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Abstract

In this paper we derive generalized heat transport laws for an anisotropic
rigid heat conductor. We use a model formulated in a previous pa-
per in the framework of non-equilibrium thermodynamics with inter-
nal variables. In the thermodynamic state vector beside the inter-
nal energy and the heat flux a second order tensor is introduced as
internal variable, influencing the thermal phenomena. In the three-
dimensional case the phenomenological equations are presented, the
entropy production is worked out and anisotropic transport equations
for the heat flux are carried out, as Maxwell-Cattaneo and Guyer-
Krumhansl equations, describing heat waves and the ballistic propaga-
tion of the phonons, respectively. The conductivity matrix is given in
the Appendix. The obtained results have applications in several tech-
nological sectors, as in nanotechnology, where there are situations of
high-frequency waves propagation and Knudsen number is comparable
or larger than unity.
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1 Introduction

In a previous paper [1] generalized ballistic-conductive transport heat equa-
tions were derived for isotropic rigid heat conductors, in the framework of
non-equilibrium thermodynamics with internal variables (see [2], [3], [4], [5],
[6], [7], [8], [9]). Generalizations of Fourier law were also given in [10], [11],
[12], [13], [14], [15], [16], [17], [18], [19]. The introduction of internal vari-
ables as independent variables in the thermodynamic state vector permits
to describe the internal structure of materials (see for instance [6], [20], [21],
[23], [24], [25], [26], [27]). The obtained rate equations for the internal vari-
ables are different than constitutive equations and, added to the balance
equations, permit to close the system of equations describing the medium
under consideration. The internal variables need suitable methods to be
measured [8]. In this article, using the formulation developed in [1], we
focus our attention on a three-dimensional anisotropic rigid heat conductor
and we derive generalized heat transport laws, having applications in several
fields, as in nanotechnology. In the nanostructures the volume element size
L along a direction is comparable or smaller than the free mean path [ of
the heat carriers (the phonons), i.e. the Knudsen number % > 1, and the
rate variation of properties of these media are faster than the time scale of
the relaxation times of the fluxes to their equilibrium values.

The paper is organized as follows. In Section 2 the model developed in
[1] is introduced. The thermodynamic state vector is chosen, where beside
the internal energy and the heat flux a second order tensor is introduced as
internal variable, influencing the thermal phenomena, and assumed as odd
function of microscopic particles velocities of the medium. Furthermore, in
the three-dimensional and anisotropic case the phenomenological equations
are presented. In Sections 3 and 4 Onsager-Casimir relations are written
and the form of the entropy production is worked out. A detailed form of
the conductivity matrix is given in the Appendix. In Sections 5, 6 and 7
some generalizations of the classical Fourier law, describing thermal signals
having infinite velocity and relaxation time null, are carried out. In par-
ticular, the anisotropic Maxwell-Cattaneo and Guyer-Krumhansl equations,
describing second-sound phenomena (heat waves) and the ballistic motion of
the phonons, respectively, are derived (see [28]). In [28] a ballistic-diffusive
model was developed assuming the coesistence of two types of phonons: the
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diffusive phonons, subjected to collisions with the core of the medium un-
der consideration, and the ballistic phonons, originating at the boundaries
and subjected to collisions with the walls of the medium. Ballistic phonons
can be converted in diffusive carriers but it is not possible the inverse phe-
nomenon. This ballistic-diffusion model was initially introduced by Chen
in [30] and [31], where a integro-differential model is formulated, by resor-
ting to the kinetic theory and macroscopic considerations. The distribution
function is split in two contributions, one for ballistic phonons and the other
for diffusive phonons. In this regard, see also [29] and [32].

