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Abstract

In this paper we introduce a new class of mappings, obtained by
merging the concepts of almost contraction and convex contraction and
called almost convex contractions. This general class includes both the
almost contractions and convex contractions. Existence fixed point
theorems for almost convex contractions of order 2 and of order p are
established.
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1 Introduction

In a series of papers published in the period 1981-1983, Istratescu [37]-[39]
introduced and studied the concept of conver contraction. Except for a
few echoes ([36], [50]) this concept did not generate very much interest in
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the field but, recently, after more than 30 years from the date of its first
publication, it suddenly attracted several authors, see [3]-[9], [34], [35], [42],
[43], [44], [45], [60], to mention just a partial list.

On the other hand, the author introduced in 2004 [17] the class of weak
contractions, later called almost contractions, a kind of contractive mappings
that immediately attracted much interest amongst researchers in the filed
(there are more than 411 papers that cite [17], according to Google Scholar,
and more than 187 citing papers, according to Web of Science), see [1]- [2],
[5], [10], [18]-[25], [29], [30], [32], [33], [09]-[64] etc. For a recent survey on
this topic, we refer to the book chapter [27].

Having in view the fact that the two concepts mentioned above are es-
sentially different, the main aim of this note is to show that we could merge
them to obtain a new class of mappings, namely, the class of almost convex
contractions that includes both almost contractions and convexr contractions
as particular cases.

Some fixed point theorems are presented for the class of almost convex
contractions.

2 Almost contractions

One of the most useful results in nonlinear analysis, which, together with
its local variants and generalisations, has many applications in solving non-
linear functional equations, optimization, variational inequalities etc., is the
Banach contraction mapping principle, which can be briefly stated as fol-
lows.

Theorem B. Let (X,d) be a complete metric space and T : X — X a
strict contraction, i.e., a map satisfying

d(Tvay) §a-d($,y), \V/l',yGX, (1)

where 0 < a < 1 is a constant. Then T is a Picard operator (that is, T has
a unique fized point in X, say x*, and Picard iteration {T™xo} converges to
x* for all zgp € X ).

It is easy to see that any contraction mapping satisfying (1) is continu-
ous. Kannan [40] in 1968 has proved a fixed point theorem which extends
Theorem B to mappings that need not be continuous on X (but are contin-
uous at their fixed point, see [54]), by considering instead of (1) the next
contractive condition: there exists a constant b € [0, % ) such that

d(Tz,Ty) < bld(z,Tz) +d(y,Ty)], forall z,ye X. (2)
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Following the Kannan’s theorem, a lot of papers were devoted to ob-
taining fixed point or common fixed point theorems for various classes of
contractive type conditions that do not require the continuity of T', see, for
example, [55], [56], [18] and references therein.

One of them, actually a sort of dual of Kannan fixed point theorem,
due to Chatterjea [28], is based on a condition similar to (2): there exists a
constant ¢ € [0, %) such that

d(Tz,Ty) < c[d(x, Ty) + d(y,T:L')], for all =,y € X. (3)

On the other hand, in 1972, Zamfirescu [65] obtained a very interesting
fixed point theorem which gather together all three contractive conditions
mentioned above, i.e., condition (1) of Banach, condition (2) of Kannan and
condition (3) of Chatterjea, in a rather unexpected way: if T is such that, for
any pair x,y € X, at least one of the conditions (1), (2) and (3) holds, then
T is a Picard operator. Note that considering conditions (1), (2) and (3) all
together is not trivial since, as shown later by Rhoades [53], the contractive
conditions (1), (2) and (3), are independent to each other.

A more general result has been obtained by Ciri¢ [31], who considered
the quasi-contraction condition:

d(Tz,Ty) < Amax {d(z,y), d(z,Tx), d(y, Ty), d(z,Ty), dy,Tz)}, (4)

for all z,y € K, where 0 < \ < 1.
Zamfirescu’s fixed point theorem [65] is a particular case of the next fixed

point theorem [17] established for almost contractions, see also the papers
[15], [16] and [18].

Theorem 1 ([17], Theorem 2.1) Let (X,d) be a complete metric space and
T: X — X an almost contraction, that is, a mapping for which there exist
a constant § € [0,1) and some L > 0 such that

d(Tx,Ty) <6 -d(z,y) + Ld(y,Tz), forall z,ye X. (5)

Then

1) Fix(T)={z e X : Te =2} #0;

2) For any xo € X, Picard iteration {x,}22, v, = T"xg, converges to
some z* € Fix (T);

3) The following estimate holds

51’
1-96

d(xppio1,2") < d(xp,xn-1), n=0,12...;i=1,2,... (6)
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Let us recall, see [56], that a mapping T possessing properties 1) and 2)
above is called a weakly Picard operator.

