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Abstract

In this paper we have shown that if ¢ € (L?(dA,))* N L>(D) and
Ranger()a) is closed, then the Toeplitz operator Téa) e L (LZ(dAa))
is a Fredholm operator of index zero and T(;O‘) is not of finite rank.

Several applications of the result were also obtained. We further show
that if ¢ € L3; (D) is such that 7j; is Fredholm and of index zero in
L (Lg’cn (dAa)) then there exists ¥ € Epx, = E® M, such that Ty, sy
is invertible for all sufficiently small nonzero §. Here FE is a total sub-
space of L (D) and M, is the set of all n x n matrices with complex
entries.

MSC: 47B38, 47B32
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1 Introduction

Let dA(z) = tdady = %rdrd@ be the normalized area measure on the open

S

unit disk D = {z € C : |z] < 1} in the complex plane C. For a@ > —1, let
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dAq(2) = (a+1)(1—|2|>)*dA(2), z € D. Let L?(D, dA,) be the space of all
absolutely square-integrable Lebesgue measurable functions on . Let the
weighted Bergman space of the disk I, L2(dA,) be the subspace consisting
of all analytic functions of L?(D,dA,). The space L*(D,dA,) is a Hilbert
space with respect to the inner product defined by

(f. ) = /D [(2)9@dAa(z),  f.g € L3(D, dA).

The weighted Bergman space L2(dA,) is a closed subspace of L?(D,dA,) [4]
and hence a reproducing kernel Hilbert space with the reproducing kernel
given by K (z,w) = W, z,w € D. The orthogonal projection P,
from the Hilbert space L?(DD, dA,) onto the closed subspace L2(dA,) is given
by Paf(z) = Jp K@ (2,%) f(w)dAq(w). Let k. (w) = % The functions
k;Jri = \Z:igzwwju) = (31 |1%|,22))21I0‘2 are the normalized reproducing kernels
of L2(dA,). The sequence of functions {5 2 —} form an orthonormal basis
[13] for L2(dA,) where *yma = [|2")? = (a —|— 1) Jp |2]22(1 — |2]?)*dA(2) =

% ~ (n+1)7"L Let L>°(D,dA) be the space of all essentially
bounded Lebesgue measurable functions on D. For ¢ € L>°(D), define
llollo = ess sup {|p(2)] : z € D} < co. The space L*°(D) is a Banach space
with respect to the || - ||oo. Let H*°(D) be the space of all bounded an-
alytic functions on D and h°°(D) be the space of all bounded harmonic

functions on D. LQ(dA ) = L2(dA,) ® (LZ(dA@)O where (Lg(dA@)o =
{f € L2(dA,) =0}.

Given a function ¢ € L*°(D), we define an operator Té,a) on L2(dA,) by

Tsé(,a)f = P,(pf), f € L?(dA,). The operator Téa) is called the Toeplitz
operator on the weighted Bergman space with symbol ¢. Since the pro-

(a)

jection P, has norm 1, we have HTéa)H < |¢llo. We can write Ty

as an integral operator as, T(a)f = [pe(w VK@) (2, w0) f(w)dAg(w) =
Jo 1(22£($+sz04( ). Let L2(dAq) {f f € L2(dAs)}. The space 12(dAy)

is a closed subspace of LQ(ID) dA,). The little Hankel operator h<(75 @) with sym-
bol ¢ is defined by h f P.(of), f € L2(dA,) where P, is the orthogo-
nal projection from the Hilbert space L?(D,dA,) onto L2(dA,). Clearly,

RS < l¢lloc- Define Jo from L3(D,dA,) into itself by (Jof)(2) =
f(z), z € D. The operator J, is an unitary operator. For ¢ € L*>(D),
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define Séa) from L2(dA,) into itself by S f P, (Ja(¢f)). The operator
Sé}a) is a linear operator and HSéa) | < quHoo It is not difficult to verify that
h((ba) = JaSéa) . Thus we shall refer in the sequel, both the operators h((;‘)
and S(;a) as little Hankel operators on L2(dA,,).

