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A NON CONVENTIONAL
THERMODYNAMICAL MODEL FOR
NANOCRYSTALS WITH DEFECTS OF
DISLOCATION *

Liliana Restuccial

Abstract

In the framework of the extended irreversible thermodynamics a
non conventional description for nanocrystals with defects of dislo-
cation is given, introducing a second order dislocation tensor a la
Maruszewski, its gradient and its flux as internal variables in the ther-
modynamic state vector. Liu’s theorem is used to analyze the entropy
inequality and to derive the laws of state, the affinities, the entropy flux
and the residual inequality. To close the system of equations illustrat-
ing the behaviour of the media under consideration, the constitutive
equations and the rate equations for the dislocation field, its flux and
the heat flux, presenting a relaxation time and describing disturbances
propagating with finite velocity, are derived, in a first approximation.
The behaviour of dislocation defects in nanostructures is one of the
challenges in the so called ”defects engineering”, because they have
a direct influence on mechanical and transport properties. The ob-
tained results have applications in nanotechnology and several fields of
applied sciences.

1 Introduction

The models for nanocrystals with defects of dislocation may have relevance
in many fundamentals sectors of nanotechnology. Understanding the influ-
ence of dislocations on mechanical and transport properties in miniaturized
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systems is an interesting topic in ”dislocation engineering”. Here, in the
framework of the extended irreversible thermodynamics (see [1], [2], [3], [4],
[5], [6], [7], [8], [9], [10]), nanocrystals with dislocation lines are described,
using an internal variable, the dislocation core tensor, its gradient and its
flux. Dislocation channels modify the thermal conductivity. In [11] and [12]
non-equilibrium temperatures and heat transport equation in nanocrystals
with defects of dislocation were studied using the results obtained in this
paper. From experimental and theoretical studies it was found that the
dislocation density pg, described by the trace of the dislocation core tensor,
has only a minor effect on the thermal conductivity for defects densities
smaller than a characteristic value dependent on the material and tempe-
rature but for higher values, there is a decrease of thermal conductivity.
This is due to phonon-defect scattering, which is negligible as compared
to phonon-phonon scattering for small defects densities pg but leads to a
reduction in the thermal conductivity or high values of pg, and this situ-
ation influences the nanodevice performances. Nanostructures can present
metallurgical defects (for example inclusions, cavities, microfissures, dislo-
cations), that sometimes can self propagate because of changed conditions
and surrounding conditions that are favorable. A relatively high tempera-
ture gradient could produce, for instance, a migration of defects inside the
system. In [13], [14], [15], [16], [17], [18], [19], [20], [21], [22] [23], [24], [25],
[26], porous, piezoelectric, elastic, semiconductor and superlattice stuctures
with dislocation defects were also studied using the same internal variable
(the dislocation core tensor), its gradient and its flux. The results, obtained
in this paper, may have applications in describing the thermal behavior in
nanosystems, where the phenomena are fast and the rate of variation of the
properties of the system is faster than the time scale characterizing the re-
laxation of fluxes towards their respective local-equilibrium value. In these
nanosystems, situations of high-frequency thermal waves occur. In this case,
the thermal perturbation is so fast that its frequency becomes of the order
of the reciprocal of the internal relaxation time, given, for instance, by the
collision time of heat carriers. Furthermore, the volume element size d of
these systems along some direction is so small that it becomes comparable
to (or smaller than) the mean-free path [ of the heat carriers (d <1). Then,
in extended thermodynamics it is essential to incorporates the fluxes among
the state variables. In Section 2, in the framework of extended irreversible
thermodynamics with internal variables, a model is developed for elastic
nanosystems with dislocations, where the internal structure is described by
a dislocation core tensor a la Maruszewski (see [27]), its gradient and its
flux. In [24], [25] a new definition of dislocation tensor was used, introduced
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in analogy with the anisotropic tensor describing the anisotropy of quantized
vortices in turbulent superfluid helium II [28], [29] and [30]. In Section 3 the
entropy inequality is analized, using Liu’s theorem [31] and several results
are obtained: the laws of state, the affinities, the flux-like properties of the
physical processes inside the medium, the residual inequality, the entropy
flux and the form of the free energy. These results are taken into considera-
tion in [11] and [12], where, however, the flux of dislocations was negligible
in the thermodynamic state vector and non-equilibrium temperatures and
the heat transport for nanosystems with dislocations were studied. Instead,
in this paper we take also into account that the dislocations can self propa-
gate because of changed conditions, and this propagation may influence the
heat proagation. In Section 4, by the help of Smith’s theorem [32], that
uses isotropic polynomial representations of proper functions obeying the
principle of objectivity, the constitutive theory and the rate equations for
the dislocation core tensor, the heat and dislocation fluxes are obtained, in
a first approximation. According the extended thermodynamics a gener-
alized Maxwell-Cattaneo-Vernotte and transport equations for the internal
variable and the dislocation flux describing physical disturbances with fi-
nite velocity are derived, from which it is seen the influence of dislocation
field on the processes occurring inside the media under consideration. The
derived results have technological applications in very miniaturized systems
(nanotechnology), in high-frequency processes and in the production of new
materials having complex microstructures and special thermal properties.

