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Abstract

Let D = {z € C : |2] < 1} and £L(L?(D)) be the space of all
bounded linear operators from the Bergman space L2 (D) into itself.
In this paper we shall associate symbols to bounded linear operators
in £(L?(D)) and analyse if a symbol calculus can be obtained.
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1 Introduction

Let D = {z € C: |z| < 1} be the open unit disk in the complex plane C. Let
dA(z) be the area measure on D normalized so that the area of the disk is
1. Let L?(D,dA) be the Hilbert space of Lebesgue measurable functions on
D with the inner product

/f A(2), f,9 € L(D).

The Bergman space L2(D) is the set of those functions in L?(ID,dA) that are

analytic on D. The norm on L2(D) is also described by | f||? = Y02, |7(111|1 ,
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using the power series expansion f Zanz € L2 (D),z € D. The

Bergman space L2(D) is a closed Subspace[25] of L?*(D,dA), and so there is
an orthogonal projection P from L?(D, dA) onto L2 (D). The map P is called
the Bergman projection. Let K (z,w) be the function on D x D defined by
K(z,w) = K,(w) = m The function K(z,w) is called the Bergman

kernel of D or the reproducing kernel of L2(ID) because the formula

= / f(w)K(z,w)dA(w)
D

reproduces each f in L2(D). For any n > 0,n € Z, let e,(z) = v/n + 127,
then {e,} forms an orthonormal basis for L2 (D) and

1
Zen en (1 — zw)?’

Let kq(z) = f IEZ(aal — é Laz\)Q’a z € D. These functions k, are called the

normalized reproducing kernels of L2(ID); it is clear that they are unit vectors
in L2 (]D) For any a € D, let ¢, be the analytic mapping on D defined by
¢a(2) = =%, 2 € D. An easy calculation shows that the derivative of ¢, at
z is equal to —kgq(z). It follows that the real Jacobian determinant of ¢, at

o ( ’ ‘2>2
1—a
— 2 _
J¢a(’z) |]€a(2)| ’1 _ C_LZ’4 .

Let L>°(D,dA) be the Banach space of all essentially bounded measurable
functions f on D with

[fllo = ess sup {[f(2) : 2 € D} < o0

and H>°(ID) be the space of bounded analytic functions on D.

For ¢ € L*>(ID), the Toeplitz operator with symbol ¢, denoted Ty, is the
operator from L2(DD) into itself defined by T f = P(¢f). We can write T,
as an integral operator as follows :

1,) = [ twk o) fwiiaw) = [ I daw)

Toeplitz operators can also be defined for unbounded symbols ¢ on the open
unit disk . The operator is densely defined, in this case. It is easy to see that
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H®°(D), which is dense in L2(D), is contained in the domain of the operator
Ty. By a harmonic function we mean a complex valued function on D whose
Laplacian is identically 0. Let h*°(ID) be the space of all bounded harmonic
functions on D. Let £(L2(D)) be the of all bounded linear operators from
L?(D) into itself and LC(L2(D)) be the subspace of £(L2 (D)) consisting of all
compact operators from L2(DD) into itself. Define the Berezin transform for
linear operators T' € L(L2(D)) by the formula p(T)(z) = (Tk,,k,),z € D.
Notice that the operator T need not be bounded, and it suffices if its domain
contains all k,,z € D. Let V(D) = {¢ € L>(D) : ess lim |,,1¢(z) = 0}.

Let 74 be a Toeplitz operator on the Hardy space H 2(T). Tt is easily seen
that T4 T. = Ty for all ¢ € L>°(T). Brown and Halmos[9] showed that the
converse also holds: if a bounded linear operator T' : H?*(T) — H?(T)
satisfies TTT, = T, then T' = T} for some ¢ € L°°(T). This result serves as
a starting point for the theory of symbols of operators [23]. Notice that the
mapping ¢ — Ty is linear. Englis [I0] have shown that Toeplitz operators
on L2(D) do not admit the characterization as above. More precisely, if
ATyB = Ty for all ¢ € L°°(D), then A = c¢I, B = ¢~ !I for some nonzero
complex number c. Englis [I1] also showed that the set {T} : ¢ € L>°(D)} is
dense in £(L2(D)) in strong operator topology and the C*-algebra generated
by {T, : ¢ € L°°(D)} is strictly smaller than £(L2(D)).