Let Le®" (dAq) = L2(dAq)®C" and L3y (D) = L®(D)®M,, where M, (C) =
M,,n > 1 is the set of all n x n matrices with entries in C. The space
L2 (dAy),n > 1 is called the vector-valued weighted Bergman space. The
inner product on L2 (dA,) is defined as

903 s = [ () 9@herdAalo)

With this inner product L2 (dAg) is a Hilbert space. The norm defined
on L2C (dAy) is given by

1250 0,y = L N2

It is a closed subspace of L>"(D,dA,) = L*(D,dA,) ® (C” Let PC" de-
note the orthogonal projection from L2C" (D, dA,) onto L2 (dA ) For
¢ € LG (D), we define the Toeplitz operator Ty from L2 (dAy) into it-

self as Ty,f = PS"(¢f) and the Hankel operator H, from L%C"(dAa) into
n €L n n n
(L7 (440)) " = 125" (D, dAs) & L3 (dA,) as Hof = (I - PE")(@f).
For ¢ € L§; (D), define |[¢]|occ = ess sup.epl|¢(2)]|. If ¢ € LG; (D), then it
is not difficult to see that ||Ty| < [|¢|lec and ||Hy|| < ||¢]lc. This is so as
IP" ]l < 1 and ||T — PY"|| < 1.
For ¢ € L (D), we define the little Hankel operator Sy from L3¢ (dAy)
into itself as Sy f = PS"J7(¢f) where J? : L2C"(D,dA,) — L>C"(D,dA,)
is defined as JJ}f(z) = f(Z). The map J} is unitary. There are also
many equivalent ways of defining little Hankel operators. Let L2 (dAy) =
L2(dAq)®C". For ¢ € LS (D), define hy, from Lg™" (dA,) into La™" (dAa)
as hyf = P$"(¢f) where P$" is the orthogonal projection from L>C" (D, dA,)
onto LZ“"(dAy). Tt is not difficult to verify that hg = J}Ss.

Let L(H) be the space of all bounded linear operators from the Hilbert
space H into itself. Let LC(H) be the set of all compact operators in L(H).
The quotient algebra L(H)/LC(H) is a Banach algebra called the Calkin
algebra. The natural homomorphism from £(H) onto £L(H)/LC(H) is de-
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noted by 7. An operator T in £(H) is a Fredholm operator if 7(7") is an
invertible element of L(H)/LC(H). The collection of Fredholm operators on
H is denoted by F(H). It follows from a theorem of Atkinson [1] that, an
operator T in L£(H) is a Fredholm operator if and only if the range of T' is
closed, dim kerT is finite and dim kerT* is finite. Let F(L2(dA,)) be the
set of all Fredholm operators in £(L2(dA,)). The classical index j is the
function from F(L2(dA,)) to Z defined as j(T) = dim kerT — dim kerT*.

In this paper we have shown that if ¢ € (L2 (dA4,))tNL>*(D) and RangeTq(sa)

is closed, then Td()a) is a Fredholm operator of index zero and 7' is not of
finite rank. The organization of the paper is as follows: In section 2, we
establish certain preliminary results. We have shown that kerhéa) = {0}

if and only if Range h((;{) = L2(dA,) and k:erH?Eg = {0} if and only if

RangerEg = EJ where ¢ € L*(D), H, f € L2(dA,). We relate the con-
cept of common zero set and the rank of a Toeplitz operator. In section
3, we present the main results of the paper and some applications of these
results. We establish that if ¢ € (L?(dA,))T N L®(D) and RangeTq(sa) is

closed, then qua) is a Fredholm operator of index zero and T(z()a) is not of

finite rank. Further if ¢ € L3; (D) is such that Ty is Fredholm and of index

zero in L (LZ’Cn(dAa)> then there exists ¢ € E,x, = E ® M, such that
Ty+5y is invertible for all sufficiently small nonzero 4.

2 Preliminaries

In this section we present some elementary results that will be used in estab-
lishing the main results of the paper. We relate the kernel of little Hankel
operators and intermediate Hankel operators with the kernel of their ad-
joints. We relate the concept of common zero set and the rank of a Toeplitz
operator. For p > 0, let Eff = span{|z|**z",k=0,...,p; n=0,1,2,..}. For
p > 0, the spaces E}} are closed subspaces of L2(dAg). For ¢ € L>(D),

we define the intermediate Hankel operator Hfg : L2(dA,) — Ey by
Hfg (f) = Pzga)(gbf), f € L2(dA,) where PISO‘) is the orthogonal projection

from L*(D,dA,) onto ES. Notice that L2(dA,) € ES C ((L2(dAa))o)*
where (L2(dAy))o = {g € L2(dA,) : g(0) = 0}.

