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EVOLUTION OF CONVEX
HYPERSURFACES BY A FULLY
NONLINEAR MIXED VOLUME

PRESERVING CURVATURE FLOW*
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Abstract

In this paper we study the evolution of closed convex hypersurfaces
under the mixed volume preserving curvature flow in Euclidean space
with the speed given by reversed function that is symmetric and ho-
mogeneous of degree one. We prove that the hypersurfaces preserve
convexity under the flow, the maximum existence time is infinite and
the hypersurfaces asymptotically approach to sphere.
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1 Introduction

Let My be a smooth, strictly convex hypersurface without boundary. Sup-
pose My is given by a smooth embedding Xy : S* — My C R*!. Let
X; = X(.,t) evolving according to

0
aX(w,t) = k(z,t)v(x,t) (1)

X(z,0) = Xo(z)
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where k(z,t) = {F — h(t)}, W(x,t) is the matrix of Weingarten

1
W(z,1))
map of My = X(S") at the point Xy(z), v(z,t) is the outer unit normal

vector to My at X¢(z), h(t) is a global term to be specified and the function
F has the following properties:

i) FOWV) = f(k(W))where k(W) gives the eigenvalues of W and f is a smooth
symmetric function defined on the positive cone

IF'={k=(k1,.kp) ER":k; >0 foralli=1,--- ,n};

ii) f is strictly increasing in each argument that is g—é > 0 for each i =

1,--- ,n at every point of [';

iii) f is homogenous of degree one: f(ak) = af(k) for any k > 0;

iv) f is strictly positive on I' and normalized: f(1,1,...,1) =1;

v) f is concave;

vi) f is inverse concave that is the function fi(z1,...,z,) = f(a7',...,
is concave;

vii) f, vanishes on the boundary of T'.

Problems of this kind have been studied widely from different points of
view. Brakke in [6] studied the motion of surfaces by their mean curva-
ture using the methods of geometric measure theory. In 1984 Huisken in
[9] considered k(z,t) = —H(x,t), h = 0 where H is the mean curvature
of hypersurfaces and the initial hypersurface is convex closed. He showed
that in this case the flow has unique smooth solution in [0,T") where T is
a maximal time that the flow exists, and as t — T, the hypersurfaces M,
converge to a point. Moreover if M; is obtained from M; by a homothety
about the point p kipping the area of M; constant, then the hypersurfaces
M, converge to a sphere as t — 7.

When in 1 we let f(x,t) = H(x,t) and h = 0, where H(z,t) the mean
curvature of evolving hypersurfaces, the flow is called inverse mean curvature
flow, which is an important tool in general relativity. Huisken and Ilmanen
in [11] studied the inverse mean curvature flow in 3-dimensional Riemannian
manifold with nonnegative scalar curvature instead of R"*!. They develop
the theory of weak solutions and used it to prove the Riemannian Penrose
Inequality, that interpreted as an optimal lower bound for total energy of
the system measured at spacelike infinity in terms of the size of the largest
blackhole contained inside.

Huisken and Ilmanen in [12] also proved a sharp lower bound for the
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mean curvature under the inverse mean curvature flow for star-shaped sur-
faces, independently of the initial mean curvature. They also proved that
the solution of the inverse mean curvature flow is smooth if the mean cur-
vature bounded from below.

In 1991 Urbas studied the evolution of smooth closed uniformly convex
hypersurfaces in the case k(z,t) = f(x,t), h = 0, where f satisfies the condi-
tions (i) - (vii)([17]). He proved that the hypersurfaces remain smooth and
uniformly convex for all time and assymptotically become rounded. He also
studied the evolution of starshaped hypersurfaces when k(x,t) = f(x,t)7!,
where f has the properties (i)-(v) and obtained the same results [16].