2 Basic equations

In this Section we recall the model for a rigid heat conductor developed in
a previous paper [1], in the framework of non-equilibrium thermodynamics
with internal variables. The standard Cartesian tensor notation in a rectan-
gular coordinate system is used and the equations governing the behavior of
such medium are considered in a current configuration K;. Thus, we assume
that the thermodynamic state vector is the following

C=0C(eq,Q),

where e is the specific internal energy, g is the heat flux (the current density
of the internal energy) and @ is a second order tensorial internal variable.
It is assumed that @ contributes to the entropy and its flux. @ may be
interpreted as the gradient of the heat flux (see [10], [11]), as the flux of the
heat flux, and other quantities. Its physical meaning here is open. In this
paper @Q is chosen as odd function of microscopic particles velocities of the
medium. In [1] also the case where @Q is even function is treated.
We consider the following balance equations

ps+V-J =0l (2)

where s is the specific entropy, J is the entropy flux, ¢® is the entropy
production per unit volume and per unit time, and an upper dot denotes
the substantial derivative, i.e. é = Ose + vie,i, where 0; is the partial time
derivative, a comma in lower indices indicates the spatial derivation and
Einstein summation convention for dummy indices is used. For the second
law of thermodynamics ¢(®) > 0. We assume that the entropy flux is zero if
q = 0 and @ = 0, therefore

Ji = bijqj + BijrQji, (3)
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where b;; and B;j;, are tensorial constitutive functions of second and third
order, respectively. They are Nyiri’s multipliers [1]. Expanding the entropy
function s(e, g, Q) up to second order approximation around an equilibrium
state, we obtain

1

1
s(e,q, Q) = 5D (e) — 5,45 %Mijleiijl, (4)

where s(eq)(e) is the equilibrium entropy function depending on the internal
energy and m;; and M;;;; are material coefficients. Thermodynamic stabi-
lity requires that these tensors are positive definite. We assume that they
are constant. From (4) we have the following symmetries

mij = mji,  Mijr = Miij.

Furthermore, by virtue of (4) we introduce the following definitions

1 0s
Os
oG —Mi;q;, (6)
Os
90 — Mk Q- (7)
ij
Then, from (2) and (3), we have (see [1])
ps+ Jig =o', (8)
where (%), given by
o dsV . 1 1 | :
o = p— € — SMiGid; — oM idy — §Mijleiijl
1 )
- §Mz’jkleiijl + bijiq; + bijqji + Bijk,iQjk + BijrQjki =

1 :
= <bij - T%’) qji + (bjij — mijdj) g
+ (Bkz‘j,k - Mz‘jlekl) Qij + BijrQjk,i = 0,

is a non-negative definite bilinear form in the following fields: the heat flux
qi, its gradient g; j, the internal tensorial variable @;; and its gradient @;; .
The inequality (9) expresses the second law of thermodynamics. Following
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the procedures of non-equilibrium thermodynamics (see [1]) we choose the
fields (bij — %52']'), (bji’j —miij), (Bkij,k — Mijlekl) and Bijk as ther-
modynamic fluxes and the fields ¢;, ¢;;, Q;; and @Q;;; as thermodynamic
forces, so that we obtain the following anisotropic linear phenomenologi-

cal equations between the thermodynamic fluxes and forces, where we have
taken into account the physical dimensions of the present physical quantities

bjij —misd; = LG Va5 + L2 g0+ L3Y Qai + L) Qe (10)
bij — %5@ = Lgif)qk + Lg;ﬁ)Qk,l + Lﬁf;j)ka + Lg;ﬁLle,m (11)
Biijie — MijuQu = LE?,;I)% + Lgﬁ)%,z + LE?,;?QM + LZ(-?;;%Zanl,m (12)
Bk = Lijia @+ Lyt + Ly Qun + Liiihn Qi (13)

The tensors ngl.’l), ngl.l’f), LZ(.JI.,’S) etc. which occur in (10)-(13) are called
phenomenological tensors. They are assumed constant. For instance, LS-’I)
is the second order thermal conductivity tensor, connected with the influence
of the heat flux on the field (bj;; — mij;4;), LEJI.,’S) is a third order tensor
connected with the influence of the internal variable @);; on the same field.

