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Abstract

In this article, we have introduced the notion of convergence of
difference double sequences in Pringsheim’s sense, difference null in
Pringsheim’s sense, bounded difference, bounded convergence differ-
ence, bounded null difference, regular convergence difference and reg-
ular null difference double sequences of bi-complex numbers. We have
proved that these are linear spaces. With the help of the Euclidean
norm defined on bi-complex numbers, we have established their differ-
ent algebraic and topological properties, as well as some of their geo-
metric properties. Suitable examples have been discussed to support
the introduction of these classes of sequences and during the investi-
gation of their properties for failure cases.
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1 Introduction

In 1892, Segre [15] introduced the bi-complex numbers. The most compre-
hensive study of bi-complex numbers is done by Price [12]. Later on, Wagh
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Difference double sequences of bi-complex numbers 136

[21], Degirmen and Sagir [4], Bera and Tripathy [I], 2], Sager and Sagir [16]
and many researchers have studied some algebraic, topological and geomet-
rical properties of bi-complex sequence spaces.

In this section, we procure detailed preliminaries on bi-complex numbers.
Throughout Cy, C; and Csy denote the set of real, complex and bi-complex
numbers and 6, the zero elements of Cs.

Segre [15] defined the bi-complex numbers as follows:

Y= Ul igug
=w+ 112+ 19y + 11122,

where u1,us € C;w,z,y,z € Cy, and 41,9 are two distinct imaginary unit
whose square is —1, and #1492 is hyperbolic unit whose square is 1.
The set of bi-complex numbers is denoted by Cs and defined by

Co = {w +i1x + i2y + 1922 : w,z,y,z € Cp}.

There are three types of conjugations of bi-complex numbers defined by
Rochon and Shapiro [14] as follows:

(i) i1-conjugation of bi-complex number v is v* = uy + i97Uz, for all u,us €
C; and w7, us are complex conjugates of uy, us respectively.

(ii) ég-conjugation of bi-complex number 7 is 4 = u; — ique, for all uy,us €
C;.

(iii) 4142-conjugation of bi-complex number 7 is v = ur—iguz, for all uy, us €
C; and w7, us are complex conjugates of uy, us respectively.

A bi-complex number v = uj + isus is called hyperbolic if 4" = v, the iqio-
conjugation of ~.

The set of all hyperbolic elements is denoted by H and defined by

H = {w+iyigz : w,z € Cy}.

A bi-complex number v = u; + ijus is called singular if |u? + u2| = 0 and
otherwise it is called non-singular.
In C,, there are exactly two non-trivial idempotent elements e; and eo,

where

1 +igin 1—1179

and ey = 5

€1

Obviously, e;1 +e2 =1 and e - e = €9 - e; = 0.

Every bi-complex number v = u; + t2us has a unique idempotent represen-
tation as

v = p1e1 + pges, where p1 = u; — t1ug and po = wug + iyuo are called the
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idempotent components of ~.
Norm (Euclidean Norm) on Cy is defined by

’Ml\Q —+ \/1,2\2

7lle, = Vo? + a7+ 7+ 27 = P+ sl = |1

Cy becomes a modified Banach algebra concerning this norm in the sense
that
Iy - thes < V2Inlc, - itle,-

The set C, is a Banach space w.r.t. the Euclidean norm.
The notion of the double sequence was introduced by Pringsheim [13]. It is
also found in Bromwich [3]. Later on, Hardy [6] introduced the notion of
regular convergence of double sequences and Tripathy and Sarma [18] 19} 20],
Méricz [11], and many researchers have studied their different properties. A
double sequence x = (z1,) is said to be bounded if ||z| = sup; ;>0 [Tim| <
00. The symbol 9f, stands for the set of all bounded double sequences.
A double sequence (zy,,) of real or complex terms is said to converge in
Pringsheim’s sense to K, if for each € > 0, 3 a natural number ng such that
|z — K| < e, for all [, m > ng, which is written as

P — lim xz, = K, where [, m — 0o, independent to one another.

l—o0
m—oo

A double sequence x = (zy,,) is said to converge regularly (introduced by
Hardy [6]) if it converges in Pringsheim’s sense and the following limits exist,

lim xzj, = P, exists for eachm € N, & lim =z, = @, exists for each ! € N.
l—00 m—oo

