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HOPFIELD NETWORKS WITH
MULTIPLICATIVE NOISE IN AN
ANISOTROPIC NORM SETUP*

Adrian—Mihail Stoical Isaac Yaesh?

Abstract

A non symmetric version of Hopfield networks subject to state-
multiplicative noise, is considered in an anisotropic norm setup. Such
networks arise in the context of visuo-motor control loops and may,
therefore, be used to mimic their complex behavior. In this paper, we
adopt the Lur’e - Postnikov systems approach to generalize a Bounded
Real Lemma like result of generalized Hopfield networks, to compute
their anisotropic norm.
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1 Introduction

Hopfield networks ([19]) are symmetric recurrent neural networks which ex-
hibit motions in the state space which converge to minima of energy. Sym-
metric Hopfield networks can be used to solve practical complex problems
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such as implementation of associative memory, linear programming solv-
ing and optimal guidance problems solution. Recurrent networks which are
non symmetric stochastic versions of Hopfield networks play an important
role in understanding human motor tasks involving visual feedback (see ([2],
([3]) and the references therein). When such networks are used to model
human motor tasks involving visual feedback ([2]) ([3]) the effects of state-
multiplicative noise and pure time delay become dominant. It is mentioned
in ([2]) that besides stick balancing at the fingertip, state-multiplicative
noise arises at every level of the human nervous system (e.g. reflexes ([4]),
motor control ([5]). The deterministic discrete-time version of this network
has been considered in ([6]) whereas the stochastic continuous-time version
of this network driven by white noise, has been considered in ([7]) where the
stochastic stability of a network of form (6) given in the next section has
been analyzed. In this latest paper it has been shown that the network is
almost surely stable when the time derivative energy % < 0 is replaced by
LE <0 where LE is the infinitesimal generator associated with the It6 type
stochastic equation describing the continous-time Hoptfield network.

In the present paper, we analyze the anisotropic-norm of discrete-time
Hopfield neural networks, which arises when the exogenous signals are nei-
ther purely white noise, or band limited. When the exogenous signals are
of white noise type, then Ho— norm analysis is required whereas in the case
of deterministic bounded energy signals, the framework of the H,,-norm
([8]) is to be applied . When the input w(t) of a discrete-time system X
is a sequence of zero mean independent random vectors of unit covariance,
its Ha-norm is given, in terms of its output y(¢),t = 0,1, ..., by ||Z||2 :=
\/limgﬁoo 3 Zfzo E[ly(t)|?] whereas for lim/_,o § Zfzo Ellw(t)|*] < oo, the
H - norm of 3, is associated with limy_,, % Zfzo Elly)?—~?|w(t)|?] < 0.
However, many practical cases involve a compromise between the Hy and the
H,-norm setups since the former may not be suitable when the considered
signals are strongly colored (e.g. periodic signals). On the other hand, H-
optimization may poorly predict performance when these signals are weakly
colored (e.g. white noise). Mixed Hs/H, results have been considered in
([9]) and ([10]). A promising alternative to accomplish such compromise is
to use the so-called a-anisotropic norm (see e.g. ([11]), ([12]), ([13]) since
it offers and intermediate topology between the Hs and H,, norms. More
precisely, if the colored signal is generated by an m-dimensional exogenous
input, the a-anisotropic norm ||| F'|||, of a stable system F' has the property
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(see, for instance ([14]) :
1 .
ﬁ!\F\b = [[1Ello < [[[Fllla < [[Flloc = lim_ [[[F]]]a-

where s
2

by = su 1

1o = supgeg, an (1)

and where it is assumed that the disturbance wy, is generated by a coloring
filter G, the input of which is a white noise. The class of admissible filters
G with anisotropy less than a, namely A(G) < a, is denoted by G, where
the mean anisotropy of G, is defined here as

mE [@(0)a(0)] )

(2)

] 1 0
AG) = —3 In det <Tr (E [w(0)w(0)T])

where E[w(0)w(0)7] is the covariance of the prediction error @(0) := w(0) —
Elw(0)|w(t),t < 0]. Note that in cases where G is a linear system without
multiplicative noise, then its output w has a Gaussian distribution, the origi-
nal entropy-theoretic mean anisotropy definition of ([11]) can be used, which
is equivalent ([15]) in such a case to (2). When G is, however, corrupted
with multiplicative noise as considered in this paper, the above equivalent
definition for A(G) no longer holds, and the higher moments than just the
spectral density are involved. In spite of this fact, in the present paper, we
adopt as in ([16]) an anisotropic-norm setup, where the simple definition of
(2) in terms of second order moments only of w(0) and its estimate is used.
This definition leads to results which are consistent (see ([16])) both with
the anisotropic norm-related results of ([14]) and ([17]) for linear systems
without multiplicative noise and with the Ho.-norm related results of ([18])
for systems with multiplicative noise.