A scalar or matrix-valued function associated with the bounded linear
operator and having properties that somehow reflect the properties of the
operator is called the symbol of the operator. One assumes that the opera-
tors to which a symbol is assigned belong to an algebra and the symbol of
an operator also takes values in an algebra. Usually symbols are associated
with operators acting on function spaces . For example, Toeplitz, Hankel
and composition operators on Hardy and Bergman spaes. The correspon-
dence between symbols and operators is called [7],[8] symbol calculus.

Barria and Halmos [3] and Feintuch [13], [12] introduced the concept
of asymptotic Toeplitz operators and asymptotic Hankel operators on the
Hardy space. The importance of this notion is that it associates with a
class of operators a Toeplitz operator and with a class of operators a Hankel
operator where the original operators are not even Toeplitz or Hankel. Thus
it is possible to assign a symbol to an operator that is not Toeplitz or Hankel
and hence a symbol calculus is obtained. The significance of these results
is that it gives distance formulae which can be viewed as operator theoretic
analogues of results [I3] of Nehari, Hartman and Adamjan, Arov and Krein
[15].

In section 2, we investigate if every bounded linear operator in a Hilbert
space has a symbol associated with it and whether the norm of the operator
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is equal to the essential supremum norm of its symbol. We shall use the
Cesaro summability method to show that £(L2(D)) has a certain similarity
to L>(T) but there is no natural way to obtain a symbol calculus from
it. In section 3, we focus on the characterization of Louhichi and Oloffson
[20] and showed that a symbol calculus [7],[8] can be obtained for Toeplitz
operators with bounded hamonic symbols. Functions in L*(T) correspond,
via the Poisson integral, to bounded harmonic functions on I, so perhaps
the restriction to consideration only of Toeplitz and Hankel operators with
bounded harmonic symbols is natural. In this section, we also establish that
there exists a bounded projection from £(L2(D)) onto {T} : ¢ € h™(D)}.
In section 4, we focus our attention on Berezin symbols of an operator.
We ask the general question of how much information about the bounded
linear operators in £(L2(ID)), its Berezin symbol carry and whether a symbol
calculus can be obtained. In fact we introduce a class A C L*°(ID) such that
if T € Aand T > 0 then there exist a positive operator T € £(L2(ID)) such
that Y(z) = (Tk,, k) for all z € D. We also examine what is the Range of
the Berezin transform.

2  Symbols of operators in £(L2(D))

On the Hardy space of the unit circle, the Toeplitz operators and multiplica-
tion operators are bounded if their corresponding symbols are [9] essentially
bounded. Now we ask the question if every bounded linear operator in a
Hilbert space has a symbol associated with it and whether the norm of the
operator is equal to the essential supremum norm of its symbol.

In this section we shall use the Cesaro summability method. Let f €
LY(T) be an integrable function on T. The Nth Cesaro mean oy f of f is
defined by the formula

(onF)(e) = (K x £)() = 5 (l_N”jl) Flk)eno

k=—N

~

where f(k) = ;ﬂ/f(ew)e_ikede is the kth Fourier coefficient of f and
T

N
) k .
Kn(e") = kZ_:N (1 - N|—i—|1> e¢'* is the Nth Fejer kernel [17].
Let P, denote the orthogonal projection of L2(ID) onto span {eg, e1, - - - €n }.
Then the operator norms of { P, TP, } are uniformly bounded and || P,,T'P,|| <
|T|| for all n and P,TP, converges weakly to T. For k € Z , define
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Or(T) € L(LE(D)), by (Ok(T)en, em) = (Ten,em).0p—m where 0p_p, j is
the Kronecker delta. Define the kth Cesaro mean of {©(T")} as

k—1s
oury = - " Weym)
j=—k
In Theorem 1} we shall show that if 7' € £(L2(D)), then ||T|| = supy, [|lo%(T)||
where o (T) is the kth Cesaro mean of O (T) € L(L2(D).