Kizmaz introduced the notion of difference for single sequence spaces [§] as
follows:

Z(A) ={(x)) e w: (Axy) € Z},
for Z = ¢, cgp and l»,, where Ax; = x; — x4 for all [ € N. The above spaces
are Banach spaces normed by

IGz)lla = fa1] + sup [Az].
>1

Later on, the notion was further investigated by Tripathy [5] and many
others. Tripathy and Sarma [I7), [I8] introduced the notion of difference
double sequence spaces defined over the seminormed space (X, q).

Z(A,q) = {(im) € 20(q) : (Avim) € Z(q)},

B

_ R R B _
where Z = 20, 2¢, 2¢0, 2¢", 2¢f, 2¢7 , 25 and AV, = Vi — Vit1,m — Vim+1+

Vi+1,m+1, for all [, m € N.
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2 Definitions and preliminaries

In this section, we procure the existing definitions that will be used and
introduce the meaning of this article.

Definition 1 [0/ A double sequence space E of bi-complex numbers is said
to be solid if (qmyim) € E, whenever (Vi) € E, for all double sequences
(cum) of scalars with |ay,| < 1, for all l,m € N.

Definition 2 [10] A double sequence space E of bi-complex numbers is said
to be symmetric if (Vim) € E == (Vrq,m)) € £, where 7 is the permutation
of N x N.

Definition 3 [10] Let K = {(l;;m;) :i,j € N;li3 <l < .... and m1 < mg <
...} €N XN and E be a double sequence space. A K-step space of E is a
sequence space

)‘g = {(’Ylimj) € 2w(C2) : (m) € E}

A canonical pre-image of a sequence (Vi) € E is defined as follows:

t _ Yim Zf (lam) € K;
tm 0, otherwise.

A canonical pre-image of a step space /\i is a set of canonical pre-images
of all elements in )\g.

Definition 4 [10] A double sequence space E is monotone if it contains the
canonical pre-images of all its step spaces.

Remark 1 [7] 7If a sequence space E is solid, then sequence space E is
monotone.”

Definition 5 [10)] A double sequence space E is said to be convergence free
if (tim) € E, whenever (Yim) € E and ty,, = 6, whenever v, = 0, where 0
is the zero element of Cs.

Definition 6 [0/ A double sequence space E is said to be a sequence algebra
lf (’Ylm) * (tlm) = ("Ylmtlm) € E7 whenever (’Ylm): (tlm) €L

In this article, we consider the termwise product of the sequences.
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Definition 7 [9] Let E be a subset of the linear space X. Then E is said
to be convex if (1 — N)(yim) + Atum) € E for all (Vim), (tim) € E and scalar
A €[0,1].

Definition 8 [J] A Banach space X is said to be strictly convez if (Yim), (tim) €
SX with (Vlm) 7é (tlm) implies that H)‘<7lm) + (1 - )‘)(tlm)HX < 17 fOT’ all
A€ (0,1), where Sx is unit sphere.

We introduce the difference double sequence of bi-complex numbers as fol-
lows:

U[Av ” ) H(Cz] = {(f}/lm) € QW(CQ) : (A’Wm) € U}7
Where U = QKOO(CQ), 20(@2), QCO(CQ), QCR(CQ), QCOR((CQ), QCB((CQ), 265(@2) and
AYim = Yim — Vi+1m — Vym+1 + Vik1,mt1, for all I;m € N.

Lemma 1 [I{)] Every regular convergent double sequence of bi-complex num-
bers is always bounded.

3 Main results

In this section, we establish the results of this article.

Theorem 1 The classes U[A, || - ||c,], where U = 2€5(C3), 2¢(C2), 2¢9(Ca),
2cf(Cy), gcé%((Cg), QCB((CQ),QC(J]B((CQ) are linear spaces.