Lemma 2.1. Let ¢ € L*°(D). Then kerh((z)a) = {0} if and only if Range héa) =

L2(dAs).
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Proof. Observe that (Séa))* = S(ﬁ) where ¢7(2) = ¢(z). Tt is easy to see

that f € kerS( ) if and only if f* € kerS( ) This implies if kerS = {0}

then ker (S;a)) = {0}. Thus Range Sé)) = L2(dA,). Conversely, if

W = L2(dA,) then ker (S(a))* = {0} which implies k:erSéa) =

o
{0}.
Clearly hl'f = 0 for f € kerh". This implies JoS" f = 0 which fur-

ther 1mphes Sé) )f = 0. Thus fJr € kerS’(gﬁ). Hence Jaf+ € k‘erSéﬁJa =
ker (hf;“)) as ST, = (JaSéa)) - (hf;”) . Let g € L2(dA,) and

g € ker (h((f))*. This implies J,g € ker (S;a)y. Hence (J,5)" € hgba).
Therefore, (J,g)" € h((ba). That is, g € k‘erh(a) Thus if f € L%(dA,) then

fe kerh((z)a) if and only if f € ker (h((z)a)> Hence k‘erh = {0} if and only
if ker (h((ﬁa))* = {0} and this is true if and only if Range h((;“) = L2(dA,).
The result follows. O
Lemma 2.2. Let H € L%(dA,) and assume that f € L2(dA,) is not a
. Ea . . Ea @
polynomial. Then k:erH?I’; = {0} if and only if RangeHﬁZ = Ep.

Proof. Notice that

* Y —
k‘erH?Hp ={g€ E,: P.(fHg) =0}

D ker (h(;g)*

={g € Li(dAa) : Pa(fHg) = 0}

If k‘erH; = {0} then ker (h;H> = {0}. Hence kerh = {0}. Since for
h e L2(dAs), H T = h(a)h + P, [(FHR), we obtain k:erH?I’; =

{0}.
Now suppose kerH?Ep {0}. This implies kerhﬁ = {0}. Because if

kerh(ﬁ; # {0} then [5], [6], [7] there exists an inner functlon Ga € L2(dA,)

ae(LQ(dA

such that G, € kerh(ﬁ;. That is, h%}Ga = 0. This is so as kerh%}r =

kerS%g is an invariant subspace of z. Observe that for ¢p € L*°(ID), hl(f)Tz(a) =

hfpo;) and (Tz(a)hfpa)> = (hl(/}a)) 7 = 5’1(;) + JaTZ(a). Further for g €
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L2(dAa), S0 JaTg = 813 (Ja(20)) = Pa(Ja(¥2Jag)) = Palbzg) =
(h(o‘)> g. Similarly one can show that <Tz(g)h1(;‘)) = (h(oi) ) for all k =

Yz Yzk
(@ — il (a) 7 (@) - (@) *_
0,1,...,p. Thus hYHGa = 0 implies (Tzk h?HGa) = 0. Hence (h?HGaz’f) =
0. This implies ) =0 for all k = 0,1,...,p. Hence fHG,Z* €

FHG.Z*
1 _
(Lg(dAa)) . That is, (FHG.3*,75G) = 0 for all g € L2(dA,) and k =
0,1,....p. Thus fHG, € (Eg‘)J-. Hence kerH?Eg # {0}. Thus kengg =
{0} implies kerh(?ab)[ = {0}. Hence ker (h(;g)* = {0}. This implies k:erH;f[g =
{0}. Because if kerH;? # {0} then there exist 0 # g € E;Y N L> such that
FHg € (I2(dA))*. That is, fHg € (I2(dA,))*. This implies A% =0

JfHg
and therefore /@erh(fcﬁ D gLZ(dAs) N L2(dAs) # {0}, € ES NL® = H™.
ES . . * B
Thus k:erH?I’; = {0} if and only if k:erH?Hp = {0}. O

If N is a subspace of L2(dA,), let Z(N) ={z€D: f(z) =0 for all f €
N} which is called the zero set of functions in N. Here if z; is a zero of
multiplicity at most n of all functions in N then z; appears n times in
the set Z(N) and they are treated as distinct elements of Z(NN). In the

following proposition, we have shown that if ¢ € L>°(ID) is such that T d()a) is

a finite rank Toeplitz operator and Card Z (ker (qu()a)r) = Rank of Tq(sa)

then ¢ = 0. With the following result we begin to link the ideas of subspaces
and zero-sets.

Proposition 2.1. If N is a subspace of L?(dA,) of finite codimension in
L2(dA,) then

Z(N)={z€D: f(z) =0 forall f € N}
s a finite set.