Various flows with nonzero h(t) have been considered by different au-
thors. Huisken in 1987 also studied the volume preserving mean curvature
flow taking

B fMt Hdyp
fMt dp

Mixed volume preserving curvature flow for strictly convex closed hypersur-
faces has been studied by McCoy in 2005 in [14] in the case that the speed
of the flow is h(t) — FOWV(x,t)) where

fMt F(W)Ek—i-ldﬂ
fMt Ek:-i—ldu .

The preservation of convexity, short time and long time existence and asymp-
totically convergence to a sphere have been proved during the paper. He
also included some generalizations for the flow in [15] and extended some
of previous results when the the function F(W) is a homogeneous of degree
a > 0.

The mixed volume of a convex hypersurface M is written as

h(t)

h(t) =

{ Vol(®) k=-1
{(n+ 1)) [y Brdp k=0,1,...,n—1,
where ® is the (n + 1)-dimensional region contained inside M, 0® = M,

and Ej is the [th elementary symmetric function of k1, ..., x,, the priciple
curvature of M

> 1 =0
l:
Zl§i1<---<il§n Ri Rig - - - Ky, l= 0, ey,

Vn—k’(q)) =
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for k= —1and k =0, V,,_1 and V,, correspond to the volume and area of
M respectively.

We consider the general mixed volume preserving curvature flow and
prove the following theorem during the paper.

Theorem 1.1. Let My be a smooth, compact and strictly convexr hyper-

surface and suppose that F' satisfies conditions (i)-(vii), then the evolution

equation 1 with

o, FOV) ™ Badp
Jus, Brs1dp.

has a unique smooth solution My in [0,00) and if M, are rescaled hyper-
surfaces of My parametrized by X;(.,t) = e *X(.,t) then M;’s converge as
t — oo in the C°°— topology, to a sphere and the volume of V,_j of the
sphere is the same as My.

h(t)

(2)

In section 2 we state some definitions and some general time independent
results that will be required in other sections. In section 3 we prove the
short time existence of the flow using the theory of fully nonlinear parabolic
equations, we show that if the initial hypersurface My is strictly convex,
then then the flow 1 has a unique smooth solution in some interval [0,T)
where 0 < T < oo. In section 4 using Maximum Principle we prove that
the strictly convexity is preserved by the flow. Some corollaries also are
obtained. The aim of section 5 is proving the existence of the solution of
the flow in [0, 00). We use the method of support function for hypersurfaces
which Urbas used it in [17]. Some results from theory of fully nonlinear
partial differential equations are required in this section. We try to show
that the support function has uniform C%® bound which leads to long time
existence of the solution. Finally in section 6 using a parametrization we
prove that the hypersurfaces converge in a C'*° to a sphere.

2 Preliminaries

Similar notation as in [9, 16] will be used here. If M is a hypersurface as in
Section 1, the metric g;; on M; is given by

0X 0X



Evolution of convex hypersurfaces 97

the second fundamental form A = {h;;} is

02X 0X ov
o == (gt = (a0 g (at)).

the Weingarten map is W = {hé} with h} = g'*hy;, the mean curvature of
Mt is B '
H = g"hij = hj,

and the norm of second fundamental form is
|A]* = gY g™ highii,
where g% is the inverse of the metric gij- The Riemann curvature of hyper-
surface is given by
Rijii = hixhji — hithjp,. (3)
We also recall the Codazzi equations which say that

Vihji = Vjhy, = Vihij. (4)

Throughout this paper indices are summed from 1 to n and raised indices
indicate contraction with the metric unless otherwise indicated.

Let (F*) be the matrix of first partial derivative of F' with respect to the
components of its arguments that given by

0 .
EF(A +5B) |s=0 = F*(A)By.
Similarly for the second partial derivative of F'
5?2 o
wF (A + SB) s=0 = F ’TS(A)BMBTS.
We will use the notations
. of ; oy
FR) = o) and fy() = ()

The following two Lemmas will be required in next sections see [17] for proof.

