞, independent to one another.

A double sequence x = (xlm) is said to converge regularly (introduced by
Hardy [6]) if it converges in Pringsheim’s sense and the following limits exist,

lim
l→∞

xlm = Pm, exists for eachm ∈ N,& lim
m→∞

xlm = Ql, exists for each l ∈ N.

Kizmaz introduced the notion of difference for single sequence spaces [8] as
follows:

Z(∆) = {(xl) ∈ ω : (∆xl) ∈ Z},
for Z = c, c0 and ℓ∞, where ∆xl = xl − xl+1 for all l ∈ N. The above spaces
are Banach spaces normed by

∥(xl)∥∆ = |x1|+ sup
l≥1

|∆xl|.

Later on, the notion was further investigated by Tripathy [5] and many
others. Tripathy and Sarma [17, 18] introduced the notion of difference
double sequence spaces defined over the seminormed space (X, q).

Z(∆, q) = {(γlm) ∈ 2ω(q) : (∆γlm) ∈ Z(q)},

where Z = 2ℓ∞, 2c, 2c0, 2c
R, 2c

R
0 , 2c

B, 2c
B
0 and ∆γlm = γlm−γl+1,m−γl,m+1+

γl+1,m+1, for all l,m ∈ N.
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2 Definitions and preliminaries

In this section, we procure the existing definitions that will be used and
introduce the meaning of this article.

Definition 1 [10] A double sequence space E of bi-complex numbers is said
to be solid if (αlmγlm) ∈ E, whenever (γlm) ∈ E, for all double sequences
(αlm) of scalars with |αlm| ≤ 1, for all l,m ∈ N.

Definition 2 [10] A double sequence space E of bi-complex numbers is said
to be symmetric if (γlm) ∈ E =⇒ (γπ(l,m)) ∈ E, where π is the permutation
of N× N.

Definition 3 [10] Let K = {(li,mj) : i, j ∈ N; l1 < l2 < .... and m1 < m2 <
....} ⊆ N × N and E be a double sequence space. A K-step space of E is a
sequence space

λE
K = {(γlimj

) ∈ 2ω(C2) : (γlm) ∈ E}.

A canonical pre-image of a sequence (γlm) ∈ E is defined as follows:

tlm =

{
γlm, if (l,m) ∈ K;
θ, otherwise.

A canonical pre-image of a step space λE
K is a set of canonical pre-images

of all elements in λE
K .

Definition 4 [10] A double sequence space E is monotone if it contains the
canonical pre-images of all its step spaces.

Remark 1 [7] ”If a sequence space E is solid, then sequence space E is
monotone.”

Definition 5 [10] A double sequence space E is said to be convergence free
if (tlm) ∈ E, whenever (γlm) ∈ E and tlm = θ, whenever γlm = θ, where θ
is the zero element of C2.

Definition 6 [10] A double sequence space E is said to be a sequence algebra
if (γlm) ⋆ (tlm) = (γlmtlm) ∈ E, whenever (γlm), (tlm) ∈ E.

In this article, we consider the termwise product of the sequences.
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Definition 7 [9] Let E be a subset of the linear space X. Then E is said
to be convex if (1− λ)(γlm) + λ(tlm) ∈ E for all (γlm), (tlm) ∈ E and scalar
λ ∈ [0, 1].

Definition 8 [9] A Banach space X is said to be strictly convex if (γlm), (tlm) ∈
SX with (γlm) ̸= (tlm) implies that ∥λ(γlm) + (1 − λ)(tlm)∥X < 1, for all
λ ∈ (0, 1), where SX is unit sphere.

We introduce the difference double sequence of bi-complex numbers as fol-
lows:

U [∆, ∥ · ∥C2 ] = {(γlm) ∈ 2ω(C2) : (∆γlm) ∈ U},
where U = 2ℓ∞(C2), 2c(C2), 2c0(C2), 2c

R(C2), 2c
R
0 (C2), 2c

B(C2), 2c
B
0 (C2) and

∆γlm = γlm − γl+1,m − γl,m+1 + γl+1,m+1, for all l,m ∈ N.

Lemma 1 [10] Every regular convergent double sequence of bi-complex num-
bers is always bounded.

3 Main results

In this section, we establish the results of this article.

Theorem 1 The classes U [∆, ∥ · ∥C2 ], where U = 2ℓ∞(C2), 2c(C2), 2c0(C2),

2c
R(C2), 2c

R
0 (C2), 2c

B(C2), 2c
B
0 (C2) are linear spaces.