3 Onsager-Casimir relations

From phenomenological equations (10)-(13) Onsager-Casimir relations can
be derived (see [1]). We choose the field @;;, and then also the field Q;j .
odd functions of the microscopic particles velocities of the medium. Fur-
thermore, also the fields ¢;, ¢; ; are odd, while (bj; ; — mi;q;), (bij — %5@),

(Bkij,k — Mijlekl> and B;jj, are even functions of these velocities (because

conjugated to the odd functions, see (9)). Hence, according to the usual pro-
cedure of non-equilibrium thermodynamics, we have the following Onsager-
Casimir reciprocity relations [6]

Lt =Ly, LG? =i, (14)
L = L3, L) = L. (15)
LR = Ly, rey =1, (16)
L, = Ly, Lo =L, (17)
L, = L. L fihn = Limmiii (18)
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4 Entropy production

In this paper with the aid of (10)-(13) we derive the entropy production (9)
in the three-dimensional anisotropic materials in the following form

o = LGV + (150 + L) i+ (L) + LG ) any
+ (L%) + Lz%)) 4iQwa + L ajiqus + (Lg;f?) + LSZ}-?) 45,1t
+ (ngﬁq)n Lfﬁff;) 414Qutm + Lyt Qi Qua
+ (Lfgqu)n + Liikslz]) QijQrim + Lz]klanJk iQuimm = 0. (19)

The inequality (19) may assume the form:

1,1 1.2
o) = LEk gk + Lﬁkl )QiQk,l + Lmz )4 Qui + LzlanZle n
2,1 2,2 :
+ Lﬁ-ik )Qi,ij + Lg'ikl)%,jq}cl + LEM ¢i,jQr1 + Lﬂlanz,]le n

3 1
Z]k )QzJQk + Lukl)Qm‘Ikl + Lz]kl ngle =+ LzylanlJle n
(4,1
pz]k)QU»qu + Lnglelﬂqukl + LpzjleU»kal + Lpz]lanljprlm n
> 0. (20)

We can also use Onsager-Casimir relations (14)-(18) and, appropriately
renaming the dummy indices, entropy production (19) reads

o) = LG Vi + <L§1122) + Lz('zlif)) Gidrs + 2L4;" ) 4 Qu
14 14 2,2 2,3 2,3)
+ (Ll(lm’r)L + LEm%) 4iQumn + Lgm)%,qu + <L§mz) + ngkz ) 4i,; Qi
2,4)
+ (LEZlTrzn + LE]nlm) 4 Jle n T+ Lz]kl QZJQM

3,4 (3,4 4,4)
+ (Lz(jhran z]nlgn) Q’Jle n+ L;zjlanlhlem n = 0. (21)

From (20) it is seen that the entropy production in a non-negative bili-
near form in the components of the heat flux, the components of the spatial
derivatives of the heat flux, the components of the internal variable and
the components of the spatial derivatives of the internal variable (see in
Appendix its matrix representation). Therefore, several inequalities can be
obtained for the components of the phenomenological tensors, resulting from
the fact that all the elements of the main diagonal of the symbolic matrix
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{Lag} associated to the bilinear form (20) must be non-negative (condition
only necessary for the semi-definiteness of the matrix {Ln3}), i.e
(1,1) (2,2) (3,3) (4,4)
Lii =0, sz'z’j >0, Lijij >0, mejp =0, (22>

for all 4,j,p = 1,2,3, (in particular L2 >0, L®% >0, 104 >0
for all i« = 1,2,3). Furthermore, from Sylverster’s criterion (necessary and
sufficient condition for the semi-definiteness of the matrix {L,s}) all the

principal minors P, of {L,g}, defined by

pi1 p12 ... Pir
P, = p21 p22 ... Por (23)
DPr1 Dr2 Drr
for all  =1,...,48, of even and odd order, must also be non-negative.

For example, from the non-negativity of the first two principal minors, we

have 2
N (1 L)) 2

5 A generalized anisotropic heat transport equa-
tion

From equations (11) and (13) we have:

1 2,3 2,4
bji,j = <T> + ngk g + ngkz)% 1+ Lg‘ikl)leJ + Lg'iklgan‘l,mj (25)

5T

BkijJ“ = Lgm;l)q Lk + L(zjlzn(-n mk + Lkl]llem Kt Lkzjlanlm nk- (26)

Using Onsager-Casimir relations (14)-(18) and equations (25), (26), we can
write (10) and (12) as follows