Proof. Suppose Z(N) is an infinite set. Let {2;}32; be distinct points of
Z(N) and let f1, fa, f3, ..., fn be functions in L2(dA,) such that

fi(z1) = ... = fi(zi-1) =0, fi(2) = 1 forall ¢ >2.

For example, we could take the functions (f;) to be the polynomials. Then
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f1, f2, ... are linearly independent modulo N i.e. if

arfi foafo+ .. +anfp €N

where a1, ag, ...,a, € C then a3 = ag = ... = a, = 0. This contradicts the
assumption that N has finite codimension in L2(dA,). Since each zero of
an analytic function has finite multiplicity, the result is proved. ]

Let k:l 2 be the normalised reproducing kernel for the Bergman space
L2(dA,). When |z| — 1, k: ) weakly and the normalised reproducing
kernels k& te ,z € D span L2(dA,) [13].

Theorem 2.3. If ¢ € L>®(D) is such that Tq(sa) is a finite rank Toeplitz
operator and Card Z <ker (Tq(sa))*) = Rank of Td()a) then ¢ = 0.

()

Proof. Suppose qua) is a finite rank. Then RangeT¢ is finite dimen-

sional and is a closed subspace of L2(dA,). Let n = dim RangeT (z()a).
Thus ker (Tq(f‘)>* = (RangeTq(f“))L has finite codimension. Therefore by
Proposition 2.1, Z (kzer (Td()a))*), the common zero set of ker (Td()a)r is

a finite set. Without loss of generality, we shall assume the elements of
* *

Z (k:er (Td()a)) > are distinct. Suppose Z (ker (T(z()a)) ) = {ay,az,....,an}.

Here a1,as,...,a, are all distinct. Then ker (T;)a)> C {f € L2(dA,) :

fla;) = 0,i =1,2,...,n}. But {f € L2(dA,) : f(a;) = 0,i = 1,2,...,n} =

a 1

{fGLZ(dA ) <f7k1+2> :07i:]‘727"'7n}: {kij27ki:27 k1+2} ’

a s\ L
Thus sp{k 2 k1+2,...,k;12} C (ker (T(;(SO‘)) ) = RangeT{éa). In case

of repeated zeros (if a is a zero of order m, say) the derivatives of the cor-
responding reproducing kernel up to order m — 1, i.e., kcll+2 , ;alirz .
% e are included in the spanned set [7]. Now since Ranger() *) has
dimension n and kal 2 kzij a,.. ki: 2 are linearly independent therefore
RangeT(z() @) sp{k‘ijZ k(ll: ,...,k:1+ } Thus k‘er( q(s )>* = {k‘al 2 k1+2,

ay Ll
.,ki:Q} ={f € L}(dA,) : f(a;) =0,i = 1,2,...,n} is an invariant sub-
space of the Bergman shift operator T defined on L3(dA,). Since qua)

*
is finite rank implies (qua)> is finite rank therefore one can show that
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kerqua) is also an invariant subspace of L2(dA,). Let P be the set of

all polynomials in L2(dA,) and M = k:erTan). Since RangeT( *) has di-

mension n, therefore Td()a)l,Td()a)z, ..,Tq(sa)z” are linearly dependent. This

implies there exists a non-zero polynomial p of degree at most n such that

Téa)p = 0. That is, ¢p € (L2(dA,))*. Using the facts that codimension

of M is finite, and Tz(a)M C M, it follows that P N M is a nontrivial
ideal of P. Since P is a principal ideal ring, there exists ¢ € P such that

PNM = P, see [8]. Thus, T( )g = 0 for all polynomials g € P. This
implies T(;Z‘)zk =0 for all kK > 0. That is, ¢q € (ZF¥L2(dA,))* for all k > 0.
Hence ¢q € Np>0(ZFL2(dAL))t = (Up>0Z*L2(dA,))*t. Therefore, it follows
that ¢q L ZF2™ for all k,n > 0. Now, ¢q € L>® C L? implies that ¢g = 0.

Thus ¢ = 0 except at the zeros of ¢ which is a polynomial of degree at most
n. Hence ¢ =0 as ¢ € L>°(D). O

For z and w in D, let ¢.(w) = {=5. These are involutive Mobius
transformations on D. In fact

1. ¢, 0 ¢ (w) =w;
2. :(0) = 2,0:(2) = 0;
3. ¢, has a unique fixed point in D.