Lemma 2.1. for any concave function f satisfying (i)-(iv) and for any
kel

S|

flw) < —H, (5)
T = trace(F*) = ka > 1. (6)
e
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Lemma 2.2. Let f satisfies (i)-(iv) and k = (K1,...,kn) € I' and suppose
that k1 < -+ < Ky, then

b= (1) > (s — ). (7)
1

Lemma 2.3. (/5]) Fore any flow of the form 1,

1 _ -
d/M Eldu:{ (l+1)fMt(F(‘] h)Ejt1dp 1=0,1,...n—1

dt
From this lemma we have
Corollary 2.4. The flow 1 preserves fMt Erdp.

Urbas in [16] and [17] used some norms and function space on S" and
S™ x [0,T) that will be needed here.
Let C*(S") is the Banch space of real valued functions on S™ which are -
times continuously differentiable with respect to z, and equipped with the
norm

B
||U”ck(Sn) = Z SU})W ul,
sI<k S

where 3 is a standard multi-index for partial derivatives and V is the deriva-
tive on S™.

For a € (0,1], let C* be the space of functions u € C*(S") such that the
norm

HUHC’%&(S”) = HUHck(Sn)
S =B
Viu(z) — Vu(y)

+ sup sup a
Bl=k z,yesSn |z —y

is finite, and |z — y| here is the distance between x and y in S"™. We de-
note by C*(S™ x I) the space of real valued functions u which are k-times
continuously differentiable with respect to x and [%}—times continuously dif-
ferentiable with respect to ¢ such that the norm

N
HUHok(Snxl) = E sup ‘V Diu
1Bl+2r<k ST
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is finite. Here [g] is the largest integer not grater than %

We also denote by C*<(S™ x I) the space of functions in C*(S™ x I) such
that the norm

H“HC’%“(S"XI) = ||“||ck(San)
V' Du(e, )~ V' Dyuly, 1)

+ sup sup
|B+2r=k (2,5),(y,t)ES™ I <|9: —yP s — t|) g
(2,5)# (1)

3 Short time existence

In this section we prove the short-time existence of the solution of the flow.
For any compact strictly convex hypersurface M the gauss map v : M — S"
is diffeomorphism. So we can reparametrize the convex hypersurface by the
inverse gauss map

X(z)=X@ t(x), zeS"
The support function of hypersurface M; is defined as fllows
s(z,t) = (X (z,t),z),

where x is outer unit normal to M; at X (z,t) for all ¢ in the interval of
existence. All information about the hypersurfaces can be obtained from
support function. The entries of W™, the matrix of inverse Weingarten
map, are given by
Tij = Vst + gijs, (8)

where V is the covariant derivative and g;; the standard metric on S™. See
[2] and [17] for more details.

We consider F, (W™t(rij)) = fiu(r1,...,mn), where r; = k% for i =
1,...,n, are the principle radii of hypersurface M;. We have the follow-
ing evolution equations in terms of r;;,

Lemma 3.1. The following evolution equations are hold,

0

5= Fi(rij) — h, 9)
%F* =LF.+ (F.—h) trace(F*), (10)
aﬁ'j = ﬁ?“ij + Ffl’pqﬁﬁpqﬁjrkl + (traceF*)nj — gijh, (11)

where L = Fflv,ﬁl.



100 G. Moazzaf, E. Abedi

Proof. The first equation is a result of the definition of support function and
and equation 1.
For the second equation we have

0 -0 0

Y9 — fii —pii <
ot “or T T gy

o /1
— FEVZ-VJ-F* + F:J (F - h) gij

(Viﬁjs + Sgij)

= LF, + (F. — h) traceF.