. (1,1 ) 1,2 1,2 2,2) 1 7(13)
mijdj + L g (Lijk) - L;ki ))qj,k - Lﬁm Qk,lj = (T) ' zgk Qjk
XA
2,3 14 2.4
+ (Ll(ijk) - ngkl))ij,l + Lg‘ikzankl,mj?
(27)
: 3,3 3.4 3,4) 4,4)
M;ja Qi + ngjkl)Qk‘l + (L fj,m)k - Ll(mm])le k— L](m]lanlm nk (28)

_ (7 (1,4) (2,3) (1,3) (2,4)
= Ly — Lgii Jark = Ly e + Lyg i i ttmk-
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Assuming that Lg?l’frzk, M; ;1 and L,(;ﬁznn are negligible, equation (28) takes
the form
(3,3) _ (7(1,4) (2,3) (1,3) (2,4)
Lz‘jkl Qu = (leij - leij )k — Lm‘j 9k + lekijQZ,mk' (29)
W hat it i ible to define the i £183 (L33 7 suen
e assume that 1t 1s possible to define the inverse o ikl ( hpji) , suc
that
3,3)\—17(3,3 3,3 3,3)\—
(ngpji)) le(jkl) = Lglpji)(Lz('jkl)) L= OniOpk- (30)

Recalling that if H;jp and M;j are two fourth order tensors, the double
inner product between them is defined by J;j11 = H;jnpMpnii, the inverse of
a fourth order tensor Lijkl is defined by (Lijhp)_lehkl = Lijhp(Lphkl)_l =
ditdjk, with 040, = ILiji, Iijii being the fourth order identity tensor (see
[33]). Multiplying both sides of (29) by (L;f;j’z ) ' and summing over i and
7, we derive the following expression for the internal variable Q

_ BT 1) 1 (23) (3:3)y 7 (1,3) (33)y "L (2,9)
Qph = (thji) (leij —Lyyi; )qhk_(thji) Ly qk+(thji) Lo i Qmk-

(31)
We derive (31) with respect to z, and z,, so that we deduce
3,3\, (1,4 2,3 3,371 (1,3
Qph,r = (ngpji)) (Ll(kij) - Ll(kz‘j))qhkw" - (ngpji)) Ll(cij )an"
3,3)y L (2,4
+ (ngp]z)) Ll(mk?ithmk“ (32)
33\ 1, (14 2,3 3,3\ 1 (1,3
Qphrs = (ngpji)) (Ll(kij) - Ll(kij))qhkrs - (Ll(zpji)) Ll(cij )q’ws
3,3\ 1 (24
+ (ngp]z)) Ll(mk)ithmkrs‘ (33)

Rewriting equation (27) as follows

: (1,1) 12)  ;(12) @2 (1 (1,3)
mijq; + Ly q; + (Lijk - iji )k — Ljikl Ak,lj = (T) = Lip, Qph

2,3) (1,4) 2,4
+ (Lgiph - Liphr )Qph,r‘ + Lgiph)erthS
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and using (31), (32) and (33), equation (34) takes the form

-1

. (1,1) 1,3)7(33) -1 (1,3) (1,2) (1,3)7(3,3)
mikdr + | Ly — Lipy (Lppim) Lkmj:| qk + |:Lilk + Liyi (Lypim)

-1 -1
(L(1,4) . L(2,3)) . Lg;fk)(L(S,B) ) L(1,3) . Ll(lif) +L(1,3)(L(3,3) ) Ll(jfh) Ak