Given z € D and f any measurable functlon on D, we define a function

U.f(w) = + 2(w) f(¢p,(w)). Since ]k \2 is the real Jacobian determinant
of the mapping ¢, (see [14]), U, is easily seen to be a unitary operator on
L?*(D,dA,) and L2(dA,). Tt is also easy to check that U = U,, thus U, is

a self-adjoint unitary operator. If ¢ € L>°(D,dA) and z € D then U T(a) =

;3) U.. This is because PoU, = U.Py and for f € L2(dAa), Tyo) U.f =
M ((f G )ks E) = Pal(00:)(Fodo)kt 2) = Pa(Ux(61)) = UsPa(0f) =

f . Let Aut(ID) be the Lie group of all automorphisms (biholomorphic
mappings) of D, and Gy the isotropy subgroup at 0; i.e., Go = {¢p € Aut(D) :
¥ (0) = 0}. Notice also that ¢,(z), as a function in a, is one-one and onto
for any fixed z in D.

Proposition 2.2. If ¢ € L>®(D) then T( @) s finite mnk if and only if T ¢O¢
1s finite rank. In this case Rank of T( ) = Rank of T ¢O¢
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Proof. Notice that f € kerT (@) if and only if U, f € kerT 7). Further since

podz"
U, is unitary, dimker (qu )> = dimker (Td(m;z) . Thus dim Ranger()a) =
codim ker <T q(;x) > = codim ker (T;S;J = dim RangeT(;g; O

For ¢ € L®(D), let ¢(z) = <T¢()a)ki+%, k;Jr%), the Berezin transform of

¢. It is easy to check that (Héa)>* H(;a) = Tﬁ;“g - nga)Tq(so‘) (see [13]). The
following also holds.

Proposition 2.3. For 10) 6 L>®(D), MO(¢)?*(z) = \?ﬁgﬁ(z) - |¢§(Z)|2 =

(@) 145 [
e
Proof. Observe that
a), 1+2 1+
|2 | = = P )| = 10 = POUL(6 0 02)]

- ||UZ(I_P01)(¢ ¢Z)H = ”(I_ Pa)(d)od)z)n = HQZ)OQZ)Z - Pa(¢o¢z)|| :
Similarly, we have

HH 1+2

= [0 9. = Pa(@og)l| = ||0 0 6 — Pal@o02)] -

Since ¢(z) = Pa(¢ 0 ¢.)(0) and Pag(z) = g(0) for any g € L2(dA,) and all
z € D, we have

MO(8)%(2) = |9]2(2) — |6(2)?

= [|¢ 0 ¢. — Pa(d 0 ¢.)(0)|”
= [l 0 ¢ — Pald 0 :)|> + | Pald 0 2) — Pa(d 0 6.)(0)|?
= DR || Pato 0 62) — PaGo 6 0)

I
T

é‘l)kz + Pa((ﬁoéz—m)”
éf‘)kz t||eoe. - Pa@oen)|

a 2 a2
éa)k, + H(a) i+2

IA
T

I
T

N @
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Proposition 2.4. If T € £(L2(dAy)) and <Tki+%, ki+%> —0forallzeD

then T'= 0.

Proof. Define po(T)(z) = <Tki+%,ki+%> for all z € D. If po(T) = 0

identically, then also (K%, K¢) = K (z,2)pa(T)(z) = 0 identically where
K¢ = Ku(.,2z) is the unnormalized reproducing kernel. Thus the func-
tion F(z,y) = (K%, K); which is holomorphic in z and y, vanishes
on the “anti-diagonal” x = y. Passing to the variables u,v defined by
xr = u+iv, y = u—iv, we get a holomorphic function G(u,v) of u,wv,
which vanishes when u, v are real. Thus F(z,y) = G(u,v) = 0. Thus even
<TK£‘,K5‘> = 0 for any x,y. Since linear combinations of K,z € D are

dense in L(L2(dA,)); it follows that T = 0. O

Notice that if for all z € D, Py(¢ o ¢.) = Pa(¢ o ¢.)(0) = 0 then
Uk = UTO01 = T 1 = 0. Hence Tk:"2 = 0 for all
z € D and therefore <qua)ki+%, k;+%> = 0 for all z € D. By proposition

2.4, Td()a) = 0 and thus ¢ = 0.

3 Fredholm Toeplitz operators of index zero

In this section we prove the main results of the paper. We have shown
that if ¢ € (L2(dA4))* N L>®(D) and ?z)mgequa) is closed, then qua) is a

Fredholm operator of index zero and T¢
show that if ¢ € L35 (D) such that T € F (LZ’C"(dAa)> and j(T;) = 0,
then there exists 1 € Ej, x5, such that Ty, sy is invertible for all sufficiently
small nonzero 9.