Theorem 1. If {ok(T)} is uniformly bounded then | T|| = sup ||o(T)]|.
k

Proof. : If {o;(T)} is uniformly bounded then o4 (7") converges weakly to T.
It follows therefore that ||| < sup ||ox(T)||. Conversely, for A € T = {w €
k

C : |w| = 1}, define the unitary operator Wy on L2(D) by Wye, = Aey.
For f,g € L2(D), | f|| = |lg|l = 1, define @ ,(\) = (TWyf, Wyg). Since T €

E(Lg(]D))), hence @7, € L>(T). Let f = Zanen,g = Z bm€m, apn, by € C
m=0

n=0

for all n,m € NU{0}. Then ®f4()) = > < > anbm<Ten,em)> DY

k=—o0co0 \n—m=k
which is the Fourier series expansion of @7 ,(\) as an element of L?(T). This

can be seen as follows : The sequence P,TF, — T weakly and therefore
?,g()‘) - <PnTPnW)\f7 W)\g> - (I)f,g(A)7

for each A € T and [|®} |loo < || T[] for all n. It follows therefore that the
sequence {®% '} converges to @y, in L? -norm and then that the individual
Fourier coefficients converge. An examination of the expansion of (I)?, -
which is finite, proves our claim.

Now since ®¢, € L*°(T), the Cesaro means of its Fourier expansion are
uniformly bounded by ||® 4]|cc. Thus

sup 7425y < 125l < T
for all k. But
(ow (D)WL, Wag)l = |Th Y (Ten, em)anbn ¥
= ow(®@r,(N)].
Hence for || f| = |lgll = 1, [low(T)[| = sup_[(ox(T)f.9)| = sup |(0(Pf4(\)] <
fngLg f7g

||T||. The theorem follows. O
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Thus we have seen that £(L2(D)) has a certain similarity to L°°(T).

In Theorem [1} for f,g € L2(D),|fll = |lg] = 1, we defined a function
sy € L(T) such that || T = sup  ||Pfgllcc =sup ||ox(T)||. But there
If1I=llgll=1 k

is no natural way to obtain a symbol correspondence between the operators
and the symbols.

3 Toeplitz operators with bounded harmonic sym-
bols

In this section, we focus on the characterization of Louhichi and Oloffson [20]
and showed that a symbol calculus can be obtained for Toeplitz operators
with bounded hamonic symbols. In [20], the authors have shown that if
T € L(L3(D)) then T satisfies the operator identity if and only if T' =
T, is a Toeplitz operator on L2(D) with bounded harmonic symbol ¢. In
this section, we also establish that there exists a bounded projection from
L(L2(D)) onto {T : ¢ € h>°(D)}.
Consider the following operators on the Bergman space L2(D):

o0

(SF)(z) = 2f(2) = Y an12",
n=1
(mp)) = LTOIO 5o o
n=0

(Df)(2) = f'(2).

It is not difficult to verify that

RS =1and DSR=D

o0
where I is the identity operator and f = Z anz" € L2(D). The operator S

n=0
is called the Bergman shift operator and R is the backward shift operator on
L2(D). Notice [2] that RTyS = Ty for all ¢ € H>(D). Hence S*T;R* = Tj
for all ¢ € H®(D). Let S’ = S(S*S~!). The operator S’ is a weighted

. . n+1
shift operator on L2(D) which act as (S'f)(z) = Z

n=1

D, f € L3(D). The Bergman shift operator S satisfies the operator identity

p-12",2 €
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(8")*S" = (§*S)~1 =2I — §5*. Thus (5')*S"+ SS* = (S*S)~1 +85* = 2I.
The adjoint of Bergman shift operator S* in £(L2(D)) is given by

[e.e]

(S )(2) =

n=0

n—+1
n-+ 2

n
Ap+1%2

for f(z) = Zanz" € L2(D), z € D. The space ker S* = L2(D) © S(L2(D))
n=0

consists of the constant functions in D. The operator R = (S*S)~15* = (S')*
in £(L2(D)) is the left inverse of S. Further ker R = ker S* and R’ =
((8)*S)71(S")* = S* is the left inverse of S’ with kernel ker R’ = ker S*
consisting of the constant functions. Let T' € £(L2(DD)) satisfying the oper-
ator identity

(S")'rS" =21 — STS* (1)

in £(L2(D)). Louhichi and Olofsson [20]showed that operators in £(L2(DD))
that satisfies the operator identity is a Toeplitz operators on L2(D)
with bounded harmonic symbol. Thus we can obtain a symbol calculus for
operators satisfying .

The work of Louhichi and Olofsson [20] involves the theory of functional
calculus and Cesaro summability. Let T € £(L?(D)) be a contraction (of
norm less than or equal to 1). Let

Tk, for k>0,
T(k) = { T, for k < 0.