lkmj lkmj hpjm Imj Imj hpjm
[ (1,3), 7 (33) 1, (24) 24) ,+(33) L (1,3 2,2 2.3), +(3,3) \ 1
+ Lz’ph)(LngjR@) Ll(rknj + Lkipi?r<thj7)n) Ll(m]) - Lv("zlk) B L7(“zph) (Lngjr)n)
1,4 2,3 1,4 33) 1, (1,4 2,3
(Lt~ 23 + L) @ - 1)
[ (14),(33)\ "L (24) (2,4) 33 71, (1,4 2,3
+ Liphr (thjn) leknj - Lmiphr(thj)z) (Ll(k:nj) - Ll(k‘nj))
2,3),+(3,3)\ 1, (2,4 2,4 3,3)\ "1 (2,4 1
_L1("iph) (ngp]'r)z) Ll(mk)nj:| qtkrm — ngp}BT(Lglpj%) Ll(mk)anl,krms - (T) S’
(35)
i.e.
Mk + L)y + <«4§zlk) + AR + A ) .k
1) (2 3 4
+ (Bz(zm + Bkizl + Bv(n'l)k + Bz(rl)k) Qi ker (36)
1
+ (Cz(:z)mk + Cr(ji)rlk + Cﬁ?l)mk) Q. krm + Dsirtmk QU krms = (T> E
where
1) 1,1) 1,3),+(3,3) v 1 ,(1,3
EEq)zk = Lgk - Lz(ph (thjm) Ll(cmj)7 (37)
1 1,2 1,3 33) 71, (1.4 2,3
(2) _ 14,733\ 1, (1,3
‘Aikl - _Lz(phlc) (ngp]r)n) Ll(mj)’ (39)
3 1,2 1,3 3,3) v 12,3
1 1,3 3,3\ (24
Bz(l'r)k = Lgph)(ngpggz) Ll(rkrzj’ (41)
2 2.4 3,3) v, (1,3
Bl(cizl = ngipfzr(Lngjz@) Ll(mj)7 (42)
3 2,2 2,3 33) L, (1.4 2,3
Bf«il)k = _Liilk) - Liiph) (Ll(lpjr)n) (Ll(km)j - Ll(lcm)j)’ (43)
4 1,4 33) 1, (1,4 2,3
Bz(rl)k = Lz(phr) (ngpjz@) (Ll(km)] - Ll(km)])’ (44)
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1 14), 73371, (24

Ci(rl)mk = Lz(phr) (Lglpjr)z,) Ll(mk:)nj’ (45)
@ _ 7@ ;63\ 23)

Cmirlk‘ - _Lmiphr(thjn) (lenj B lenj )’ (46)

C(Bl) L= _L(2:3;3 (L2373))71Ll(2é) A (47)
rilm Tip pIn mknj’

_ 724 733724
Dsirlmk - _Lsiphr(thjn) leknj' (48)

5.1 Anisotropic Guyer-Krumhansl equation

In the case where A =€) =D =0 (i =1,2,3) equation (36) becomes

. 1
Makde + L %uﬂk + (Bz(llr)k + Bl(jq)«l + Bﬁfz)k + B'L(:“ll)k) Bfer = <T> - (49)

)

We observe that the field ¢ 1, contains three different types of terms g, iy,

Qmm (M7, =1,2,3 and | # m) and qj - (I # k # 7). Furthermore, by

virtue of Schwarz theorem the terms of the type g;z; are only q123 = q1,32,

¢2,13 = @2,31 and ¢312 = @321 and the terms of ¢4, in which | = r are

included in the terms of the type ¢ mr (for example g121 = q1,12)-
Therefore, when the tensor ¢, assumes the special form

qlkr = Qm,mr6lk + q1,mm5kr7 (50)

from (49) we derive the following anisotropic Guyer-Krumhansl equation,
describing the behaviour of the ballistic phonons colliding with the boun-
daries of the medium, influenced by highly non-local effects characterizing
small-scale systems,

. 1
Mikqr + ﬁggquk + (ZT + BS)w) Qm,mr + R ql,mm = (T) o (51)

)

where
1 2 4 1 2 3 4
L = Bz(kzk + Blgzzk + Bz(rl)clw i = Bz(lk)k + Bl(cil)cl + Bl(czl)k + Bz(kl)k (52)

Assuming that it is possible to define the inverse of Eg%,

by (E(l)

(@)i

multiplying (51)

—1
), we obtain

TikGr + ¢ + (43”)—1 [(o%jr + Bgik)qm,mr + %?'ZQZ,mm:| = ATk, (53)

where

1 1
Tik = (LE;;]) mji and Ay = ﬁ(ﬁgilk) (54)
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are the relaxation times tensor and the thermal conducibility tensor, re-
spectively. The thermal disturbances have finite velocity of propagation.
For Guyer-Krumhansl equation in the isotropic case see [1], [28], [30], [31]
and [18].