For 1 € L®(D), define B(g) L L2(dAy) — (L2(dAn))* as Bg“) ;=
(I — Qa)(1)f) where @, is the orthogonal projection from L?(ID,dA,) onto
L?(dA,). The operator B(Ea) is well defined and it is easy to see that

is not of finite rank. Further we

n—k+lon—-k ; .

Q (ank) _ Tnt1 F itk <mn;
« k—ntl k—n  {f L >n
k+1 = "

Further we can verify that BY(z%) L B (29) if j # k and if ¢ =

Z arz®, as, # 0 (that is,ap = ... = az,_1 = 0 ) then Béo‘)(z”) = Z ag:

k=s0o k=so
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B (2%). Tt is shown in [12] that if ¥ and  are two functions in L2(dAg)

z

such that ¥(0) = 0 = 2(0) then the operators B\(I,a) and Bg‘) are not of
finite rank in L?(dA,). In fact the set {B\(I,a) (7”)}19 , is linearly indepen-

dent for all p > 0 and the set {B(ﬁa )(Zk)}Zﬂ is linearly independent for all
p>0.If g€ L2(dA,) and g = ¥ + Q, where ¥ and 2 are from L2(dA,)
then B(ﬁa) = Bg(za)’Lg(dAa) is of finite rank if and only if Q = 0 and sim-
ilarly B\(I/a) = Béa)|m
that for f € L2(dAg), B%a)Li(dAa) - B%O‘)Lg(dAa) and we shall also write
B%a)\Lg(dAa) - %‘“). Thus B}‘*) L L2(dAy) — (L2(dAg))* is defined as
B%O‘)h = (I — Qu)(Fh) for all h € L2(dA,) and kerB%‘) = {h € L2(dAy) :
fh e L2(dAa)}.

is of finite rank if and only if ¥ = 0. Notice

From [2], it follows that if f is not constant, kerB%a) =sp{l}. If f =

constant then k:erB%a) = L2?(dA,), hence B%a) = 0. Now (B%a)y maps

(L2(dAg)) ™" into L2(dA,) and (B%))* k= Po(fk) for all k € (L2(dAy))
It therefore follows that for f € L2(dA,),

Range ( BL‘”) f_ {0} Tf f = constant;
! (sp{1})* if f # constant.

1

Theorem 3.1. If ¢ € (L3 (dA,))t N L>®(D) and Ranger()a) is closed, then
(@)

qua) 1s a Fredholm operator of index zero and T¢ is not of finite rank.

. o a)\* 1
Proof. Given that ng 1= <T¢(> )) 1 =0, hence ¢ € (L3(dAy))". If ¢ €
L*>°(D) then it is not difficult to verify that S(Ea) = 0 if and only if ¢ €
L
(Lg(dAa)) . Thus 8% = 0 and Sf = 0 for all f € L2(dA,). Hence
_ SN
(6f) € (Lg(dAa)) for all f € L2(dA,) and

ker (T7) = {f € 12(dAa) - (3f) € (F(dAx)*

_ {f € L2(dAy) : (6f) € (L} (dAa))

)
B
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Thus

): (81) € (Li(dAa) " }
): {(¢f,g) =0 for all g € Lj;(dAq)}
={f € L(dAa) - (4, fg> =0 for all g € L} (dA,)}
): (&,
)

Case-1: Let f € L2(dA,) be a polynomial of degree k > 1 and H(z) =
21 € 12(dA,). Then fH € (EO‘)L for all p > 0 and H ” = 0. Since

f2k ¢ (EZ?‘)L, and k‘erH? is an invariant subspace of z, hence k:erH?” =

2M112(dA,). Therefore H;ig =0 and kerH;flg =ZM1ES for all p > 0.

Now
ker (B](ca ) { € (Lj(dAa)) " : Palfg) = 0}
= {g e (T}(A))* : fg € (TR(dA)*}

and /cerH;E’c’x ={g€Ey: fge (Li(dA) )-}. Hence ker (B(a ) NEy =
kerH;Eg N(L2(dAs))* and therefore

o (5 = Y o (07 115
= U (keerS™ N(ZR(a42))")

p>0

— (U kerH;Eg> (}(L%(alz‘la))L

p=>0

- (U zkHEg) N(ZREA)* = {0},

p=>0

Thus if ¢ € (L2(dAq))* and ¢ # 0 then (B%l))* b 0.
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Case-2: If f € L2(dA,) is a constant, then B;O‘) = 0 and hence
(B%a)y = 0 and therefore <B§O‘)>* ¢=0if ¢ #0.