For the last equation we have

15) 0s 0s — —
=V,V Gii— = ViViF. +G;i (Fe — h
at ]8t+g]8t J +gj( )

= F* Vivjm + Ffl’pqﬁﬁpqvakl + Gij (Fx —h),

using formulas for interchanging the order of covariant derivative and the
relation V;rj, = Vry ([17],[4])we have

= FF(NeVirj — Rifyrmg — Rigrmt) FF PN irpgV i + Gij (Fi — 1),

o'
= Lrij + FF (= gud rmj + Gud rmg — Gij0 Tt + GrjO" i)
+ Ffl’pq@rpqvjrkl + ij (Fx — h)
= ﬁ?“ij + Ffl’pqvﬁpqﬁjﬁd + (tTaceF*)T‘ij — gijF* + Gij (F* — h) ,
thus the last equation holds and the Lemma is proved. O

We end this section by proving the short time existence for the equation

0s

a = F*(Tl'j) — h. (12)
Theorem 3.2. Suppose My is a compact and strictly convex hypersurface
that evolves under the equation 1 then the flow 1 has a unique unique solution
in a short time that is there is a 0 <T' < oo such that the flow 1 has a smooth
solution on [0,T).

Proof. From 8 we have
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Since the eigenvalues of r;; are r;, i = 1,...,n, then the eigenvalues of E are
g{ = fori=1,...,n (see [17] ) moreover we can write by direct computation
” 0 Yy
f*zﬁf*(rh"wrn):f fi>07
(2

therefore G is positive definite then we can conclude that the equation 12
is strictly parabolic and the short time existence and the uniqueness of 1
follows from the theory of nonlinear parabolic equation([13]). O

4 Preservation of convexity

Since the initial hypersurface is strictly convex and compact we have h;; >
eF'. In this section we prove that this inequality holds during the flow(probably
for another constant £ > 0 ). If r; are the principle radii of initial hyper-
surface then the inequality r; < cf holds for some ¢ > 0. We require the
following generalization of maximum principle accommodate to the elliptic
operator L.

Theorem 4.1. ([7],[3]) Let S;; be a smooth time-varying symmetric tensor
field on a compact manifold M satisfying

0
asij = aklvkvl&-j + ukkaZ’j + Nij,
where a* and w are smooth, V is a smooth symmetric connection and a*

1s also positive definite every where. Suppose Nijvivj < 0 whenever S;; <0
and Sijvj =0. If S;j <0 on M at time t =0 then S;; <0 on [0,T).

Theorem 4.2. If r; < cf, at time t = 0 for some ¢ > 0, then this is true
for any time that the flow 1 exists.

Proof. Let T;j = r;; — cFyg;; and T;; < 0 at ¢ = 0. Using 3.1 the evolution
equation for Tj;

0
ot
where N;; = Ffl’pqvirpqﬁjrkl + (tmceF*> Ty — h(1+ traceF)gij.
Suppose tg be the first time that 7;; has a null eigenvector in the existence
interval at point (zg,tp), then at point (zg,ty) we have

T;j = LT;j + Nyj,

Nijvivj = Ffl’pqﬁirpqﬁjrkwivj + (traceF*) Tijvivj —h(1 +traceF*)§¢jvivj.
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Using the concavity of f, the first term on the right hand is nonpositive,
the second term vanishes and the last term is negative using 6, so we have

Nijvivj < 0, then we have Tj; < 0 for any time that the flow exists. O
Remark 4.3. If we choose coordinates such that ri; = diag(r1,...,ry) then
it can be concluded that r; < Cf, foranyi = 1,...,n and then ryg <

C'f s0 we have Ky > C'f where O = %
Now we can state the following Lemma (see [4] for the proof).

Lemma 4.4. If f, approaches zero on OI' then for any C' > 0 there exists
C’" > 0 such that if r € I’ and Tymae < Cfy, then rye: < C'rpin

Remark 4.5. In view of Lemma 4.4 there is a C' > 0 such that kmaezr <
C'Kmin and this in turn implies that hij > eFg;; is maintained under the
flow for some € > 0 depending on n and M.

We end this section with two corollaries.