2 A model for nanocrystals with dislocations

In this section in the framework of extended irreversible thermodynamics
with internal variables, we present a model for nanocrystals with disloca-
tions. The dislocation lines form a network of infinitesimally capillary chan-
nels, that disturb the periodicity of the crystal lattice, influence physical
phenomena and interact with physical fields occurring inside the nanocrys-
tals. The interatomic distances are not conserved in the direct neighborhood
of a dislocation line. The diameter of the core is comparable with the lattice
parameter and depends on the kind of dislocation [33], [34]. In this paper,
among the various descriptions of media defective by dislocations we use that
one based on using a dislocation core tensor a;;, introduced by Maruszewski
[27], coming from the use of volume and area averaging procedures. An
elementary sphere volume € is considered, = Q° + Q" with Q° the solid
space and Q" the space with the dislocation channels. Furthermore, the
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Figure 1: The averaging scheme [12]

central sphere section is indicated by T' and is given by I' = I'* + I'"** | with
I'* and T'°" the solid area and the channel area of I'. The orientation of T
in € is given by the normal vector pu. All the microscopic quantities are
described with respect to a system of coordinates &; (i = 1,2,3). while the
macroscopic quantities are described with respect to a system of coordinates
x; (i =1,2,3). In Fig.1 we see the averaging scheme regarding an elemen-
tary volume with dislocation lines. The coefficient f, = %h is assumed
constant inside the medium. Then, let n(&) be any scalar, spatial vector or
any order tensor, describing at microscopic level the flux of some physical
field, flowing through the channel space Q. with respect to the & coordi-
nates. We assume that such quantity is zero in the solid space 2° and on
the I'*. In such a medium Maruszewski [27] defines the so called dislocation
tensor, responsible for the anisotropic structure of the dislocations lines, in
the following way:

7i(x) = rij(x) 1; (x). (1)
Eq. (1) gives a linear mapping between the bulk-volume average quan-

E3
tity 7(x) and the channel area average 1 (x) of the same quantity passing
through the dislocation area I'®" of central sphere section, respectively, given

1) = g [ 0O €ea? i) = [ @l gert

where n(x) describes the flux of the physical field under consideration at
macroscopic level. In [27] Maruszewski introduces a new tensor a;j, that



A non conventional thermodynamical model 209

refers r;; to the central sphere section I' and is defined in the following way

aij(x) = T~y (x). (3)

a;; is called dislocation core tensor and has unit m~2.