Case-3: If f € L2(dA,) is not a polynomial then fg ¢ (E;“)l for
any g € L2(dA,), g # 0, p > 0. Hence k:eerEg = {0} and therefore

by Lemma 2.2, we obtain ker H:% = {0} for all p > 0. This implies
(@\* By f2 L (@))* =
a _ *Lup o a .
ker <87 ) = |>O| (kerH? (Ly(dAs)) ) = {0} and (B? ) o # 0 if

b=
$ € (L3(dA,))" and § # 0.

Thus from the above three cases, it follows that

ker <Tq(5a)> "

{f e L2(dA,) : <$, B%a)g> —0forallge L%(dAa)} .
- {f € L2(dAy) : (B%))*a - 0} .

_ L2(dA,) if ¢ = 0;
sp{1} if ¢ # 0.

Hence either ¢ =0 or qua) is not of finite rank.

Notice that if ¢ € (L?(dA,))g then Pog = (Pa¢)(0) = b, a constant.

Lemma 3.2. Let L be the vector space consisting of all square matrices of
order k that are singular. Then there is a sequence of elementary operations
(row and column operations) which when applied to the matrices of L results
i a set of matrices all of which have entry zero in the same position.

Proof. We shall use mathematical induction to establish the Lemma. As-
sume the Lemma is valid for matrices of order < k. Notice that if A € £ and

A # 0 then A can be written in the form A = Lrxr Osxs by elementary

OT‘XT OSXS
row and column operations where r +s = k,r > 0,s > 0. Without loss

of generality, we shall assume to begin with that A € £. Let B € £ and
assume B = (Bll Bl?) where Bj; and By are of order r and Bio and
Ba1 B

Bay are of orders s. Then det(B+ AA) =0 for any A € C. Now det(B+ \A)
is a polynomial in A whose highest coefficient is detBso. Hence detBoy = 0
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for any B € L. This implies that the set of lower right hand blocks of the
matrices of £ is a vector space of singular matrices of order < k. Using
our induction hypothesis, we obtain that there is a sequence of elementary
operations which when applied to these blocks results in a set of matrices
all of which have entry zero in the same position. The lemma follows.  [J

Let X be a Banach space and X™* be its dual space. A subspace M of
X* is said to be total if for every 0 # x € X there is an f € M such that
f(z) # 0. Let E be a total subspace of L>°(ID) (thought as a set of linear
functionals on L'(D,dA) ). Let Enx, = E ® M,, and A = {Ty: ¢ € Enxnl}

Theorem 3.3. Let ¢ € LG} (D) such thatTy, € F <LZ,C” (dAa)) and j(Ty) =
0. Then there exists 1 € Epxy such that Ty sy is invertible for all suffi-
ciently small nonzero §.

Proof. First assume that there exists no 9 € FE,«, such that Ty, s, is in-
vertible for all sufficiently small nonzero §. We shall show then that there

L n
exists 0 7 f € kerT, such that Ty f € (kerT)) . Let Ty € F (L3 (dAa))
and j(Tyg) = 0 where ¢ € L3 (D). Let o € L3 (D). Then Ty sy also
belongs to F (LZ’Cn(dAa)> and j(Ty4s5p) = 0 for sufficiently small 6. If

Ty+sy is not invertible in £ <L3’Cn (dAa)) then ker(Ty4sy) # {0}. Hence

for each sequence (d,),-; tending to 0, there exist vectors [, satisfying
I fs, | =1and Tyys,4f;, =0forallneN. Let f; =g, +h; g, €kerTy
and h; € (kerTy)™. Then Tyis,4f; = O implies Tyhy = —6,Tyf; .
Therefore Tyh; — 0 and by the invertibility of T} as an operator from
(kerTy)* to RangeT, we obtain h; — 0. Since kerTy is finite dimen-
sional, there is a subsequence of g, which converges to a vector f. It
is not difficult to see that f € kerTy and | f|| = 1. Moreover, since
each Tyf, = —0, 1T¢ [, € RangeTy and RangeTy is closed, we have