Proof. We established the theorem for the case 20 (C2)[A, || - ||c,]-
Let (Vim), (tim) be two arbitrary double sequence of bi-complex numbers in
2o (C2)[A, || - [|c,)- Then we have

sup [[(Avm)lc, < oo and sup [[(Atm)|c, < oo

lym lym

Let a,b € Cy, then

sup [|(A{avim + btim})llc, < sup [[(A{avim} + A{btim})lic,

Im Ilym

< sup [[(Afavim}lic, +sup [[(A{btm})lc,

)

< la|sup [[(Aim)llc, + [0l sup [[(Atm)llc,

l,m Im
< Q.
Therefore, the double sequence (a7, + btiy) € 2000(C2)[A, | - ||c,]. Hence,

2o (C2)[A, || - |c,] is a linear space. Similarly, the other cases can be estab-
lished.
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Theorem 2 The classes U[A, ||-||c,], where U = 205 (Ca), 2¢%(Cy), 2cft(Ca),
2cB(Cy), 2B (Cy) are Banach spaces under the norm ||-|| defined by
[(vim)lla = sup 1 lle; +sup [y1mlle, + sup [Aqimlie, < oo.
m m
Proof. We establish the result for the space 20 (C2)[A, || - ||c,]-
Let (A") be a Cauchy sequence in 2o (C2)[A, || - ||c,], where A® = (v} ) for
each i € N. Thus for a given € > 0, there exists ng € N. such that

||Ai—Aj||A < g, for all 1,5 > ny.
Then

sup 17 1= 1 llca+5up 171 =1 llco+sup 1A, =AY, lle, < &,Vid,5 > no.
m ,m

Therefore, ||vi = — vlij(cQ < e, for all i,j > ng, for each I,m € N.

Hence, (7},,) is a Cauchy sequence in Cs, for each [,m € N.

Thus, the double sequence (7;,,) converges v, € Ca (say), for each I, m € N.

i.e., there exists

lim 4}, = Y, for each I,m € N.
1—00

Further for each € > 0, there exists ng = ng(¢), such that for all 7,j > ng
and for all [,m € N.

H’Yli,l - ’71]71H(C2 <g, ”’Yi‘,m - ’Y{,mH(Cz <g, HA’YZZm - AleJmH(Cz <e¢, and

jl;rgo Ivi 1 — ’yl];chQ = |71 — mallc, <e, for all i > ng, for each I € N.

lim [ =4 llcs = 17 m — Ymllc, < e, for all i > ng, for each m € N.
J—00 ’ ’ ’

Now, lim [|Avj,, — A7, llcs = A% — Avimlle, <,
]*)OO
for all i > ng, for each I,m € N. Since ¢ does not depend on [, m;

sup [|AY), — Avyimllc, < €, for all i > ng.
m

Consequently we have, |7/, — vim|c, < 3e, for all i > ng.
Hence, we obtain v;, — Yim as i — 00 in 2l (C2)[A, || - ||c,]. Now we have
to show that (i) € 2000 (C2)[A, || - ||, ],

1Yim = Vi 1mrllc,

— k k k k

= Yim = Vim + Vom — Vi t,me1 T Vi tme1 — Vi Lmt1llco

k k k k
< |im = Yimllcs + 17m = Y mealles + 1V me1 — Y+ tmt1llc,
—0(1).
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This implies, (’VZm) € 2£m(62)[A7 H : ||(C2]'
Since, 2loo(C2)[A, || - ||c,] is linear space. Hence, 2l (C2)[A, || - ||c,] is com-
plete. Similarly, the others.

Corollary 1 The spaces U[A, ||-||c,], where U = 2ls(C2),2¢(C2), 2¢0(Ca), 2¢™(Ca),
2c(C3), 2cP(Ca), 2¢F (C2) are not monotone.

Proof. The spaces are not monotone, as shown in the following Example.

Example 1 Consider the double sequence (v,,) of bi-complex numbers de-
fined by
Yim = €1 + ea, for alll,m € N.

Consider the sequence (t;,,) in the pre-image space defined by

P Vi forl:m:iQ,iGN;
tm = 0, otherwise .

Then (yim) € U[A, | - [lc,] but (tim) & U[A, || - |Ic,] for U = 2¢(C2), 2¢0(Ca),
QCR((CQ), QC(I]%((CQ), QCB(CQ), QCOB((CQ). Hence U[A, ||-||c,] for U = 2¢(Cy), 2¢0(Ca),
2cf(Cy), 2¢8(Ca), 2cP(Ca), 2¢B(C2) are not monotone.