6 A generalized heat transport equation derived
from (36) splitting q;

Splitting the field g;; in its deviatoric part ¢; 5 and its scalar part %qm,mdlk
we have:

- 1
Uk = Qi+ §Qm,m5lk (55)

so that we can write: )
ql,kr = al,kr + g%n,mrfslk‘ (56)

By virtue of (56), we have:

(Bzor)k + Bl + B + Bg}c) U kr = (Bz(llr)k + B2, + B + Bff?k) Q@ Jor
L. 2 3 4
T3 <Bz(k7)«k + By + Bl + Bi(rl)ck> Gm,mr
(57)

and equation (36) takes the form:

Mikqk + ﬁEéiqu@ + (‘Az(llk? + AR+ AR ) ik

- (Bl%“)k + B, + B, + Bz(:}l)k) @ jor

L /.0 2 3 4
T3 (Bz(kv)"k + B+ Bl + B lztk) Gm,mr

irlm. mirl rilmk

1
+ Dsirlkal,krms = (T) i- (58)

In the case where in (58) A® =€) =D =0 (i = 1,2,3) and the contri-
bution of the field g, is negligible, we obtain Guyer-Krumhansl equation
in the form
. 1 1/.a 2 3 4 1
e+ £+ 5 (B0 + B+ B+ B e = () (59
(2

)
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where only the contribution of the gradient of the divergence of q appears.
-1
Multiplying (59) by Eggﬂ) , we have
. 1) -1 |1 /L0 2 3 4

Tikqk + qi + (qu;z’j) ! [ (Bz(kv)"k + Bl(m)«k + Bfﬂzllk: + BEle) Qm,mr] = —AirTk,
(60)

where the relaxation times tensor 7;; and the thermal conductivity tensor

Aix, are given by (54).

6.1 Maxwell-Vernotte-Cattaneo equation

In the case where A® =BU) =¢c) =D =0 (i=1,2,3, j=1,2,3,4),
equations (58) and (36) become
1

72 Li- (61)

. 1
Mk + ﬁgq;ik% =-
-1
Multiplying (61) by (E(gji) , we obtain the anisotropic Maxwell-Vernotte-
Cattaneo equation in the form

TikGk + ¢ = —Nik Lk, (62)

where 7;; and \j; are given by (54). In this case the thermal disturbances
have finite propagation velocity and their own relaxation time. Equation
(61) can also be obtained from (59) when BY) =0 (j =1,2,3,4). For the
isotropic Maxwell-Vernotte-Cattaneo equation see [1], [18], [28], [29]). Equa-
tion (62) governs the motion of the diffusive phonons, that are subjected to
collisons with the core of the medium.

6.2 Fourier equation

In the case where m = AW = BUW) = ¢cl) = D = 0 (i =123, j=
1,2,3,4), equation (58) and (36) become
W 1

Lt = =75 T (63)
Equation (63) can also be obtained from (62) when the relaxation times
tensor is null and describes thermal disturbances having propagation velocity

-1
infinite. Multiplying (63) by (ﬁggﬂ) we deduce the anisotropic Fourier
equation
qi = —Xij T (64)

where \;; is given by (54)2. Equation (64) is valid at low frequencies and
large space scales.



A. Fama, L. Restuccia 49

7 Conclusions

In this article we focused our attention on anisotropic rigid heat conductors
and, using a theory formulated for isotropic media [1], we derived generalized
heat transport laws. One of our objectives was to put in evidence the flexibi-
lity and the large range of applicability of non-equilibrium thermodynamics
with internal variables, that with standard procedures permits to obtain re-
levant results without resorting to more elaborated approaches. A tensorial
internal variable of second order, influencing the thermal phenomena and
assumed as odd function of microscopic particles velocities of the medium,
was introduced in the thermodynamic state vector. Three-dimensional and
anisotropic transport equations for the heat flux were obtained as general-
izations of the classical Fourier law, that describes thermal signals at low
frequency, having infinite velocity and relaxation time null. In particular, the
anisotropic Maxwell-Cattaneo and Guyer-Krumhansl equations were carried
out, describing second-sound phenomena and ballistic motion of phonons
that have collisions with the walls of the medium, respectively.