At this point, it is useful to note again, that the mean anisotropy A(G) of
w(t) is just a measure of its whiteness. Namely, if w(t) is white, then it can
not be estimated from its past values (i.e. its optimal estimate is just zero)
and w(0) = w(0) which leads to A(G) = 0. On the other hand, if w(t) can
be perfectly estimated, then A(G) by the above definition, tends to infinity.
Note that whenever the transfer matrix function corresponding to G is rank
deficient (namely w has frequency bands with zero power spectrum) on some
finite interval of frequencies, then A(G) also tends to infinity. Following
([11]) we denote the class of admissible filters G with A(G) < a by G,. The
anisotropic norm |||F|||, of the system F' is then defined by

IFGll2
[1F|||a := SUPgeg, 1G] 2 (3)
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Throughout the paper R™ denotes the n dimensional Euclidean space,
R™™ is the set of all n x m real matrices, Z, is the set of all nonnegative
integers, T'r stands for the trace of a square matrix and the notation X >0,
(respectively, X >0) for X € R™*" means that X is symmetric and positive
definite (respectively, semi-definite). Also ||w||? for w € R™ will denote w’ w.
Throughout the paper (€2, F, P) is a given probability space. Expectation
is denoted by E'[-] and conditional expectation of z on the event 6(t) =i is
denoted by E[z|0(t) = i].

2 Problem formulation

The neural network proposed by Hopfield, can be described by a system of
ordinary differential equations of the form

i) = awi(t) + Y Fijgi(v;(t)) + & =: ki(v), 1 < i <m (4)
=1

where v; represents the voltage on the input of the i-th neuron, a; < 0,1 <
i <n, F;; = Fj; and the activations g;(-),i = 1,...,n are C'~bounded and
strictly increasing functions. The stability of this network is analyzed in
([19]) by defining the network energy functional:

v = — Y a; vlung(U) u
£ = ->a |t )

_% Z Fijgi(vi)gj(vj) — Zéigi(vi)

i,j=1 i=1

which is a Lyapunov function if g; are increasing activation functions since

= S e <o
with k;(v) defined in (4). The zero rate of the energy is obtained only in the
equilibrium points, also referred to as attractors, where x;(v") = 0,1 < i <
n. However, the neural network may be subject to environmental noise and
to connection matrix perturbations which can be modelled as » 37, bjjw;(t)
added to the right hand side of (4). The network subject to the combination
of these two effects can be then described in matrix form as:

0(t) = Av(t) + Fg(v(t)) + Bw(t) + C (6)
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where
A :=diag(ay, ..., an),
B = [bij]i,j =1.,n F= [Fij]i,j_l, ;n
= _ _ _ T T
C::[cl Co cn] ,v::[vl V9 ’un]
and where g(v) := [ gi(v1) g2(v2) ... gn(vn) ]T, y(t) denoting the ob-

served output of the network and w(t) = (wi(t), ..., wm(t))” is the driving
process, to be specified in the sequel. To analyze the effect of w(t) we first
define the error of the Hopfield network output with respect to its equi-
librium points by z(t) = v(t) — v* and assume that the errors vector x(t)
satisfy:

&(t) = Azx(t) + F f(x(t)) + Bw(t) (7)

where by definition, f(x) = g(z + vo) — g(vo).
In the present paper a discrete-time version of (7) is used in which mul-
tiplicative white noise perturbations are added, namely

z(t+1) = A@t)x(t) + Bt)w(t) + Ff(z(t)) (8)
y(t) = Cx(t)+ Dw(t), t=0,1,...

with

P
—
o~
S~—

= Ao+ D0 &G A
B(t) = Bo+Y.i & (t)B;,

where £(t) = (&1(), ..., &-(t))T is a sequence of independent random vectors
¢ : Q) — R" on a probability space (2, F,P) and y(¢) stands for the network
output. It is assumed that {£()}+>0 satisfies the conditions F [£(t)] = 0 and
E[¢®)&T(t)] = I, t = 0,1,.... The matrices of the state space model (8)
have the dimensions as follows: A; € R™™"™ B; € R™*™ i=0,1....,r,C €
RP*™ D € RPX™.