Corollary 4.6. ([2]) There are constants 0 < C < C depending on n, F
and My such that for any t € [0,T),

CId < F(W(z,t)) < CId. (13)

Corollary 4.7. ([14]), Fort € [0,T)
i) there is a ¢ = c¢(My, F) such that |Vs| < c,
it) there is a d = d(My, F') such that My C Bg(0).

5 Priori estimates and long time existence

Like [17] it is convenient to work with the scaling hypersurface M; = et M;
assuming § = e~ 's rather than s itself to find priori estimates. Using homo-
geneity of F' we have

0 . = o o .

ik F(Vij3+§i;8) — 5 — e 'h(t) (14)
in the remainder of this section s will denote the solution of the normalized
problem 14 rather than 12. In the following two Lemmas a lower bound and
also an upper bound for r;; that is required to derive long time existence,
will be proved.
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Lemma 5.1. The upper bound for the eigenvalues of ri; = ?Z-js + Gijs is
preserved by the flow. In other words if at t = 0 we have

Vijs + Gijs < Kgij,
for some positive K, then this remains true for all t € [0,T).

Proof. Let Tj; = r;j — Kgij; like [17] we find the evolution of r;; in terms of
s and its derivatives we have

0

prele Fu(rij) —s— e 'h(t), (15)
o _ - _
= Vis = FJViri; — Vs, (16)
ot
o o o _
— Vs = FFiY, s + FI9PIN 1y NViris — Vs, (17)

ot
Using standard formulas for interchanging the order of covariant differenti-
ation and the gauss formula ( see [17] for more details ) we have

FiiN iis = F9(Vijias + 201V ii8 — §ij Vs + gk Vas — gaViks).  (18)
Use of 18 in 17 we obtain

o _ o o L
avkls = F/Vijus + 29 FVijs — (traceFy)Vis (19)
+ g FVas — ga BV s + E7Niri; — Vis.

Using degree one homogeneity of Fy in 15 we have

B o . -
ut 78 = G Vigs + gri(traceF, — 1) — gue "h(t). (20)
Adding 19 to 20 we have
D) ) . -
arkl = Lry + 2gu Fy — (traceFy + 1)rig + F Vs (21)

— Filﬁiks + Fﬁpqﬁkrmﬁnj - gkle_th(t),
then the evolution of Tj; is given by %Tij = %rkl = LTy + Ny, where

Ny = 2gu Fy — (traceF* + 1)1 + FH Vs
— Fjlﬁiks + Fij’pqﬁkquvﬂ‘ij — gkle_th(t).
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Now suppose that v is a null eigenvector of Tj; at (xg,to) for some tg > 0.
Choosing coordinate at this point such that (ry) = diag(r1,...,r,) and

r; > r; with ¢ < j, the null eigenvector condition implies that the largest

eigenvalue of ry; is K with the corresponding eigenvector v and ryv* =

K giv* then we have

NvFo! < 2F, [v]? — (traceF, + 1)ryvfol = 2F,jv]? — (traceF, + 1)K gio*o!
= (2F, — (traceF, + 1)K)[v|?

using 6, we have at (x,t)
Ny < 2(F, — K) <0.
then the result follows from theorem 4.1. O

Corollary 5.2. F, < K where K is the maximum of r; at t = 0, for
1=1,...,n.

Proof. The result is concluded from the previous Lemma and the fact that
f+ is homogenous and increasing function. O

Corollary 5.3. h(t) < K, where K is the maximum of r; at t = 0, for
1=1,...,n.

Proof. Using definition of h and the existence of upper bound for f. the
result will be obtained. O

Lemma 5.4. Let s be the solution of 15 on S" x[0,T') then for anyt € [0,T)
we have

0<s(t) < max s(0). (22)
Proof. At a point that s attain a maximum we have V;js < 0 using or-
thonormal frame at such point and homogeneity of F, we have

%5 = F.(Vijs + 6ijs) — s — e 'h(t)

< Fu(6;58) — s — e 'h(t)
=—e'h(t) <.