2.1 Main equations

The aim of this paper is to derive the laws of state and a complete set
of relations contributing to modeling a crystal defective by a network of
dislocations. The mechanical properties of the considered system are de-
scribed by the total stress tensor o;; (in general non symmetric) related to
the whole body and the small-strain tensor €;; describing the deformation
of the nanocrystal, £;; = %(u” +u;;), (where u; are the components of the
displacement vector field) so that the gradient of the velocity field v; of the
body is given by

de;;
Vij = Wi + d;]’ (4)
where p ) 1
.y
o = Wi i) wig =505 =) (5)

are the symmetric and the antisymmetric part of v; ;, respectively. Since
during the deformation the network of dislocations evolves in time, we as-
sume that the dislocation field is described by the tensor a;; (not necessarily
symmetric), its gradient and its flux V;;;. Finally, the thermal field is gov-
erned by the temperature, its gradient and the heat flux ¢;. Thus, the
thermodynamic vector space is chosen as follows

C = {ei, T, aij, @i, Viji, T, Gij i }» (6)

where we have taken into consideration the gradients T); and a;jx. The
choice of the independent variables shows that the relaxation properties of
the thermal field and the dislocation field are taken into account in agree-
ment with the general philosophy of the extended thermodynamics, however
we ignore the relaxation properties and viscous effects of the mechanical
field. All the processes occurring in the considered body are governed by
two groups of laws. The first group concerns the classical balance equations:
the continuity equation

p+pvi; =0, (7)

where p denotes the mass density, v; is the velocity of the body point and a
superimposed dot denotes the material derivative;
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the momentum balance
pvi — 0ji; — fi =0, (8)

where f; denotes a body force;
the moment of momentum balance

€ijk0jk +¢i = 0, 9)

where ¢; is a couple per unit volume;
the internal energy balance

pé — 0jvi ;i + qii — ph =0, (10)

where e is the internal energy density and A is a heat source.

The second group of laws concerns the evolution equations of dislocation
field, its flux and the heat flux. These rate equations are constructed obeying
the objectivity and frame-indifference principles (see [35], [36] and [37]).
They are chosen having the form

Eij +Vijk,k — AZJ(C) =0, (11)
4 —Qi(C) =0, (12)
Viik —Vijk(C) =0, (13)

where A;; is the source-like term for the dislocations, @; is the heat source
and Vjj; is the source term for the dislocation flux.  A;;, @Q;, Vi, are
constitutive functions of the independent variables of the set C (see Eq.
(6)). In Egs. (12)-(13) the fluxes of the heat flux and the dislocation flux
are not taken into consideration, because we have to obtain a balanced
system of equations, where the number of equations is equal to the number
of variables. In (11)-(13) the superimposed asterisk indicates the Zaremba-
Jaumann derivative defined for a vector, a second rank tensor and a general
rank tensor v as follows

* . * .
Vi= Vi = WigVk, Vij= Vij — WigVkj — WjkVik,

* .

Vik.m= Vk..m — WikqVq..m — «-+ — WmgqVk.. q- (14)
In the following we use for w;; (see (4) and (5)) the expression w;; = v; j— Bgf
for problems of approximation.
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3 Analysis of the entropy inequality

To be sure that the physical processes occurring in the body under con-
sideration are real, all considered processes should be admissible from the
thermodynamical point of view and thus they should not contradict the
second law. Thus, all the admissible solutions of the proposed evolution
equations have to satisfy the following entropy inequality

pr
>0 15
7 20, (15)

pS + i —
where S is the entropy per unit mass and ¢; is the entropy flux associ-
ated with the fields of the set C, given by (6). Thus, the following set of
constitutive functions, dependent variables, has to be derived

W = {04, 11}, ci, e, Aij, Qi, Viji, S, i}, with W = W(C), (16)

where II7; is the potential related to the dislocation field and both C' and
W are evaluated at the same point and time. Among the various methods
to analyze the entropy inequality (15) the most convenient one is based on
Liu’s theorem [31], where all balance and evolution equations are considered
as mathematical constraints for the general validity of the inequality (15).
Then, the system of equations (8), (10), (11), (12), (13) and the entropy
inequality (15) can be presented, respectively, in the form

AAW'%'V + Ba =0, (17)
vty + 6 >0, (18)
with Aay, ©, Ba, a5, B defined in a suitable way (see (25)-(28) and the

Appendix).