Proof. We established the theorem for the case 2ℓ∞(C2)[∆, ∥ · ∥C2 ].
Let (γlm), (tlm) be two arbitrary double sequence of bi-complex numbers in

2ℓ∞(C2)[∆, ∥ · ∥C2 ]. Then we have

sup
l,m

∥(∆γlm)∥C2 < ∞ and sup
l,m

∥(∆tlm)∥C2 < ∞.

Let a, b ∈ C0, then

sup
l,m

∥(∆{aγlm + btlm})∥C2 < sup
l,m

∥(∆{aγlm}+∆{btlm})∥C2

≤ sup
l,m

∥(∆{aγlm})∥C2 + sup
l,m

∥(∆{btlm})∥C2

≤ |a| sup
l,m

∥(∆γlm)∥C2 + |b| sup
l,m

∥(∆tlm)∥C2

< ∞.

Therefore, the double sequence (aγlm + btlm) ∈ 2ℓ∞(C2)[∆, ∥ · ∥C2 ]. Hence,

2ℓ∞(C2)[∆, ∥ · ∥C2 ] is a linear space. Similarly, the other cases can be estab-
lished.
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Theorem 2 The classes U [∆, ∥·∥C2 ], where U = 2ℓ∞(C2), 2c
R(C2), 2c

R
0 (C2),

2c
B(C2), 2c

B
0 (C2) are Banach spaces under the norm ∥·∥∆ defined by

∥(γlm)∥∆ = sup
l

∥γl,1∥C2 + sup
m

∥γ1,m∥C2 + sup
l,m

∥∆γlm∥C2 < ∞.

Proof. We establish the result for the space 2ℓ∞(C2)[∆, ∥ · ||C2 ].
Let (Ai) be a Cauchy sequence in 2ℓ∞(C2)[∆, ∥ · ||C2 ], where Ai = (γilm) for
each i ∈ N. Thus for a given ε > 0, there exists n0 ∈ N. such that

∥Ai −Aj∥∆ < ε, for all i, j ≥ n0.

Then

sup
l

∥γil,1−γjl,1∥C2+sup
m

∥γi1,m−γj1,m∥C2+sup
l,m

∥∆γilm−∆γjlm∥C2 < ε,∀ i, j ≥ n0.

Therefore, ∥γilm − γjlm∥C2 < ε, for all i, j ≥ n0, for each l,m ∈ N.
Hence, (γilm) is a Cauchy sequence in C2, for each l,m ∈ N.
Thus, the double sequence (γilm) converges γlm ∈ C2 (say), for each l,m ∈ N.
i.e., there exists

lim
i→∞

γilm = γlm, for each l,m ∈ N.

Further for each ε > 0, there exists n0 = n0(ε), such that for all i, j ≥ n0

and for all l,m ∈ N.
∥γil,1 − γjl,1∥C2 < ε, ∥γi1,m − γj1,m∥C2 < ε, ∥∆γilm −∆γjlm∥C2 < ε, and

lim
j→∞

∥γil,1 − γjl,1∥C2 = ∥γil,1 − γl,1∥C2 < ε, for all i > n0, for each l ∈ N.

lim
j→∞

∥γi1,m − γj1,m∥C2 = ∥γi1,m − γ1,m∥C2 < ε, for all i > n0, for each m ∈ N.

Now, lim
j→∞

∥∆γilm −∆γjlm∥C2 = ∥∆γilm −∆γlm∥C2 < ε,

for all i > n0, for each l,m ∈ N. Since ε does not depend on l,m;

sup
l,m

∥∆γilm −∆γlm∥C2 < ε, for all i > n0.

Consequently we have, ∥γilm − γlm∥C2 < 3ε, for all i > n0.
Hence, we obtain γilm → γlm as i → ∞ in 2ℓ∞(C2)[∆, ∥ · ||C2 ]. Now we have
to show that (γlm) ∈ 2ℓ∞(C2)[∆, ∥ · ||C2 ],

∥γlm − γl+1,m+1∥C2

= ∥γlm − γklm + γklm − γkl+1,m+1 + γkl+1,m+1 − γl+1,m+1∥C2

≤ ∥γlm − γklm∥C2 + ∥γklm − γkl+1,m+1∥C2 + ∥γkl+1,m+1 − γl+1,m+1∥C2

= O(1).
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This implies, (γlm) ∈ 2ℓ∞(C2)[∆, ∥ · ||C2 ].
Since, 2ℓ∞(C2)[∆, ∥ · ||C2 ] is linear space. Hence, 2ℓ∞(C2)[∆, ∥ · ||C2 ] is com-
plete. Similarly, the others.