Appendix

In this Appendix we give a representation of the conductivity matrix Lg,
that may be useful in numerical simulations. Entropy production (20) can
also be written in the symbolic notation

XaLapXp >0, (65)

where

{Xot=1a; aij; Qij; Qijpr =
={a1; @; a; ai,1 5 91,25 91,3 5 92,15 92,2 5 42,3 5 431 5 49325 433 ;
Q115 Qui2; Qi3 ; Qi21; Qu22 5 Q235 Q31 Qiz2; Q133 ;
Q2115 Q212 Q2135 Q221 ; Q2225 Q2235 Q2315 Q2325 Q233 ;
Q31,15 Q3125 Q3135 Q3215 @225 Q3235 U331 ;5 @332 ; Q33,3}
(=1,...,48),
(66)
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dk
xsp={ L 5o, ), (67)
o

le,n

and for L,g we introduce the following notation

3x3 | 3x9 | 3x9 3x27
A | b | 2| 2
9>2<31 9>2<92 9>2<9 9x27

|

ag} = 9x3 | 9x9 | 9x9 9% 27 (@,f=1,...,48).  (68)
LG | Lo | Lo | L

27%x3 27%9 27%9 27x27
(4,1) (4,2) (4,3) (4,4)
L Lpijkl Lpijkl Lpijlmn

3x3
where, for instance, Ll(.,i’l) indicates the generic element of a symbolic matrix
of dimension 3 x 3 and so on. Some symbolic sub-matrices that appear in

(76) have the following form

JACE Y CRVRYCBY

11 12 13
1,1 , , ,
R e @

(1,1 1,1 1,1
rigt Lyt LG
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L L Livs L) Li Lo Liv) Livs Li
Lyl Ly Liiy Linl Ly Loiw Ly Lui Lo
Lyl Ly L Lin) Liy Lsis Ly L Ly
LY Livn L Lisl Ligs L Lini L5 i
i = | LHh LG LG Gl L8R Y 189 fd
Lt Lin L Lsl Lign Lism Lios Lign Lok
Ll Lizn L Linl Ligs Ligs Lig L5 Lis
Lyl Lyiy Ligis Lusl Ly Lo Lvg Ligss Lisss
Lyl Ligis Lisy Ll L Lis Ll Lige sz,?,’g?ﬁ)

70

LR L L Lisl L L Lis L9 Lis
Lyl Lyis Livs Luiy) Loy Lot Lyval Livs Liiss
Lyil Livs Liny L§al Lim Lsis Lisl Lis L
Ll Ligs Livs L) Ligy L Ligy Livs Lis
I = | LhY LG LH LG LG LY LG Lh)
Lgil Lign L Loy Lin Lgss Ligw L Lis
L Lis L5 Ll Ligs Ligs Lisy Li5 Liss
Lyl Ligs Ligis Lyl Ly Lo Lig Ligsy Liss
Ll Ligis Lign LSl Lim Lis L L L%%’é”%

71
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1,2 1,2 1,2 1,2 1,2 1,2 1,2 1,2 1,2
Lgn) Lgu) L§13) ngl) L§22) ng:a) Lg:n) Lgsz) L§33)
(1,2) 1,2 1,2 1,2 1,2 1,2 1,2 1,2 1,2 1,2
Ly~ = Léll) Lé12) Lél?;) Lg?l) Lgm) L523) Lé31) Légz) L§33)
1,2 1,2 1,2 1,2 1,2 1,2 1,2 1,2 1,2

L:(m ) Lgu ) L§13) Lém ) L:Em ) ng:’)) LZ(’;SI ) L§32 ) L%?):s ))

72

1,3 1,3 1,3 1,3 1,3 1,3 1,3 1,3 1,3
L(111) L(nz) L§13) Lgm) Lgm) L§23) Lg:n) ngg) L§33)
13) _ 1,3 1,3 1,3 1,3 1,3 1,3 1,3 1,3 1,3
Ly~ = Lgn) L§12) L§13) Lgm) Lgm) Léza) ngl) Lg32) Lg:sz)
1,3 1,3 1,3 1,3 1,3 1,3 1,3 1,3 1,3

L:(m ) Lgn ) Lg13 ) Lém ) Lém ) L:(323) L:(a31 ) L:(a32 ) L%33 ))