Thus, analyzing the entropy inequality by Liu’s theorem, we have
ayty + B — Aa(Aayzy 4+ 6a) >0, V (19)
(ay — AyaAp)zy + (B —AABA) >0, V =z, (20)
and then

Oy — A'yAAA =0, B8—AABA >0, V Ty (21)

where the so called Lagrange-Liu multipliers Aa, accounting for Eqs. (8),
(10), (11), (12) and (13) are defined by

An = {AV, A NG AL A b (22)

% YR
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The mass conservation law is not taken into consideration, because the den-
sity of considered defective crystals is supposed constant. Therefore, if the
left-hand side of the laws (8), (10), (11), (12) and (13) are denoted, respec-
tively, by F, F¢, .7:%, F{ and F, Vk, the first requirement of Liu’s theorem,
gives (19) written in the form

05
P+ PURS + Bk — (AJFY + AF° + AL P
+HAIFS 4+ AV FY, > 0. (23)

i.e.

0S ov;
v pUeSk + (dr) .k — A?( B T PUiviG Uji,j)

Oe
- Ae< rn + pvger — 04V 5 + q“)

da; Oeik, 02

— A%, < azﬁ + Uraijk + 6—;%;‘ — Vi kakj + a—;aik — vk + Vijkr — Az’j)
9q; O,

— Aq( T +ViGi; + ot qj Vi 45 — Qz)

v 8Vljk 85ir
( at + UTV'ij; r + W

Oe; Oey,
Jr —Virk — Vj, +Virk + Otr

Vrjk: - 'Ui,rvrjk+

Vijr — Uk Vijr — Vijk) >0,
(24)

where the mass force and the heat source have been neglected. The entropy
inequality is an objective law, then in (23) A€ is an objective scalar function,
A?Y, Al are objective polar vectorial functions, Aj; is an objective tensorial
function of second order and AV ik is an objective tensorlal function of third
order. Taking into account that the entropy function S, the stress tensor
0;j, the entropy flux ¢;, the internal energy e are constitutive functions of
the independent variables €5, T, aij, gi, Vijk, T, aij i, from (19) and (24) we
obtain the following quantities

0., 05 as 05 05 05 05
P oe; Por P oa; " oq; ovy, PoT,

as oS  Opr  OS  Ogy as Db

P g 0; pug + + ; PUE Ot + Okis
ijp e

9, "o, T g TR ovy, Wiy
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S Oy oS 0oy,
; ) ) 25
PUE aT, + 8Ti,ka Dy I+ Dy Ik (25)
(2} = Ov; 0Ogijj OT Oayy; Oqi OV 0T
K ot ot ot ot ot ot ot
6ai~
8Z7p Uik €ij ks Qiks Vigpls L ik Qijopl }, (26)
OPx 0S8  0¢x
= 2 L 20 RNkt 2
B {(pvkﬁT + aT) t(pv 8aij + 8aij)a gk (27)
&nw 80’1w (9
Ba = {_ o Qij.k;5 PU T +pv Aij.ks Ai""v Aij.ks Q17 P }
A oT Kk (9(1” 7,k kaT Jk ko 9a ai; k> J kQij k3 ]k

(28)
and a matrix {Ax,} = {A™"}, whose the elements are collected in Ap-
pendix A. Furthermore, we have

ay = ay(yr), B =PBr), Ba = Bayr), Ty = 24(yr), Aay = Ary(¥r),

with

{in} = {vi, €5, T, asj, ¢is Vije, Tiis @ik }- (29)

Thus, after some calculations, from (21) the following results are deduced
A:p(szr =0,

from which we have
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and also
0S Oe
—A° - iAe7
paa?i] p8<€i] 7%
0S . Oe
PoT ~ A PoT 0,
oS Oe
_ A€ — HA%
paaij paaij IO 177
oS Oe
— —ANp— =A!
4o Pog, ~ 0
0S Oe
_ A° — AV
05 . de (30)
Por; ~ Vo, —
95 . Oe 0
p@amk aamk -
aS 0oy de
— A° =0
PU% 88@' + 661']' POk 851‘]‘ ’
0S 0oy Oe
_ A€ -
P+ g~ A =0,
oS 0o, de 1%
— A° — A%S AV
T A
kaai Ok _ Aepvk% = A%y, + vpAY,
9q;  0Og; 9q; ' 31
LS 0 . de (51
P bain " Oy Oags
The residual inequality has the form
oS 0oy Oe oS 0o Oe
— 4+ — —ANpvop—| T — Npup——| ay;
p kaT + orT UkaT] kT [pvkaaij + 8aij ’kaaaij ijk
FAG Age + AIQ; + A Vijk > 0. (32)
Introducing the free energy density F' and the flux vector K; by
F=e— TS, and Kz' = pFUi — T(bi, (33)
substituting these expressions into (30) and (31) we obtain
the multiplier A® (see 30)2
1
A= (34)