Corollary 1 The spaces U [∆, ∥·||C2 ], where U = 2ℓ∞(C2), 2c(C2), 2c0(C2), 2c
R(C2),

2c
R
0 (C2), 2c

B(C2), 2c
B
0 (C2) are not monotone.

Proof. The spaces are not monotone, as shown in the following Example.

Example 1 Consider the double sequence (γlm) of bi-complex numbers de-
fined by

γlm = e1 + e2, for all l,m ∈ N.

Consider the sequence (tlm) in the pre-image space defined by

tlm =

{
γlm, for l = m = i2, i ∈ N;
θ, otherwise .

Then (γlm) ∈ U [∆, ∥ · ||C2 ] but (tlm) /∈ U [∆, ∥ · ||C2 ] for U = 2c(C2), 2c0(C2),

2c
R(C2), 2c

R
0 (C2), 2c

B(C2), 2c
B
0 (C2). Hence U [∆, ∥·||C2 ] for U = 2c(C2), 2c0(C2),

2c
R(C2), 2c

R
0 (C2), 2c

B(C2), 2c
B
0 (C2) are not monotone.

Example 2 For the space 2ℓ∞(C2)[∆, ∥·||C2 ]. Consider the double sequence
(γlm) of bi-complex numbers defined by

γlm = (l +m){e1 + e2}, for all l,m ∈ N.

Consider the sequence (tlm) in the pre-image space defined by

tlm =

{
γlm, for l = m = i2, i ∈ N;
θ, otherwise .

Then, (γlm) ∈ 2ℓ∞(C2)[∆, ∥ · ||C2 ], but (tlm) /∈ 2ℓ∞(C2)[∆, ∥ · ||C2 ]. Hence,

2ℓ∞(C2)[∆, ∥ · ||C2 ] is not monotone.

Corollary 2 The spaces U [∆, ∥·||C2 ], where U = 2ℓ∞(C2), 2c(C2), 2c0(C2), 2c
R(C2),

2c
R
0 (C2), 2c

B(C2), 2c
B
0 (C2) are not solid.

Proof. The proof follows from the Remark 1.

Corollary 3 The spaces U [∆, ∥·||C2 ], where U = 2ℓ∞(C2), 2c(C2), 2c0(C2), 2c
R(C2),

2c
R
0 (C2), 2c

B(C2), 2c
B
0 (C2) are not symmetric.

Proof. The result follows from the following Example.
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Example 3 Consider the double sequence (γlm) of bi-complex numbers de-
fined by

γlm =

{
e1 + e2, for all l = 1 and m ∈ N;

e1e2, otherwise .

Then, (γlm) ∈ U [∆, ∥·||C2 ] for U = 2c(C2), 2c0(C2), 2c
R(C2), 2c

R
0 (C2), 2c

B(C2),

2c
B
0 (C2).

Consider the rearranged double sequence (tlm) of bi-complex numbers of
(γlm) defined by

tlm =

{
e1 + e2, for l = m, and l,m ∈ N;

θ, otherwise .

∆tlm =


2(e1 + e2), for l = m, for all l,m ∈ N;
−(e1 + e2), for l = m+ 1 and m = l + 1, and l,m ∈ N;

θ, otherwise .

Then, (tlm) /∈ U [∆, ∥·||C2 ]. Hence the spaces U [∆, ∥·∥C2 ] for U = 2c(C2), 2c0(C2),

2c
R(C2), 2c

R
0 (C2), 2c

B(C2), 2c
B
0 (C2) are not symmetric.

Example 4 Consider the double sequence (γlm) of bi-complex numbers de-
fined by

γlm =

{
(e1 + e2)l, for m = 1 and all l ∈ N;

e1e2, otherwise .

Then, (γlm) ∈ 2ℓ∞(C2)[∆, ∥·||C2 ]. Let (tlm) be rearangement of (γlm) defined
by

tlm =

{
i{e1 + e2}, for l = m and l = i2, i ∈ N;

θ, otherwise .

∆tlm =


(e1 + e2)i, for l = m, and l = i2, i ∈ N;

−(e1 + e2)i, for l = m− 1 and m = l − 1, and l = i2, l,m ∈ N;
θ, otherwise .