From the existence of a unitary dilation of 7', it follows the existence of a
positive £(L2(ID))-valued operator measure dwy on the unit circle T such
that

/ ¢y (e0) = T(k), | € Z.
T

By an approximate argument the operator measure dwy is uniquely deter-
mined by this action (see [2I] and [20]). The following result is established
by Louhichi and Olofsson [20].

Theorem 2. Let H be a Hilbert space and T € L(H) be a contraction
such that the operator measure dwr s absolutely continuous with respect to
Lebesgue measure on T, and let f € L>°(T). Then

N
o e B -
[ e avre) = g > (1- 5o ) Forae
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with convergence in the strong operator topology in L(H). Further if T €
L(L2(D)) then the operator T satisfies the identity if and only if it has
the form of an operator integral

_ ei@ W 61’9
T—/Tf( Jdws(e)

in L(L2(D)) of a function f € L*(T). In this case |T| = || f|lc-

Using Theorem, Louhichi and Olofsson [20] then characterized Toeplitz
operators Ty with harmonic symbol ¢ using the operator identity .

Theorem 3. Let T € L(L2(D)). Then T satisfies the operator identity
if and only if T' = Ty is a Toeplitz operator on L2 (D) with bounded harmonic
symbol ¢.

For ¢ € L*(T), one can define the Toeplitz operator Ty, from H?(T)

into itself as Ty f = P(1)f) where P is the Szegd projection from L2(T) onto
H?(T). It is known [25] that functions in L>(T) correspond via Poisson in-
tegral to bounded harmonic functions on D and the radial limits of functions
in h*°(D) belong [25] to L>°(T).
Hence there is a one-to-one correspondence between h*° (D) and L>°(T). Let
L(H?(T)) be the set of all bounded linear operators from H?(T) into itself.
The functions e,(z) = v/n+ 12",n =0,1,2,--- form an orthonormal basis
for L2(D) and {uy,(t)}2, = {"}5°, form an orthonormal basis for H?(T).
In the following theorem we shall prove the existence of a bounded projection
from £(L2(D)) onto {Ty : ¢ € h=(D)}.

Theorem 4. There exists a bounded projection from L(L2(D)) onto {T} :
¢ € h>(D)}.
Proof. : The set of functions e,(z) = v/n+ 12",n € Z,(the set of non-

negative integers), z € D form an orthonormal basis for L2(D). Also ev-
ery bounded harmonic function f on D can be written [25] in the form

f=h+ =22 0a2"+Y00  a_nz" fi1, f» € HX(D).
This implies

=Y ety
7;]\/114—1 Z

n=1

a—n _
€n.
vn+1 "
Then we have

o0 00
ag a—r _
<Tfena€m> = <€nz n 1€k76m> + <enz T 16ka€m>

k=0 k=1

N
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n+1 m+1
Zak€n+k —|—l<:+1 Za kCk+m +k+1

ag if m=n;

— Am—nt/ %ﬁl if m>n;
m+1
A (n-m)\/ mar I m<n.

Thus the matrix of a Toeplitz operator with bounded harmonic symbol
[ is of the above form where ay,k € Z is the kth Fourier coefficient of
Fei?) = tim, - f(rei®)

Define W from H?(T) onto L2(D) as Wu, = e,,n = 0,1,2,--- where
{u,}2°, is the standard orthonormal basis for H?(T) and {e,}5%, is the
standard orthonormal basis for L2(D). It is not difficult to show that W is
a unitary operator from H?(T) onto L2(D) and it induces a map o from
L(L3(D)) into L(H*(T)) given by o(T) = W*TW.

In [I], it is shown that there is a positive linear projection 2 from
L(H*(T)) onto {7y : ¢ € L>=(T)} such that Q(Ty) = Ty, for all ¢ € L>°(T).
Let N be the additive semigroup of all positive integers and let A be a
Banach limit on N. Thus A is a state on the commutative C*—algebra
[°°(N) (whose value at a bounded sequence (ay)n,>1 is denoted by Anay)
and which has the additional property that Apan+1 = Apan, (ay) € 1°(N).
Let U denote the bilateral shift defined on the basis {uy}nez of L*(T) by
Uty = Upy1,n € Z. It is well known [22] that U is a unitary operator and
for z,y € H*(T), A € L(H*(T)), we may define the form

[z,y] = A (U™ AUz, ).