Example 2 For the space ol (C2)[A, ||-||c,]. Consider the double sequence
(Vim) of bi-complex numbers defined by

Yim = (L +m){e1 + ex}, for alll,m € N.

Consider the sequence (t;,) in the pre-image space defined by

o Virms forl:m:iQ,iEN;
tm = 0, otherwise .

Then, (Yim) € 2loo(C2)[A, || - [lco], but (tim) & 20oo(C2)[A, [| - [lc,]. Hence,
2o (C2)[A, || - l|c,] is not monotone.

Corollary 2 The spaces U[A, ||-||c,], where U = 2l (C2), 2¢(Ca), 2¢0(Ca2), 2cB(Cy),
2cf(Cy),2¢B(Ca), 2c¢f (Cy) are not solid.

Proof. The proof follows from the Remark

Corollary 3 The spaces U[A, ||||c,], where U = 2log(C2), 2¢(Ca), 2¢0(C2), 2¢7(Ca),
2cl(Cy),2cP(Ca), 2¢8 (C2) are not symmetric.

Proof. The result follows from the following Example.
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Example 3 Consider the double sequence (v,) of bi-complex numbers de-

fined by
| er+ez, foralll=1 and mcN;
Yom = eres, otherwise .

Then, (Yim) € U[A, ||||c,] for U = 2¢(C2), 2¢0(Ca), 2¢F(Cs), 2c(Ca), 2¢B(Cy),

B
Consider the rearranged double sequence (ti,) of bi-complex numbers of

(Vim) defined by

{ e1+es, forl=m, andl,m € N;
tim =

0, otherwise .
2(e1 + e2), forl=m, for alll,m e N;
Aty =< —(e1+e2), forl=m+1andm=101+1, andl,m e N;
0, otherwise .

Then, (tim) ¢ U[A, [|-]|c,]. Hence the spaces U[A, ||-||c,] for U = 2¢(Ca), 2c0(C2),
2cB(Cy), 205(@2),203((32),2063(@2) are not symmetric.

Example 4 Consider the double sequence (V) of bi-complex numbers de-
fined by
[ (e1+e2)l, form=1andallleN;
Yom = eres, otherwise .
Then, (Yim) € 2oo(C2)[A,||-||c,]- Let (tum) be rearangement of (Vi) defined

by
; { i{er1 +es}, forl=m andl=i%i€cN;
lm —

0, otherwise .
(e1 + e2)i, forl=m, andl =i%i¢€N;
Aty =R —(e1+e)i, forl=m—1andm=1—1, andl =14*1,m € N;
otherwise .

9

Then, (tlm) ¢ 2600(((:2)[Aa || ’ HCz]' Hence the space ZKOO(CQ)[Av H ’ ||(C2] is not
symmetric.

Corollary 4 The spaces U[A, ||-||c,] where U = 2€5(C3),2¢(Ca), 2c0(Ca), 2¢F(Cy),
2cB(Cy), 2¢B(Ca), 2cF (Ca) are not convergence free.

Example 5 Consider the double sequence (Vi) of bi-complex numbers de-
fined by
y { (e1+e2), ifm=1 and for alll € N;
lm =

(e1e2), otherwise .
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Then the sequence (Ym) € 2¢(C2)[A, | - llcs)-
Construct the double sequence (ti,) of bi-complex numbers by

{ (e1 + e2)l, ifm=1,
lim =

(e1e2), otherwise .

Cllearly, (tim) & 26(C2)[A, |- |lcy - Hence, 26(C2)[A, |]|c,) is not convergence
free.

Theorem 3 The spaces U[A, || - ||c,], where U = 205 (C3), 2¢(C2), 2¢9(Ca),
2cR(Cy), gcg(Cg),ch(Cg),gcég((Cg) are sequence algebras.