In the remaining part of the paper it will be assumed that the input
w(t) € R™ is a vector valued signal of random variables, generated by the
following linear stochastic filter G with multiplicative noise

zp(t+1) = Ap(t)zs(t) + By(t)o(t)

w(t) = Cpap(t)+Dyso(t), t=0,1,.. )
where
‘Af(t) = Afo + Zle gi(t)Afi
By(t) = B+ > i, &(t)By, .
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where the order ny and the matrices Ay, € R™*"™, By, € R ™, i =
0,1...,r, Cy € R™", Dy € R™*™ are not prefixed and v(t) € R™ are
white noise vectors with the properties E [v(t)] = 0 and E [v(t)v” (t)] =
Iy, t=0,1,.... It is assumed that {£(¢)}+>0 and {v(¢)}+>0 are independent
stochastic processes.

In the forthcoming analysis, we will assume that the components f;,i =
1,...,n of f(x(t)) depend only on the i —th component x; of x and that they
satisfy the sector conditions 0 < z;f;(z;(t)) < o;22(t) which are equivalent
to

Fi(zi(t), fi) == fi(@i())(fi(2i(t)) — oszi(t)) < 0. (10)
We shall further assume that
gﬁ (2(t)) < o3, i=1,...,n, (11)

which although somewhat restrictive is, nevertheless, fulfilled by the usual
nonlinearities as saturation, sigmoid, etc., used in the neural networks. The
latter assumption allows a useful application of the Mean Value Theorem.
Consider f;(s) where s € [a,b]. It then follows that 3¢ € [a,b], such that
fi(s) = fila) + giﬁ_ (¢)(s —a) < fi(a) + 0i(s — a). Therefore, f fi(s)ds <
fila)(b—a) + (b —a)*.

The following definitions of stability and Hs norm of the nonlinear system
(8) are needed in the sequel.

Definition 1. A stochastic system with multiplicative noise of form (8)
with B; = 0,1 = 0,1,...,7 is called exponentially stable in mean square
(ESMS) if there exist 8 > 1 and p € (0,1) such that E [|®(t, s)z(s)*] <
Bp'=*E [|x(s)]?] for allt > s > 0 and for all x(s) € R™ satisfying (10),
where ®(t, s) denotes the fundamental matriz solution of (8).

Definition 2. The Hs-type norm of the ESMS system (8) is defined as

1
1
Il = | Jim, 5 5 2 o ,

where {y(t) }iez, is the output of the system (8) with zero initial conditions
generated by the sequence {w(t)}icz, of independent random vectors with
the property that E [w(t)] = 0 and E [w(t)w? (t)] = L, {w(t)}icz, being
assumed independent of the stochastic process {§(t)}icz, -
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Similar definitions with the above ones may be used for the case of linear
systems corrupted with multiplicative noise as are the filters G of form (9).
In this latest case, the following result provides a procedure to compute the
Hj type norm of an ESMS system of form ([18]).

Lemma 1 The Hy type norm of the ESMS system (9) is given by

NI

T T
IGlla = (Tr (CyYCf + DyDy))?
where Y > 0 is the solution of the generalized Lyapunov equation
T
T T
Y =Y (ARYA] + By,BT).
i=0

The problem analyzed in the following section is to determine conditions
under which the following inequality holds

| FGl2
ceG. Gll2

for a given v > 0, with the ESMS systems F' and G having the state space
equations (8) and (9) respectively.
3 Bounded Real Lemma type Result

Introduce the Lyapunov-Krasovskii-type function:
T n zk (1)
Viz(t) =z (t) Xz (t)—l—QZ)\k/ fr(s)ds
k=1 0

where X > 0 is a positive definite matrix and Ay > 0. By the definition

of the Ha-type norm, it follows that the condition supgeg, HlfGC"Y‘QZ < 7 is

equivalent with the condition

L— 00

¢
tim 5 3" B [y ~ (0] <0 (12
t=0

for all w(t) generated by filters G € G,.
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Using (8) it follows that

Vi(z(t+1)—=V(x(t)

=zl (t+ 1) Xzt +1) — 2T (t) Xz(t)
125 M S <x<s>>

= (A()z(t) + B(tyw(t) + F f(x(t))" X
X(A()() (w()+ (()))
2T (t ) (t) + =7 (t
T (t t)