Notice also that while any quasi-contraction is a Picard operator (that
is, it has a unique fixed point), an almost contraction is a weakly Picard
operator, i.e., it does not have a unique fixed point, in general, as shown by
the next Example.

Example 1 Let X = [0,1] be the unit interval with the usual norm and
let T : [0,1] — [0,1] be given by Tz = % for z € [0,2/3) and Tz = 1, for
x € [2/3,1].

As T has two fixed points, that is, Fix (T') = {% , 1}, it does not satisfy
neither Cirié¢’s condition (4), nor Banach, Kannan, Chatterjea, Zamfirescu
or Ciri¢ [31] contractive conditions, but 7" satisfies the contraction condition

(5)-

Indeed, for z,y € [0,2/3) or x,y € [2/3,1], (5) is obvious. For z € [0,2/3)
and y € [2/3,1] or y € [0,2/3) and = € [2/3,1] we have d(Tz,Ty) = 1/2 and
d(y, Tx) = |y — 1/2| € [1/6,1/2], in the first case, and d(y,Tz) = |y — 1| €
[1/3,1], in the second case, which show that it suffices to take L = 3 in order
to ensure that (5) holds for 0 < § < 1 arbitrary and all z,y € X.

There exist many recent developments on almost contractions (also called
weak contractions or Berinde operators), see [1]- [2], [18]-[27], [32], [33],
[59]-[64], to mention just a few papers devoted to this topic.

3 Convex contractions

Definition 1 ([37]) Let (X,d) be a metric space. A self map T : X — X is
called a convex contraction if

d(T%z,T%y) < a-d(Tz,Ty) +b- d(z,y),Yz,y € X, (7)
where a,b are constants satisfying 0 < a,b <1 and a +b < 1.

Example 2 Ifb =0, then by the convex contraction condition (8) we obtain
the Banach contraction condition 1:

d(Tz,Ty) < a-d(z,y),Yz,y € X,

subject to a change of notation.
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Ifa =0, then by the convex contraction condition (8), we obtain the well
known ”asymptotic” contraction condition:

d(T2CC, T2y) S b- d(ﬂ?7 y))

that ensures the existence of a fized point (even in the case when 2 is replaced
by a given integer n).
Example 3 ([37])
Let X = [0,1] with the usual metric and let T : [0,1] — [0,1] be defined
by
224+ 1/2

Tx:T,xE [0,1].

Then T is not a Banach contraction, although Fix (T') = {0}.
But T is a convex contraction, as we have

P2@) = P < 5 15@) — @)l + e =yl ay € 0,1]

and b= 1.

- _ 1
with a = 1

2
The first main result in [37] is the following fixed point theorem.
Theorem 2 ([37]) Let (X,d) be a complete metric space and T : X — X a
continuous (a,b)-convex contraction, i.e., a mapping satisfying
d(T2$7T2y) <a- d(TﬂZ’,Ty) +b- d(w,y),VfL‘,y € X,

where 0 < a,b< 1 anda+b< 1. Then

1) Fiz (T) ={zv € X : Tox =z} = {z*};

2) For any zo € X, the Picard iteration {x,}5°, given by x,4y1 =
Tx,, n=0,1,2, ..., converges to x*.

The corresponding version for p-convex contractions is stated as follows.

Theorem 3 ([37]) Let (X,d) be a complete metric space and T : X — X
be a continuous convexr contraction of order p, i.e., a mapping satisfying

p—1
d(TPz, TPy) < > ad(T'x, T'y), z,y € X.
i=0
where Zf:_ol a; <1, and ag,a1,,--- > 0. Then

1) Fiz (T) ={z € X : Tz =z} = {z*};

2) For any zo € X, the Picard iteration {x,}5>, given by x,y1 =
Tx,, n=0,1,2, ..., converges to x*.
For many other results related to convex contractions, we refer to [37], [38],
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4 Almost convex contractions

In this section we aim to unify the concepts of convex contraction and almost
contraction.

Definition 2 Let (X,d) be a metric space. A self map T : X — X is called
a almost convex contraction if

d(T2$7 T2y) < aod(xa y) +CL1d(TZL‘, Ty) + bod(y7 Tl') + bld(Tya T2$)7 T,y € Xa
(8)

where ag, by, a1,b1 are constants satisfying ag + a1 < 1 and ag, by, a1,b1 > 0.

Remark 1

1) In the particular case by = by = 0, from Definition 2 we get the convex
contractions of order 2 introduced by Istratescu [37].

2) In the particular case ag = by = 0, from Definition 2 we get the
concept of almost contraction, introduced in [17].