Using Hamiltonian Maximum principle the right side of 22 is proved.
The left side of the inequality is a result of strong maximum principle. [J
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Now we prove a lower bound for the eigenvalues of r;; using the method
that Urbas used in [17].

Lemma 5.5. Let s be the solution of 15 on S™ x [0,T) then fort € [0,T) if
at t = 0 we have r;; > €d;; then this remains true for all t € [0,T).

Proof. Instead of proving lower bound for the eigenvalues of (r;;) we esti-
mate its inverse matrix. If we denote the partial derivatives 0bP?/0ry; and
?bP | Or Oy by Wl and b7 - then we have

o = -, (23)
Dt . = 7D BPRR B (24)
V,ibP = bV iy, (25)
ﬁijbpq = bZ‘l]Vijrkl + bﬁ;{mnﬁﬂmnvﬂ‘kl. (26)

Using 21, 23, 24 and 26 we have

9 P o . .

abpq = bz?aﬁd = — bpkbql(F:]Vikal 4+ 29 Fy — (tra,ceF* + I)Tkl + ijvils
— FiN s + F9™ 1 Vi — e hi(t)),

using 26 we have

) o . .
abpq = F:j (Vijbpq — bi(l{mnvirmnv]?nl) — prkbqlgle* + (traceF* + 1)bpq
— bpkbql(Fikﬁils — Filﬁiks) — bpkbquj:‘j,mnﬁkrmnﬁlrij + €_th(t)bpkbql§_]kl

= LT — 2F,bP*b9 G + (traceF, + 1)bP1 — bPRya (FL Vs — FLVis)
— WP T iy — FY (0P — pPRp I ey
+ e th(t)bP b gy (27)
By a directional computation it is proved that V;r;, = V;r;, which implies
bpkbqlﬁfj’mnﬁkrmnvlrij — FU (ppmphrpdt 4 bpkqubl”)ﬁirmnﬁjrkl
= bpkbql(pjj’mn + 2ijb7")ﬁkrmnﬁrij,
replacing to the 27 gives

aatbpq = LVP1 — 2F, PRV Gy, + (traceF, + 1)bP
— pPRpal(Frigmn 49 Iy Vs

— VPRV (F Vs — FiyVis) + P69 gre " h(t).
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If we set p = ¢ then
0

abpp = LV — 2F,bP* 0P g1y + (traceF, + 1)

— bpkbpl(ﬁfj’m” + szmbf”)mrmﬁmj
+ 0Pl ge h(t)
But it has proved in [17] that
(Em 4 20 )i > 0.

If we suppose that (b¥/) attains its maximum eigenvalue at a point like
with unit eigenvector & € S™, using a rotation on the orthonormal frame
el,...,e, at x; we may assume that & = e;, then we have

gtbn < 2F,(0')? + (traceF, + 1)b™ + e7th(t)(b'1)?

< —2(traceF,)b™ + (traceF, + 1)b' 4 e th(t)(b'1)?
< —(traceF, — 1)b™ + e th(t)(b'1)? < e th(t)(b)?
< Tmam(o)(bll)g — K(b11)2,

using maximum principle we have

1
bl < :
meel0) S e T K 0 0)

Since at t = 0, the following equality holds

1
bll — 0) =
max F&maﬂﬁ( ) Tmax(o) )
then we have
1 1 ;

1 _
bmaz(t) < el K

and this complete the proof a of Lemma. ]

From Lemma 5.4 and Lemma 5.5 we conclude the following Lemma to
get uniform C*® bound for s.

Lemma 5.6. ([17]) Let s be a solution of 14 on S"™ x [0,T]. Then for any

t € (0,T), any positive integer k and any « € (0,1) we have
[sllcr.esnxemy < Cs

where C depends only onn, k, &, Tmin(0), Tmae(0), t71, F and ||s]|c2sn xjo.1))-

Now following the Urbas method in [17] we can extend the time of solu-
tion to infinity and the long time existence of 14 is derived.
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6 Assymptotic behavior

In this section we investigate the assymptotic behavior of evolving hyper-
surfaces under the flow 1.