Then, (tlm) /∈ 2ℓ∞(C2)[∆, ∥ · ||C2 ]. Hence the space 2ℓ∞(C2)[∆, ∥ · ||C2 ] is not
symmetric.

Corollary 4 The spaces U [∆, ∥·||C2 ] where U = 2ℓ∞(C2), 2c(C2), 2c0(C2), 2c
R(C2),

2c
R
0 (C2), 2c

B(C2), 2c
B
0 (C2) are not convergence free.

Example 5 Consider the double sequence (γlm) of bi-complex numbers de-
fined by

γlm =

{
(e1 + e2), if m = 1 and for all l ∈ N;

(e1e2), otherwise .



S. Kumar, B.C. Tripathy 143

Then the sequence (γlm) ∈ 2c(C2)[∆, ∥ · ||C2 ].
Construct the double sequence (tlm) of bi-complex numbers by

tlm =

{
(e1 + e2)l, if m = l;

(e1e2), otherwise .

Clearly, (tlm) /∈ 2c(C2)[∆, ∥·||C2 ]. Hence, 2c(C2)[∆, ∥·||C2 ] is not convergence
free.

Theorem 3 The spaces U [∆, ∥ · ||C2 ], where U = 2ℓ∞(C2), 2c(C2), 2c0(C2),

2c
R(C2), 2c

R
0 (C2), 2c

B(C2), 2c
B
0 (C2) are sequence algebras.

Proof. The conclusion comes from the inequality given below.
Let the double sequences (γlm), (tlm) ∈ 2c

R
0 (C2)[∆, ∥ · ||C2 ] of bi-complex

numbers. Then for given ε > 0, there exists k1, k2, k3 ∈ N such that

∥γlm∥C2 < ε, for all l > k1 and all m ∈ N;
∥γlm∥C2 < ε, for all m > k2 and all l ∈ N;

and ∥γlm∥C2 < ε, for all l > k3 and m > k3,

and

∥tlm∥C2 < ε, for all l > k1 and all m ∈ N;
∥tlm∥C2 < ε, for all m > k2 and all l ∈ N;

and ∥tlm∥C2 < ε, for all l > k3 and m > k3.

Thus, we have for the product (termwise) of the two sequences

∥γlmtlm∥C2 < ε, for all l > k1 and all m ∈ N;
∥γlmtlm∥C2 < ε, for all m > k2 and all l ∈ N;

and ∥γlmtlm∥C2 < ε, for all l > k3 and m > k3.

Clearly, (γlm)⋆(tlm) ∈ 2c
R
0 (C2)[∆, ∥· ||C2 ]. Hence, the double sequence space

2c
R
0 (C2)[∆, ∥ · ||C2 ] is a sequence algebra.

Similarly, the other cases can be established.

Theorem 4 The inclusion relation U ⊂ U0[∆, ∥·||C2 ], for U = 2c(C2), 2c
R(C2),

2c
B(C2) holds and is strict.

Proof. Let (γlm) ∈ 2c(C2). Then for a given ε > 0, there exists n0, k0 ∈ N
such that

∥γlm − L∥C2 <
ε

4
, for all l ≥ n0,m ≥ k0. (1)
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Hence, for all l ≥ n0,m ≥ k0,

∥(∆γlm)∥C2

≤ ∥γlm − L∥C2 + ∥γl,m+1 − L∥C2 + ∥γl+1,m − L∥C2 + ∥γl+1,m+1 − L∥C2

< ε, by Equation (1) . (2)

Thus, (∆γlm) ∈ 2c0(C2). Hence the sequence (γlm) ∈ 2c0(C2)[∆, ∥ · ||C2 ].
Similarly, the other cases can be established.

Example 6 Consider the double sequence (γlm) of bi-complex numbers de-
fined by

γlm = (l +m− 1)(e1 + e2), for all l,m ∈ N.

Then ∆γlm = θ, for all l,m ∈ N.
Hence, (γlm) ∈ 2c

R
0 (∆, ∥ · ∥C2) ⊂ 2c0(∆, ∥ · ∥C2), but (γlm) /∈ 2c(∥ · ∥C2).

Theorem 5 The inclusion U ⊂ U [∆, ∥·||C2 ], for U = 2ℓ∞(C2), 2c(C2), 2c0(C2),

2c
R(C2), 2c

R
0 (C2), 2c

B(C2), 2c
B
0 (C2) holds and is strict.