Similarly, we can define the almost convex contractions of order p.

Definition 3 Let (X,d) be a metric space. A self map T : X — X is called
a almost convex contraction of order p if

p—1 p—1
A(TPz, TPy) <Y aid(T'x, T'y) + Y bid(TH e, T'y), 2,y € X (9)
=0 =0

where Zf;(} a; <1, and ag, by, ar,by, - > 0.

Remark 2 1) In the particular case by = by = --- = b,_1 = 0, from Def-
inition 3 we get the convexr contractions of order p introduced by Istratescu

[37].
In order to prove our main result, we need the next Lemma.

Lemma 1 [47] If {An}n>0 s a sequence of non negative real numbers sat-
1sfying
An+1 S alAn + OQAn—l)n 2 17 (10)

where ay, ag € (0,1) are such that oy + ay < 1, then
a) There exist L > 0 and 0 € (0,1] such that

Ap, <L-0" foralln>1. (11)

b) If a1 + a2 < 1 then 6 € (0,1).
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The next theorem is the main result of this paper.

Theorem 4 Let (X,d) be a complete metric space and T : X — X a con-
tinuous almost convexr contraction. Then

1) Fiz (T) # 0;

2) For any xo € X, the Picard iteration {x,}5°, given by x,41 =
Txz,, n=0,1,2,..., converges to z* € Fix (T).

Proof

We shall prove that T" has at least a fixed point in X. To this end, let
zo € X be arbitrary and {z,}>%, be the Picard iteration corresponding to
T and the starting point zq.

Take x := x,_1, y := x,, in 8 to obtain

d(T?2n—1,T?2n) < aod(xn—1,2n) + a1d(Txn_1,Ty) |
which shows that

d(xn—i-la xn+2) < aOd(l'n—la xn) + ald(xny xn—&-l) . (12)

Now, by denoting A,, = d(z,—_1,zy,) and applying Lemma 1, we obtain in a
standard way that {x,}°° is a Cauchy sequence, hence convergent. Denote

¥ = lim z,.
n—oo

By the continuity of T" we then deduce that z* is a fixed point of T

Remark 3 1) In the particular case by = by = 0, by Theorem 4 we get
Theorem 2 for convex contractions [37];

2) In the particular case ag = by = 0, by Theorem 4 we get Theorem 1
for almost contractions [17], when the assumption that T is continuous is
superfluous;

3) For other fized point theorems that consider hybrid contractive condi-
tions involving the convex contraction condition, we refer to [7]-[9], where
various combinations of classical contraction conditions (Kannan, Maia, Re-
ich, Ciri¢ etc.) and convex contraction condition are considered.

4) Note that a sequence satisfying 12 is usually called subconvex, see
[12]-[14] and [6]-[9], which shows the the term ”convex contraction” coined
by Istratescu ([37], [38], [39]), is quite well motivated.

A similar result, corresponding to the case of almost convex contractions
of order p can be obtained by means of a more general auxiliary result, see
Lemma 2 in [26].
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Lemma 2 Let k be a positive integer and {an}>2 o, {bn}oe two sequences
of nonnegative real numbers satisfying the inequality

ant1 < a1ap + a2ap_1 + -+ pp_jy1 +bp, n >k — 1, (13)

where aq,...,ap € [0,1) and a1 + -+ g < 1. If nli_)rrolobn = 0, then
lim a, = 0.
n—oo
Theorem 5 Let (X,d) be a complete metric space and T : X — X a con-
tinuous almost convex contractions of order p. Then

1) Fiz (T) # 0;

2) For any zo € X, the Picard iteration {x,}5°, given by x,41 =
Tz,,n=0,1,2,.., converges to x* € Fiz (T).

5 Conclusions

We introduced a new class of mappings, obtained by merging the concepts
of almost contraction and convex contraction and called them almost convex
contractions. As it has been shown by the particular cases indicated above,
this general class of mappings includes, amongst many other contractive
type mappings, both the almost contractions and convex contractions.

We established two fixed point theorems, the first one for almost convex
contractions of order 2 and then for almost convex contractions of order p.

The proof of Theorem 4 is based on the assumption that 7" is continu-
ous, which has been used to prove that the limit x* of the Picard sequence
{zn}72 is a fixed point of T

However, almost contractions are essentially discontinuous mappings, see
Example 1 (but are continuous at their fixed points, see [25]).

On the other hand, in the case of Theorem 2, that is, for convex con-
tractions of order 2, the continuity of T" is not necessary to establish that z*
is a fixed point of T, see [9].

So, the problem is to study if the continuity of T is also not necessary
in the more general case of almost convex contractions, too.
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