Proof. The conclusion comes from the inequality given below.
Let the double sequences (Yim), (tim) € 2¢B(C2)[A, || - |lcy] of bi-complex
numbers. Then for given € > 0, there exists ki, ko, k3 € N such that

|Vimllc, <e, forall I > k; and all m € N;
I7imllc, < e, for all m > kg and all [ € N;
and ||vimllc, < e, for all [ > k3 and m > ks,

and

ltimllc, < e, forall I > k; and all m € N;
ltimllc, < e, forall m > ks and all [ € N;
and ||ty |lc, < e, for all I > k3 and m > kj.

Thus, we have for the product (termwise) of the two sequences

|1Vimtimllc, < e, for all I > k; and all m € N;
|1Vimtimllc, < e, for all m > kg and all [ € N;
and ||[vimtimllc, < e, for all I > k3 and m > ks.

Clearly, (Ym)* (tim) € 2¢8(C2)[A, || -||c,]- Hence, the double sequence space
2cB(Co)[A, || - llc,) is a sequence algebra.
Similarly, the other cases can be established.

Theorem 4 The inclusion relation U C Up[A, ||-||c,], for U = 2¢(Cz), 2cf(Ca),
2cB(C3) holds and is strict.

Proof. Let (V) € 2¢(Cz). Then for a given € > 0, there exists ng, ko € N
such that -
1Vem — Lllc, < 7 for all I > ng,m > k. (1)



Difference double sequences of bi-complex numbers 144

Hence, for all [ > ng,m > ko,

1(A%m) e
< |yim = Llica + Im+1 = Llle, + 1s1m — Llle, + [Yit1,mer — Ll
< g, by Equation : (2)

Thus, (Avym) € 2¢0(Ca). Hence the sequence (i) € 2c0(C2)[A, || - ||c,]-
Similarly, the other cases can be established.

Example 6 Consider the double sequence (v,) of bi-complex numbers de-
fined by
Yim = (L+m —1)(e1 + e2), for alll,m € N.

Then A~ =6, for all l,m € N.
Hence, (VZm) S QC(IJ%(A7 H ’ H(Cz) C QCO(A7 H : ||(C2)’ but (’Ylm) g—f QC(H : ”(CQ)'

Theorem 5 The inclusion U C U[A, ||-||cy], for U = 2€(C2), 2¢(C2), 2¢0(Ca),
2cR(Cy), 2¢8(Ca), 2cP(Cy), 2¢8(C2) holds and is strict.

Proof. The Pringsheim’s sense convergence part for the inclusion follows
from the Equation . Row-wise and column-wise convergence can be es-
tablished. The inclusion is strict follows from the following Examples.

Example 7 Consider the double sequence () of bi-complex numbers de-
fined by
B (e1 +e2)l, ifl is odd and all m € N;
Tim = { (e1 + e2)m, otherwise .
Then
(e1 +e2), ifl is odd and all m € N;
(e1 + e2), otherwise .

A%m = { o

Thus, (Avim) € 2lo(C2). Hence the sequence (Yim) € 2loo(C2)[A, [ - [lc.],
but (FYlm) §é 2£oo((c2)'

Example 8 Consider the double sequence (Vi) of bi-complex numbers de-
fined by
Yim = (e1 + e2), for all l,m € N.

Then
AYim =0, for all l,m € N.

Thus, (Avm) € U, for U = oc(Ca),2c8(Ca). Hence the sequence (yim) €
U[A, ||]|cy]s for U = 2c(Ca), 2cB (Ca), but (i) ¢ U, where U = 2¢ft(Ca), 2¢F (Ca).
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Example 9 Consider the double sequence (v,) of bi-complex numbers de-

fined by
Yim = (€1 + e2)lm, for all l,m € N.

Then
0, ifl=1andm=1;

A = )
Vi { e1 + ea, otherwise .

Thus, (Avm) € U, for U = 2¢(Ca),2¢R(Ca),2¢B(Cy). Hence the sequence
(’YZm) € U[A) H : H(C2]7 but (’nm) ¢ U, where U = 20(C2)720R((C2)720B((C2)'

Example 10 Consider the double sequence (Vi) of bi-complex numbers de-
fined by

_ eres, ifm=1 foralll €N;
Yim = (e1 + e2)(l +m), otherwise .

Then
(e1+e2), ifm=1foralleN;

AYim = { 0, otherwise .