Proof. The Pringsheim’s sense convergence part for the inclusion follows
from the Equation (2). Row-wise and column-wise convergence can be es-
tablished. The inclusion is strict follows from the following Examples.

Example 7 Consider the double sequence (γlm) of bi-complex numbers de-
fined by

γlm =

{
(e1 + e2)l, if l is odd and all m ∈ N;

(e1 + e2)m, otherwise .

Then

∆γlm =

{
(e1 + e2), if l is odd and all m ∈ N;

−(e1 + e2), otherwise .

Thus, (∆γlm) ∈ 2ℓ∞(C2). Hence the sequence (γlm) ∈ 2ℓ∞(C2)[∆, ∥ · ||C2 ],
but (γlm) /∈ 2ℓ∞(C2).

Example 8 Consider the double sequence (γlm) of bi-complex numbers de-
fined by

γlm = (e1 + e2), for all l,m ∈ N.

Then
∆γlm = θ, for all l,m ∈ N.

Thus, (∆γlm) ∈ U , for U = 2c
R
0 (C2), 2c

B
0 (C2). Hence the sequence (γlm) ∈

U [∆, ∥·||C2 ], for U = 2c
R
0 (C2), 2c

B
0 (C2), but (γlm) /∈ U , where U = 2c

R
0 (C2), 2c

B
0 (C2).
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Example 9 Consider the double sequence (γlm) of bi-complex numbers de-
fined by

γlm = (e1 + e2)lm, for all l,m ∈ N.

Then

∆γlm =

{
θ, if l = 1 and m = 1;

e1 + e2, otherwise .

Thus, (∆γlm) ∈ U , for U = 2c(C2), 2c
R(C2), 2c

B(C2). Hence the sequence
(γlm) ∈ U [∆, ∥ · ||C2 ], but (γlm) /∈ U , where U = 2c(C2), 2c

R(C2), 2c
B(C2).

Example 10 Consider the double sequence (γlm) of bi-complex numbers de-
fined by

γlm =

{
e1e2, if m = 1 for all l ∈ N;

(e1 + e2)(l +m), otherwise .

Then

∆γlm =

{
(e1 + e2), if m = 1 for all l ∈ N;

θ, otherwise .

Thus, (∆γlm) ∈ 2c0(C2). Hence the sequence (γlm) ∈ 2c0(C2)[∆, ∥ · ||C2 ], but
(γlm) /∈ 2c0(C2).

Theorem 6 The inclusion relation U [∆, ∥ · ||C2 ] ⊂ 2ℓ∞(C2)[∆, ∥ · ||C2 ], for
U = 2c

R(C2), 2c
R
0 (C2), 2c

B(C2), 2c
B
0 (C2) holds and is strict.

Proof. The proof is trivial by using Lemma 1.
The inclusion is strict follows from the following Examples.

Example 11 Consider the double sequence (γlm) of bi-complex numbers de-
fined by

γlm =

{
(e1 + e2)(l +m), if l is odd and all m ∈ N;

(e1 + e2)l, otherwise .

Then

∆γlm =

{
−(e1 + e2), if l is odd and all m ∈ N;
(e1 + e2), otherwise .

Then (γlm) ∈ 2ℓ∞(C2)[∆, ∥ · ||C2 ], but (γlm) /∈ U [∆, ∥ · ||C2 ] for U = 2c
R(C2),

2c
R
0 (C2), 2c

B(C2), 2c
B
0 (C2).

Theorem 7 The classes of double sequences 2ℓ∞(C2)[∆, ∥ · ||C2 ] and

2ω(C2)[∆, ∥ · ||C2 ] are convex.
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Proof. Let (γlm), (tlm) ∈ 2ℓ∞(C2)[∆, ∥ · ||C2 ] and λ ∈ C0 satisfying 0 ≤
λ ≤ 1. Then, supl,m∈N ∥∆γlm∥C2 and supl,m∈N ∥∆tlm∥C2 are finite. Then we
have

sup
l,m∈N

∥∆{λγlm + (1− λ)tlm}∥C2

≤ sup
l,m∈N

{∥∆λγlm∥C2 + ∥(1− λ)∆tlm∥C2}

= λ sup
l,m∈N

{∥∆γlm∥C2}+ (1− λ) sup
l,m∈N

{∥∆tlm∥C2},

which implies that {λ(γlm) + (1− λ)(tlm)} ∈ 2ℓ∞(C2)[∆, ∥ · ||C2 ].