7(e)
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where © denotes the empirical temperature,

the remaining multipliers
1

Ajj = — 71, (35)
JUJSLE VR S ) (36)
) T i) ijk T ijk»

the laws of state (giving the variables in terms of the partial derivatives of
the free energy respect to own conjugate variables)

oF
Oij = paf‘:i]”
oF oF oF oF
s (9T7 i 8@1-]- ’ 8T,z 0’ 8aij’k 0 (37)

the affinities (the variables conjugated to the corresponding fluxes)

oF oF
v, = .
paqi ) ijk pavz]k

! = (38)

Eq.s (34)-(38) give the physical meaning of Lagrange multipliers. Also, we
obtain the group of relations pertaining to the fluz-like properties of the
physical processes occurring in the considered media

0Ky, 0Ky,
Oeij =0 dq; = 0 +udl, 39
= T1% 6, + v Il ——= =0, = 0. (40)

MNVip T oTy Oaijp

From these results the residual inequality simplifies to
0 0
T%TJ@ + T%amk — 0§ Agj — T Q; — 11}, Viji > 0. (41)
i

From (39) and (40), taking into account (33), (37) and (38), we obtain
Ky = —qx + 113 Viji. + poiF. (42)

Hence, the form of the entropy flux is given by

1
oL = T(Qk — 1 Viji)- (43)
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From (43) it is seen that in the entropy flux there are the contributions due to
the heat and dislocation tensor fluxes. Also, from the above considerations
it results that the free energy is given by the following function

F = F(Eij7T7 aij,Qi,Vijk)v (44)

and, the stress tensor o;; is symmetric, being €;; symmetric (see the state
law (37)1), and therefore in the momentum of momentum balance (9) the
couple ¢; vanishes.

4 Constitutive relations and rate equations

In this section, in order to have a closed system of equations having the same
number of equations and unknown variables (independent and dependent),
by the help of Smith’s theorem [32], that uses isotropic polynomial repre-
sentations of proper functions which must obey the principle of objectivity,
the constitutive theory and the rate equations for the dislocation field, the
heat and dislocation fluxes are derived, in a first approximation. The dis-
tribution of the dislocations forms a network of very thin tubes influencing
mechanical and transport processes within the medium. In general, the ar-
rangement of the dislocation lines is an anisotropic one. However, there exist
situations where it is possible to assume that the quantities responsible for
the dislocation field and its flux can be presented in the form

aij = CL(SZ']', Aij = Aéi]’, H?j = H“éij,
Vijk = Vidij, Vijk = Vidij, 1Y, = I} 6y;. (45)
Taking into account that o;; is a symmetric tensor, Hg,H}},VQ, Q; are ab-
solute vectors and S,II% A are scalars, applying Smith’s theorem [32] the

following representations are obtained, in a first approximation, for the con-
stitutive functions o;;, S, I1*

oij = BLoij + Bleij (46)
S = BIT + B2a + Bleps, (47)
" = BiT + B2a + Bieky, (48)

where the coefficients 8¢ (a = 1,2), 87,84 (v = 1,2,3) can be functions of
the following invariants
T) Ay EkkyEijEij, (49)
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for the affinities 11 and PiY
Y = BV + Blqi, 1LY = BV + Boai, (50)
where ,6’3, 6{5,(5 = 1,2) can be depend on the invariants:
ViVi, 4idi, Vigi- (51)
Furthermore, in a first approximation, we can assume that the rate equations
(11)-(13) have the following form, where we have expressed the dislocation