1
Tyf € RangeTy = (kerT%‘) . Now assume that T} is Fredholm and

§(Ty) = 0. Assume dim kerTy = dim kerTj = n < co. Let {f1, f2, ..., fa}
be a basis for kerT, and {g1,g2,...,9n} be a basis for k‘erT;. Suppose the
conclusion of the theorem is false. From the first part, it follows that for
each Ty, € A there is a nonzero vector f = > a;f; € kerT, such that
(Tyf,9;) =0, j =1,...,n. Hence for all Ty, € A the n xn matrix ((Ty fi, g;))
is singular. Since A is vector space, the set of all such matrices is also linear
and Lemma 3.2 can be applied in this setting. But any set of elementary
row and column operations applied to these matrices has the effect of simply
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replacing the independent sets { f;} and {g;} by other independent sets { f;}
and {g}}. Thus from Lemma 3.2 it follows that for some such pair of indepen-

dent sets and for some fixed ¢ and 7, <T¢fi’, g;> =0 for all Ty € A. But this
is not possible for the following reasons. Notice that A= {Ty : ¢ € E,xn}.

Let9 7& f - (flvaa"'afn) S L%CH(dAa) and 0 7& g = (915927"'7971) S
L2%"(dAy). Then there is a ¢ = (¢ij) € Enxn such that (Ty f, g) # 0. Since

n
PL"g = g, we obtain (¢f,g) # 0 or Z /@bijfjgi # 0. There are indices 1o,
i,j=1
Jjo such that f;, # 0, gi;, # 0 as f and g are nonzero vectors in 2 (dAy).
So [3] the product f},gs, is not almost everywhere equal to zero. Hence we
can find v;,j, belonging to E such that [ ;yj,fj0Giy # 0. Set v;; = 0 if
i # ig or j # jo. This defines a 1 such that (T f, g) # 0. Thus we obtain
there exists ¢ € Ej,xy such that T, sy is invertible for all sufficiently small
nonzero 9. ]

Corollary 3.1. Let ¢ € Cp, (D) = C(D) @ M,. The space of invertible
Toeplitz operators in T = {Ty : ¢ € Cpn, (D)} is dense in the space of
Fredholm Toeplitz operators of index zero in T.

Proof. The proof follows from the Theorem 3.3 as C(D) is a total subspace
of L>*(D). O

Corollary 3.2. Let ¢ € (Li(dAy))™ N L>(D) and suppose RangeTéa) is
closed. Then either T;a) 1s 1nvertible or qua) = W@ 1+ F@) yhere W@ ¢

L(L2(dAy)) is invertible and is not a Toeplitz operator and F®) is a nonzero
finite rank operator in L(L2(dAy)).

Proof. From Theorem 3.1, it follows that qua) is Fredholm and of index

zero. Now there are two possibilities. Either qua) is invertible or T(z()a)

is not invertible. Suppose qua)

qua) = W@+ F(@) where W(® is invertible and F(®) is a finite rank operator
in L(L2(dAy)). If F(® =0 then qua) = W@ is invertible. If F(®) 2 0 and
W) = () for some ¢ € L(D). Then F(® = T\ — T(* = 7,
is a finite rank Toeplitz operator in £(L2(dA,)). From [9] it follows that
F(®) = 0. But F( #0. Thus Ty") = W+ F© where F() € £(L2(dAq))
is a nonzero finite rank operator and W(® € £(L2(dA)) is invertible and
is not a Toeplitz operator. The corollary follows. O

is not invertible. It follows from [11] that
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Corollary 3.3. If for ¢ € L>*(D), T s invertible and P € Co(D) (con-

¢
tinuous functions on D vanishing on the boundary) is such that qu(i)w 18

one-one, then ngi)d} 1s invertible.

Proof. Notice that for ¢ € Cy(ID) the Toeplitz operator Tf) € L(L2(dA,))
is compact [13]. Given that T(z()a) is invertible. The result follows from
[10]. O

Corollary 3.4. Let ¢ € (L%(dAy))t N L>®(D). Suppose
(0)y _ (@) 2 ()
AT = inf ST+ f € LA NfIl =1, f € (kerTi™) "4 >0

and W ® € £ (L2(dAy)) is such that HTQEO‘)—W(O‘) | < 7(T¢(50‘)). If RangeW (@)

is closed then W@ is a Fredholm operator of index zero.

Proof. Since v(T(z()a)) > 0, hence it follows from [4] that RangeT(z()a) is closed.

From Theorem 3.1, it follows that T(z()a) is Fredholm of index zero. Now since
\|T¢()a) — W@ < ’y(Td()a)), it again follows from [4], that dim kerW(® =

dim ker (W(O‘))* = 0. As RangeW(® is closed, we obtain that W(®) is a
Fredholm operator of index zero. O
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