A straight forward application of the Schwarz lemma yields a unique oper-
ator II(A) € L(H?(T)) such that

U*TI(A)U = II(A) and define Q(A) = II(A) which is a Toeplitz operator Ty
on the Hardy space for some ¢ € L*°(T). As we have seen if ¢ € h>°(ID), the
matrix of the Toeplitz operator on the Bergman space has a special form
and it follows easily that if A = W*Ty,W, ¢ € h>°(D) then Q(W*T,W) =
Q(A) =11(A) = 75 where o(e?) = lim,_,1- ¢(re®) belonging to L>(T). For
more details see [1].

It is not difficult to see that there is a one-one map ¢ from {7y : ¢ €
L®(T)} onto {T : ¢ € h(D)} such that ¢((Ty) = T where ¢ € h(D) is
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the harmonic extension of . Hence ¢ o Qo ¢ is a map from £(L2(D)) onto
{T,: ¢ € h°°(D)} and (oQo0)? = (oQoo. Hence {Ty : ¢ € h°(D)} can be
complemented in £(L2(D)). It is not difficult to verify that {T}, : ¢ € h°(D)}
is closed in £(L2(D)). O

Thus the matrix entries of Ty, ¢ € h*°(ID) can be expressed by the Fourier
coefficients of ¢. For any f € L?(D), we define a function Bf on D by

/fqbz ))dA(w /f ) s (w) PdA(w).

The operator B is called the Berezin transform on .
We shall now prove that if ¢ is a bounded harmonic function on the disk D
then B¢ = ¢ and [T/l = [|¢]|co-

Theorem 5. If ¢ is a bounded harmonic function on D, then B¢ = ¢ and

1Tl = li¢lloo-

Proof. : Let ¢(z) = (Tyk., k.) where k, ib the normalised reproducing kernel
for the Hilbert space L2(DD). Hence ¢(z = [, o(w)lk.(w)PdA(w), z € D.
For z € D, let ¢.(w) = ==, w € D. Slnce ¢ (w ) = —k: (w) and the real
Jacobian determinant of ¢, at w is J<¢>z( ) ]k (w)|? = |11 |ZL|U‘)4 , by making
a change of variable we have ¢(z = [p d(¢(w))dA(w) = ¢(4-(0)) = ¢(2).
Thus [¢(2)| = |()] = |<T¢kmkz>! < HT¢|| fOf all z € D. Hence [|¢[lc <
| Ts||. Since the Bergman projection has norm 1, we have ||Ty|| = [|¢|loo. O

It is to be noted that only for bounded harmonic functions ¢ in L*(D),
the area-version of the mean-value property hold and hence ¢(z) = ¢(z2)
and therefore || T4|| = ||¢||oc. But there exist functions ¢ in L>°(D) that are
not harmonic on the disc D but yet ||T4|| = ||¢|lo as the following example
shows. Again the set of ¢ in L>°(ID) such that ||T4|| = ||¢||o is not linear.
Example 1. Let ¢ be the characteristic function of the annulus R < |z|* <
1. Fori,j >0, (Tpej, e;) = (¢ej,e;) =0 if i # j and {en}n>0 is the standard
orthonormal basis for L2(D). Moreover (Tyej ej) = (j + 1) fé ridr =1 —
RI*Y. Hence the matriz of Ty with respect to the standard orthonormal basis
{en}n>0 is diagonal, |Ty|| =1 and ||¢|lc = 1, but ¢ is not harmonic. It will
be difficult to describe those ¢ for which ||Ty| = ||¢|ls, because the above
example shows that this set is not even linear (i.e., it is not a subspace):
the function 1 (constant 1) and the above ¢ both belong to this set, but their
difference does not because Ti_4 is a diagonal operator with weights RIHL,
50 11— Blloo = 1> R = |Ti_g]|.
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4  The Berezin transform of operators in £(L?(D))

Berezin[4] introduced the notion of covariant and contravariant symbols of
an operator. Berger and Coburn [5] [6] are the first to actually use the
Berezin symbol (contravariant symbol) of a Toeplitz operator. Further ap-
plications of the Berezin symbol can be found in Berger, Coburn and Zhu
[8], Stroethoff [24] and Zhu [26]. The Berezin symbol is very effective in
many cases in the sense that it contains a lot of information about the op-
erator that induces it. Successful applications of the Berezin transform are
so far mainly in the study of Hankel, Toeplitz and composition operators.
It is natural to ask the general question of how much information about the
operator its Berezin symbol carry and whether a symbol calculus can be
obtained.