source A, the heat source ); and the dislocation flux source Vi by the help
of Smith’s theorem

a +Vk,k = ’)/;T + ’yﬁa + ’yg’akk, (52)
S| 2 3 4
Vi=axr + %Wk + %V + Yk, (53)
U= g0k + VoL + Y5 Ve + Vg ks (54)

where the coefficients 75 (¢ = 1,2,3), are functions depending on the in-
variants (49) and v, 74 (n = 1,2,3,4) can depend on suitable invariants
built on appropriate variables of the set C (6) (see [32]). In the case where
we can use the material derivative instead of Zaremba-Jaumann derivative,
Egs. (52) - (54) can also be written in the form

a+ Ver =vaT + Vo0 + Yockn, (55)
™V = Ve + xbax + 5Tk + Xbak- (56)
TGk = —qi + Xqak + Xo Tk + XgVis (57)

where 7V and 79 are the relaxation times of the fields V and q, respectively,
the new coefficients ng) and x((f) (e =1,2,4),in (56) and (57), are expressed
in terms of the coefficients present in equations (53) and (54) and the mi-
nus signs come from physical reasons. The rate equation (57) for the heat
flux generalizes Vernotte-Cattaneo relation, where the finite velocity of the
thermal disturbances is taken into consideration (eliminating the paradox
of Fourier heat equation, that leads to thermal propagation with infinite

velocity) [38], [39].
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5 Conclusions

In this paper a model for nanocrystals with defects of dislocation was given in
the framework of extended irreversible thermodynamics with internal vari-
ables. It was assumed that the media under consideration have constant
mass density, the body force and heat source are negligible and the dislo-
cation field (the internal variable), its flux and heat flux are independent
variables in addition to the classical variables €;; and T". Also the non local
effects of the temperature field and dislocation field were taken into account,
introducing le variables T); and a;; . The entropy inequality was analyzed
by Liu’s theorem, where all balance and evolution equations of the prob-
lem are considered as mathematical constraints for its validity and the state
laws, the affinities, the residual inequality, the entropy flux and other re-
lations were obtained. By the help of Smith’s theorem constitutive theory
and the rate equations for the dissipative fluxes and the dislocation field,
formulated as ansatzes in the form of balance equations describing time-
dependent fields, were formulated in a first approximation. It is seen that
dislocation field in nanocrystals influence mechanical and transport proper-
ties. Then, the obtained results have several applications in nanotechnology
and in other sectors of applied sciences.
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Appendix

In Egs. (17), (19), (20) and (21); the elements of the matrix {Aa,} =
{A™/"} are the following:

AV = sy, AV = =AY =0, AV = pus,, AV = —?,
Ez‘j

do do do do
Al/ll :_j A1/12:_ kT(S A1/13:_J A1/14:_ kr‘d
an 5 8szp ki 87—127 8aij,p ki
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A2 — g, A2/2:p88;’ Az/sng; A2/4:p88aij’
A2/5:'068qi’ AZ/G:pO?JZ-p’ AZ/YZP;;,/ A2/8:p65;’
A = —ojidy, AN = ka(;z_jj’ AP — kag; + ik,
A2 = pyy, 8182; Opt, A1 = ka(%i, 2 = puy 82»?1) Okl

A =0, A =10 6005s + Timsdindis, AP =0, A =605,
A= = A =0, AP = 1 0mibjs — TmsOirdjs,
A0 — A3 — ) A2 = 5,650, AP = A3 =,
A4 — 0, AY2 — QS AL/ — pA/A — 0, A5 — 1
Ao = =AY =0, AV =g, A=y,
AV Z oy AMIZ M
AL =0, A2 =V00mi0si + VinspOridsj + VinrsOpidsj,
AB/3 —  — p5/5 — 0, A5/6 _ SimOrj AB/T — 45/8 — 0,
A = —V0,0mibsj — VimspOriOsj — VinrsOpidsj,
AP0 = g3 ) AT =y 56,0,,  AS/13 = A5/14 =, (58)
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