Corollary 5 The class of double sequence 2ℓ∞(C2)[∆, ∥ · ||C2 ] is not strictly
convex.

Example 12 Let

γlm =


1 −i1 θ θ . . .
i1 θ θ θ . . .
θ θ θ θ . . .
...

...
...

...
. . .

 , tlm =


−1 −i1 θ θ . . .
i1 θ θ θ . . .
θ θ θ θ . . .
...

...
...

...
. . .

 .

Then,

∆γlm =


1 −i1 θ θ . . .
i1 θ θ θ . . .
θ θ θ θ . . .
...

...
...

...
. . .

 ,∆tlm =


−1 −i1 θ θ . . .
i1 θ θ θ . . .
θ θ θ θ . . .
...

...
...

...
. . .

 .
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Then we have ∥∆γlm∥
2ℓ∞(C2)[∆,∥·||C2 ] = 1, ∥γlm∥

2ℓ∞(C2)[∆,∥·||C2 ] = 1 and

∥∆(λγlm + (1− λ)tlm)∥
2ℓ∞(C2)[∆,∥·||C2 ]

= sup
l∈N

{∥λγl1 + (1− λ)tl1∥C2}+ sup
m∈N

{∥λγ1m + (1− λ)t1m∥C2}

+ sup
l,m∈N

{∥∆λγlm + (1− λ)∆tlm∥C2}

= sup
l∈N

∥∥∥∥∥λ


1 −i1 θ θ . . .
i1 θ θ θ . . .
θ θ θ θ . . .
...

...
...

...
. . .

+ (1− λ)


−1 −i1 θ θ . . .
i1 θ θ θ . . .
θ θ θ θ . . .
...

...
...

...
. . .


∥∥∥∥∥
C2

+ sup
m∈N

∥∥∥∥∥λ


1 −i1 θ θ . . .
i1 θ θ θ . . .
θ θ θ θ . . .
...

...
...

...
. . .

+ (1− λ)


−1 −i1 θ θ . . .
i1 θ θ θ . . .
θ θ θ θ . . .
...

...
...

...
. . .


∥∥∥∥∥
C2

+ sup
l,m∈N

∥∥∥∥∥λ


1 −i1 θ θ . . .
i1 θ θ θ . . .
θ θ θ θ . . .
...

...
...

...
. . .

+ (1− λ)


−1 −i1 θ θ . . .
i1 θ θ θ . . .
θ θ θ θ . . .
...

...
...

...
. . .


∥∥∥∥∥
C2

= sup
l∈N

∥∥∥∥∥

(2λ− 1) −i1 θ θ . . .

i1 θ θ θ . . .
θ θ θ θ . . .
...

...
...

...
. . .


∥∥∥∥∥
C2

+ sup
m∈N

∥∥∥∥∥

(2λ− 1) −i1 θ θ . . .

i1 θ θ θ . . .
θ θ θ θ . . .
...

...
...

...
. . .


∥∥∥∥∥
C2

+ sup
l,m∈N

∥∥∥∥∥

(2λ− 1) −i1 θ θ . . .

i1 θ θ θ . . .
θ θ θ θ . . .
...

...
...

...
. . .


∥∥∥∥∥
C2

= sup
l∈N

{∥(2λ− 1)∥C2 , ∥ − i1∥C2 , θ, θ, ..., ∥i1∥C2 , θ, θ, θ, ..., .....}

+ sup
m∈N

{∥(2λ− 1)∥C2 , ∥ − i1∥C2 , θ, θ, ..., ∥i1∥C2 , θ, θ, θ, ..., .....}

+ sup
l,m∈N

{∥(2λ− 1)∥C2 , ∥ − i1∥C2 , θ, θ, ..., ∥i1∥C2 , θ, θ, θ, ..., .....}

= 1, for all λ ∈ (0, 1).
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That is to say that 2ℓ∞(C2)[∆, ∥ · ||C2 ] is not strictly convex.

4 Conclusion

In this article, we have studied the convergence of difference double se-
quences in Pringsheim’s sense, difference null in Pringsheim’s sense, bounded
difference, bounded convergence difference, bounded null difference, regular
convergence difference and regular null difference double sequence of bi-
complex numbers. We have examined its various algebraic and topological
properties and discussed some examples.
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