If T € £(LA(D)) then p(T) € L(D) and [|p(T) e < |IT]| a5 |o(T)(2)] =
(Tk., k)| <||T|| for all z € D. Further, if T € LC(L2(D)), then as k, — 0
weakly, hence p(T') € V(D).

One may also notice that if T € £(L2(D)) is diagonal with respect to
the basis {e,}7, then p(7T') is radial. The reason is as follows: Suppose T’
is diagonal with weights A,. Then

TK,(w) = i(n + 1)Z" A\ w™.
n=0
Hence -
p(T)(2) = (1= 212D (n+ DAa|2,
n=0

which is a radial function.

Suppose ¢ € L*(D) is a radial function. Then it can be verified that
Ty is a diagonal operator with respect to the basis {e,}52 . Passing to the
polar coordinates, we have

27
(Tyz"™, 2™ / 9(2)2"2"dA(z) = o~ / / G(r)r e M dt dr,
T

If n # m, this is zero; if n = m, it equals folw Hr2rdr = fo t)t"dt.
Thus p(T5) is a radial function.

Example 2. Let Tf(z) = f(—z). Then T is a diagonal operator with respect
to the basis {2*} with eigenvalues (—1)F. After a short computation one sees

2
that p(T)(z) = (Tk,, k,) = (1_—*}2) which is in V (D), yet T' is not compact.
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Example 3. Define Tf(z) = f(—2z). The operator T is a diagonal operator
sending 2* to (—2)FzF and
A
T =Tk, k,) =| ————
P = Tk = (150 )
which again belongs to V(D) C L*°(D) but now T is even unbounded.
The map p is is injective[16]. Below we shall give an example of an operator

T € L(L2(D)) such that ||p(T)||ec # ||T|| and which also demonstrates that
p is not bounded below.

Example 4. Let T be the projection onto the subspace spanned by 2, i.e.,
Tf=(k+1){f,2")2*. Then ||T| = 1, while a short computation shows that

p(T)(2) = (k+1)(1 — [2[*)*|2*.

’27k

= 733 the mazimum

The function p(T)(z) attains its maximum for |z

value being
E N/ 2\ 4
k+1 < —.
(k+ )(k+2> <k+2> Skr2

Thus ||T|| = 1 while ||p(T) s < 5.

Thus Rangep is not closed [19] in L>°(D) as the map p is injective and
the above example shows that p is not bounded below.
Now we shall ask the question what is the range of p. That is, we ask given
YT € L>®(D), does there exist T € L(L2(D)) such that Y(z) = (Tk,,k,) for
all z € D.

Definition 1. A function g(z,y) on D x D is called of positive type (or
positive definite), written g > 0, if

n
Y cieg(x;, i) > 0 (2)
k=1
for any n— tuple of complexr numbers c1,--- , ¢, and points x1,--- , Ty € D.

We write g > h if g — h > 0.
We shall say T € A if T € L>°(D) and is such that

T(z) = O(z,2) (3)

where ©(z,y) is a function on D x D meromorphic in x and conjugate mero-
morphic in y.

It is a fact that (see [I4], [18]) © as in (3)), if it exists, is uniquely
determined by T.
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Theorem 6. Let T € L>®°(D) and T > 0. A necessary and sufficient con-
dition that there exist a positive operator T € L(L2(D)) such that Y(z) =
(Tk.,k.) for all z € D is that T € A and if T(z) = O(z,2) as in [3)), then

there exists a constant ¢ > 0 such that
cK(z,9) > O(x,y)K (z,y) > 0.
Further h>°(D) C Rangep.

Proof. : Let T € L(L2(D)). Let

__ (TKy,Ky)
O(z, ) = (4)
(Ky, Kz)
where K, = K(.,Z) is the unnormalized reproducing kernel at z. Then

O(z,y) is a function on D x D meromorphic in z and conjugate meromorphic
iny. Let Y(2) = O(z,2). Then Y(z) = (Tk,, k,) forall z € Dand Y € L*°(D)
as T is bounded. Thus T € A.