Theorem 6.1. Let M, :Ne*tMt are the rescaling hypersurfaces then as
t — o0, the hypersurfaces My converge in C*° topology to a sphere

Proof. To prove the theorem let 7;; = ﬁijs + 8gij — F'gij, then using 21 we
have

gtn-j = Lrij + 2gu Fy — (traceF* + Drgg + F*ikﬁils

— Fi Vs + EIPIN o, Vi — e thi(t)

— ﬁiijjﬁijF* — (traceF* — 1) F.gp

= L7 — (traceF* + 1)1 + ijﬁils - Fflﬁiks

+ FUPI o i — Grie Phi(t).

Consider the maximum eigenvalue of 7 over S™ at time ¢ is attained at point

x¢ € S™ with unit eigenvector & € T,,S™. By a rotation on the orthonormal
frame eq,..., e, we may assume & = e; at x;. Let k =1 =1, then

%7‘11 < Fi9V;5m1 — (traceF, + 1)111 — (traceF, + 1)e "h(t)
< —2m
The definition of 7;; implies
max|[rmaz (z,t) — fu(r(z,t))] < Cre™?, (28)
where r(x,t) = (r1(x,t),... 7, (z,t)) is the eigenvalues of V;;s+gi;s at (z, ),

Tmagz (2, 1) is maximum eigenvalue of V;js + gi;s at point (z,t), and Cy is a
positive constant depending on sg and f,. Using 7 we have

(rmam(x; t) - rmin(wv t)) < n016_2t, (29)

where 7in(,t) is the minimum eigenvalue of V,js + gi;js at point (z,t),
therefore for any = € S™ we have

dist(r(z,t),D) < Ce™*, (30)
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where D = {(r1,...,r,) € I'lr1 = --- = rp,}. Sincef, is smooth and the
eigenvalues of VUS + g;js remain in a fixed compact convex subset K of I
and also Baf; = = on D, then we have
af*
r(x,
e

1
t) — —| =< sup |D? f|dist(r(z,t), D) < Ce 2. (31)
n K
Using 5 we also have
falry, ..oy 7“7, = —trace Us + gijs) = lAs + s, (32)
n

and from 29 we obtain

1
—As+s— Ce ?'n(t) < f, (33)
and hence we have
1 0 1
~As— Ce —eTh(t) < G < ~As—e'h(t), (34)

since h(t) < K we have
1 /ot s
—As—C'e" < — < —As. (35)
n

Now suppose 5(t) = (1/[S"]) Jsu s(z,t)dx where |S"| = [, du. Integrating
35 over S™ gives

0s
—Cle™' < = <0. 36
R (36)
Integrating again over any interval [¢1,t2] C [0, 00) implies
0 < 5(t1) — 3(ty) < C'e M.

Since 3 is nonincreasing by 36 and bounded from below then s* = lim;_, 5(¢)
exists and

|5(t) —s*| < C'e™.
Multiplying 35 by s and integrating over S™ and using Poicare inequality
wehave

d 2 —
2 2<-Z | Vs g/ 5 — s,
dt Sn n Sn Sn

d d 2
dt/n(S—S)QZdt Sn’82 72‘ <—/n +206_t,

hence



Evolution of convex hypersurfaces 109

which implies
[ 5= <o (37)

for any « < 2. Using interpolation inequality ([17]) we have
Vsl < Culr,7)e ™, (38)
Sn

for any ¥ <~ < 2. By Sobolev embedding theorem on S™ (see [1], §2.7) we
have

* —k *
HS—S ”CZ(Sn) < (/Sn !V 3’24—’8—3 ‘2)1/2’ (39)

for any k > 1 4+ n/2. The convergence of s in C* norms to s* follows from
37, 38 and 39. So the hypersurface M; converge in the C'*° topology to a
sphere of radius s* centered at the origin. O
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