Thus, (Avim) € 2¢0(Ca). Hence the sequence (Vi) € 2¢0(C2)[A, || - ||c,], but
(im) & 2¢0(C2).

Theorem 6 The inclusion relation U[A, || - ||c,] C 20so(C2)[A, || - ||c,], for
U = 2cR(Cy), 2¢8(C2), 2¢P (Cy), 2¢5(C2) holds and is strict.

Proof. The proof is trivial by using Lemma
The inclusion is strict follows from the following Examples.

Example 11 Consider the double sequence (v,) of bi-complex numbers de-
fined by

| (e1+e2)(l+m), iflisodd and all m € N;
m = (e1 + e2)l, otherwise .

Then
—(e1 +e2), iflis odd and allm € N;

A = )
Yim { (e1 + e2), otherwise .

Then (’Ylm) < QEOO((CQ)[Av ” : H(CzL but (Vlm) ¢ U[A7 H ’ ch] forU = QCR(C2)7
2c(Ca),2¢B(Ca), 2c8(Cy).

Theorem 7 The classes of double sequences 2l (Ca)[A, || - ||c,] and
2w(Ca)[A, || - ||c,] are convex.
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Proof. Let (Yim), (tim) € 20oc(C2)[A, ] - ||c,] and A € Cy satisfying 0 <
A < 1. Then, sup; ;en [|[A%mllc, and supy ey [[Atim ||, are finite. Then we
have

sup ||A{)"ylm + (1 - )‘)tlm}HCQ

I,meN
< sup {1AMmllc, + 11 = A) Atimllc,
,me
=X sup {[|[Avmllc.} + (1= A) sup {||Atimllc, },
I,meN I,meN

which implies that {A(Vim) + (1 — X)(tim) } € 20ac(C2)[A, | - |[cs,)-

Corollary 5 The class of double sequence 2loo(C2)[A, | - ||c,] is not strictly
conver.

Example 12 Let

1 —11 0 0 -1 —11 0 0
11 0 0 71 0 0
Tm=19 6 6 6 m=149 6 0 6
Then,
1 —i; 6 6 -1 -4 6 6
i1 0 0 1 6 0
0 0
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Then we have || A% ||ye., ©)(a 11e,] = 1 1Vimllsta @) 1e,) = 1 and
A + (1= M tim)l|yem (©2)[A I lcy]
= sup{[[Ayin + (1 = Ntalleo } + sup {|Ayim + (1 = Ntaimllc, }
leN meN

+ sup {||AMm + (1 = ) Atnllc,

I,meN
1 —i, 6 6 ... 1 —i; 0 6
w6 60 .. i 9 0
=supAlg g g9 . |FTA=XN|[9s o o 0
leN . ; .. ) Co
1 —11 0 0 —1 —11 0 0
i 09 0 ... i 0 0
+swp|Afg g9 g9 . [TA=N] 09 o ¢ 0
meN . . . Co
1 —i, 0 6 . 1 —i; 0 6
i 6 0 6 . i 0 0 0
+suwp A g g9 . [TA=N] 9 o ¢ 0
I,meN ) i i Cy
@2 \—1) —i; 6 0
i 0 0
= sup
|| §
2 \—1) —i; 6 0
i 0 0 0
+ sup 9 0 0 0
meN . . .. Cq
2 \—1) —i; 6 0
i 9 0 0
+ sup
LmeN 0 9 ?9 .

= sup{|2A = Dles, | = itllcs, 036, firllcy 0,66, oy}

+ su%{H(Q)\ = Dllcss || = t1llcy, 0,6, - 1]l ey, 0, 6,0, .oy oo}
me

+ sup {||(2A = 1)||cy, | — 1llcy, 0,0, -y |31y, 0,0, 0,4 ey oo}

ymE

=1, for all X € (0,1).
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That is to say that 2lso(Ca)[A, | - ||c,] s not strictly conves.

4 Conclusion

In this article, we have studied the convergence of difference double se-
quences in Pringsheim’s sense, difference null in Pringsheim’s sense, bounded
difference, bounded convergence difference, bounded null difference, regular
convergence difference and regular null difference double sequence of bi-
complex numbers. We have examined its various algebraic and topological
properties and discussed some examples.
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