Now let T € A and Y(z) = O(z,z) where O(z,y) is a function on
D x D meromorphic in  and conjugate meromorphic in y. We shall prove
the existence of some T' (possibly unbounded) such that (T'k,,k,) = Y(z).
Let

Tf(z) = /D F(2)0(z, K (x, 2)dA(). (5)

Indeed,
Tf(x) = (Tf Ka)
= (AT'Ks)
= o fR)T*K,, K.)dA(z)
= Jp FGUTK,, K;)dA(2)
= [, f(2)O(x, 2)K (x, 2)dA(2).
Then
(TKy, K;) = fDKy(Z)
= b
= (0(z,2)
= O(z,7)(
= O(z, )

Hence ©(z,y) = <{I€jl1§i§> and Y(z) = O(z,2) = (Tk., k). Notice how-

ever that the operator T given by may well be unbounded. We shall now
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prove a necessary and sufficient condition for 7" to be bounded and positive
is that there exists ¢ > 0 such that

cK(z,7) > O(z,§) K (z,y) > 0.
Suppose there exist ¢ > 0 such that for all z,y € D,
cK(z,y) > O(z,y)K(z, ) > 0.

We shall show that T" is bounded and positive. Let f = Z?:1 ¢j Ky; where
c; are constants, x; € D for j = 1,2--- ,n. Then

(Tt f) = <T(Z;‘L:1 CjKIj)7 Z?:l C]'Kitj>

= Z;k:l Cj@<TK$j7K$k>

= > o160z, 7)) K (vg, 75) > 0
and

(Tf.f) = X1 ¢h(TKyy, Kay,)

PRy 1CJCk@(xk>xj)K( ;)
k=1 Gk K (zk, T5) = Cl!fHQ~
Since the set of vectors {Zj:1 ¢jKy;,z; € D,j = 1,2--- ,n} is dense in
L2(D), hence 0 < (T'f, f) < ¢||f||? for all f € L2(D) and T is bounded and
positive.

Conversely, suppose T is bounded and positive. Then there exists a
constant ¢ > 0 such that 0 < (T'f, f) < ¢| f||? for all f € L2(D). That is, if

f=2"1_1¢jKy;, then

IA I

0 < (T/f)
= Z?,k:l cja<TK$j , Kay)
= Z;L,kzl Cj@@(xka fj)K(xka fj)
< dlfI?

¢ ket GOk K (w, T5).

Thus K (,5) > O(x,7)K (z,5) > 0.
We shall now verify that h°°(D) C Rangep. Let ¢ € h*°(D). Then by the
mean value property we obtain

p(Ty)(2) = (Tpk, k) = /D 6(w) k- (1) [2dA(uw)

_ /D(¢ 0 6.)(w)dA(w) = (¢ 0 6.)(0) = $(2).

Hence ¢ € Rangep. But Rangep ¢ h*°(D). Example 2] gives an example of a
bounded linear operator T' such that p(T') ¢ h*°(D). O
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Let
E={T € L(L2(D)) : (Tk,, k.) = /<Tk:¢z(w), k. (w))dA(w) for all z € D}.
D

Theorem 7. The space E = {Tg : ® € h>*°(D)} and p(E) = h*°(D).

Proof. : Let T € E. Then
(Tha, k) = / (T, (uy» ko () }A(uw) for all z € D. (6)
D

Let ®(z) = p(T)(z) = (Tk.,k.). Then it follows from (6] that ®(z) =
Jp ®(¢2(w))dA(w) for all z € D. Hence ® € h*°(D) and (Tk.,k.) =
p(T)(z) = ®(z) = (Tek,, k.). Now since the map p is injective, we obtain
T="Ts.

To prove the converse, let T'= T, P € h°°(D). Then

fD<Tk¢z(w)> kg (w))dA(w) = fD (Toky, (w): k. (w)) dA(w)
= Jp 2(¢:(w))dA(w) = 0(2)
= <T<I>kz7 kz>

(Tks, k.)

= p(T)(z) for all z € D.

Hence T' € E.

Let T = Tgp € E and ® € h*°(D). Further, p(T) = & € h*°(D). Hence
p(E) C h*(D). Conversely, let & € h*°(D). Then Ty € E and & = p(Tp) €
p(E). Thus h>*(D) C p(E). O
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