73

L Ly Ly i) L LYy Lial Livs Lils
L Livy Lisy Lol Liss Liy Lis Lish Liv
Ui Liys Liss Lind Liss LV Lia Liss Liss
Lyl Lyiy Ly Loyl Livy Lsis Loisl Loy Lo
L9 = | Ly 199 D6l Le 1Sy IS L9 1fd L)
Lyl Lis Ligis Lyl Ly Lsgss Lussl Loy Lissg
Liwl Livs Liny Ll Lim Lins Lial Lis Lsis
Lpil Lisn Liis Lyl Lim Lgss Lisy iy Lis
Lgnl Ligis Lisis LSl Lis» Liws Ligsl L L%%’?%)
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(1,4)
Ly

L(1’4)

1112

L(1’4)

1113

(1,4)
Lo

1,4
L35

L(1’4)

1123

(1,4)
Livs

1,4
L35

L(1’4)

1133

(1,4)
Lign

1,4
LG

L(1’4)

1213

(1,4)
Ligon

1,4
L35

L(1’4)

1223

(1,4)
Ligs

1,4
L35

L<1’4)

1233

(1,4)
Lz

(1,4)
Lizis

L<1’4)

1313

(1,4)
Lo

(1,4)
Lizss

L<1’4)

1323

(1,4)
Ligs

(1,4)
Lizss

L<1’4)

1333

(1,4)
Ly

L(1’4>

2112

L(1v4)

2113

(1,4)
Ly

1,4
L$153

L(1v4)

2123

(1,4)
Lyys;

1,4
L4y)

L(1v4)

2133

(1,4)
Lo

1,4
LG

L(1v4)

2213

(1,4)
L3

1,4
LG)

L(1v4)

2223

(1,4)
Lo

1,4
LG)

L(1’4>

2233

(1,4)
L3

1,4
LG

L(1’4>

2313

(1,4)
L3

1,4
LG)

L(1’4>

2323

(1,4)
L3

1,4
LG)

L(1’4>

2333

(1,4)
Ly

L(IA)

3112

(1,4)
Lgyis

(1,4)
Ly

(1,4)
L3153

L(114)

3123

(1,4)
Ly

(1,4)
Ly

L(114)

3133

(1,4)
Lgony

(1,4)
Lys1s

L(1,4)

3213

(1,4)
Lo

(1,4)
Ly5s

L(1,4)

3223

(1,4)
Los1

(1,4)
Ly

L(lv4)

3233

(1,4)
Lz,

(1,4)
Lyz1s

L(lv4)

3313

(1,4)
Lz

(1,4)
Lizpo

L(lv4)

3323

(1,4)
Lz

(1,4)
Lyszo

1,4
Lizss




L(272)
jikl
rewrite (68) as follows

By virtue of Onsager-Casimir relations (14)-(18) the sub-matrices L
L(373) and L(474)

pijlmn

ijkl

Generalized heat transport equations

3x3 3%x9 3%x9 3x27
(1,1) (1,2) (1,3) (1,4)
Lik Likl Likl Lilmn
9%x3 9%x9 9%x9 9x27
(1,2) (2,2) (2,3) (2,4)
iji sz’kl sz‘kl L jilmn
{Laﬁ} =
9Ix3 9x9 9I%x9 9Ix27
(1,3) (2,3) (3,3) (3,4)
Lkij Lklz’j Lijkl Lijlmn
27%x3 27x9 27x9 2727
(1,4) (2,4) (3:4) (4,4)
Lkpij Lklpij Lk:lpij Lpijlmn

(1,1)
ik
are symmetric and we can use these relations to

Furthermore, from the form (21) for the entropy production, we can

write the matrix L,g as follows

| ) Ts) @y
1.1 1,2 1,2 1,3 1,4 14
Ly | Ly + Ly, 2L, Lijmn + Linim
9x3 9(><9) ( )9><9 2.9) ( )9><27 2.4)
22 2.3 2.3 2.4 2.4
(Los) L Lo + Lkl | Liitmn + Lijnim
aﬁ B 9%x3 9x9 9(><9) ( )9><27 ( )
3,3 34 3,4
0 0 Lijkl Lijlmn + Lijnlm
27%27
27x3 27x9 27x9
(4,4)
0 0 0 Lpijlmn
(,B=1,...,48).
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