~
N~—

»qib

)Xa(t) —y (¢ " (t)ore ( )
)CTDw(t) wT'( DTC'ac( ) +wT (t)DT Dw(t)+

2 27;:1 Y o (a(s))

where we added the zero term y” (t)y(t) — (Cz(t) + Dw(t))T (Cz(t) + Dw(t)).
Collecting terms we readily obtain

YT (y(t) = =7 (1) (AW XA(t) = X + CTC) a(t)
+w’(t) (D D+B ()" XB(t))w(t)
+wT (1) (DTC + B(t)T X A(t)) 2(t)
+27'(t) (CTD + A(t) TXB )w(t)
+ T (@) FEXFf(2(t) + 2T (1) AT X Ff(x(t))
+fT( (1) FE X A(t)z(t)
wl ()BT X Ff(x(t) + fT(x(t) FTXB(t)x(t)

T () Xa(t) — T (t+ 1) Xa(t +1)
+2z;: Dk SIS fi (a(5)) ds

Noting that the properties of the random sequences {&;(t)}¢>0, 1 = 1,...,7
imply

E[ATXA] =31 (ATXA;, E(BTXB] =3 _(BI'XB; and E [ATXB] =
S0 AT X B;, it follows from the above equation that

[ Tyt)] = E[27(t) (Ci_g ATXA; — X +CTC) x(t)
w” (t) (DTD + 37y B X B;) w(t)
+w''(t) (DTC + X1y B] X Ai) a(t)
a"'(t) (CT"D + 3 oATXB) w(t)
+fT(fC(t))J’TXJ’f( () + 2T (t) AT X F f(x(t))
+ T (2 (t) F" X Aoz (t) + (t)BoTX}"f( (t)
+ /7 (x(t) F" X Bow(t) + V (x(t)) — V(2(t + 1))]

+2B Sy e [T fi (a(5)) ds
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However,
Ik(t+1)
2Z>\k/ : (x(s))ds < Qka (2 (1)) (e (t + 1) — x1(t)) Ar
g (t
+op(zp(t+1) —xk(t))Z)\k (13)

=2fT(x()A(x(t + 1) — () + (x(t + 1) — z(t) T SA(z(t + 1) — z(t))
where S := diag (01, ...,0,) and A := diag (A1, ..., A,) Therefore,

(Z ATXA; - X + CTC> z(t)

=0

Ely" (y®)] < E |27 (t)

(
(DTD + Z BI'XB; - 1[) w(t) 4w’ (t) <DTC’ + Z Bf XAZ) z(t)

=0 1=0

+w ( )

+27(t) <CTD + Z ATXB; ) w(t) +f1 (x() FEXFf(x(t) + 2T () AT X Ff(t)
=0

+fT(x() FEX Agz(t) +wT () BEXFf(x(t)) + fT () FL X Bow(t)

+V(2(t)) = V(z(t+ )]+ E [2fT (x(t)) A(z(t + 1) — 2(t))

+(x(t+1) —z(t)TSA(x(t + 1) — z(t)) +;wT(t)w(t)] (14)

)
)

where we added and subtracted %wT(t)w(t). Denoting Ag = Ay — I and
A; = A; for i =1,...,r, from the above equation it follows that

E [y" (t)y(t)]
< B [2"(t) (X AT XA — X +CTC) a(t)
+u (t) (D7D + Xy BIXB, — 1) w(t)
+w’ (1) (DTC+ Y7o Bf X A;) (1)
+2T(t) (CTD + Y1 AT X B;) w(t)
+V(x(t)) V(a(t+1)) + gw' (Hw(t)
+x ( )(Zz oATSAA) (t )
ol (1) (S0, BTSAB,) u() 15)
+ fT(:r( )) \F + FTA + FLSAF + FTXF) f(a(t))
+x (t) (Xizo AT SAB;) w(t)

(t (X7 BTASA;) a(t)

T(t) (ATA + ATSAF + ATXF) f(x(t))

+ fT( ®) (AF + fTASAO + FTX Ag) x(t)
+w?'(t) [BYA + BYSAF + BYXF] f(z(t))
+fT(2(t)) (ABy + FTASBy + FT X By) w(t)] .
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Defining
X(8) = [T (1), w" (1), FT () (16)
one obtains from (15) that
\y(t)!2 —7 \w( )]
[v 2(t) = Vi@t +1) + (2 = 42) v (Ou ()] (17)
Elx (t)@)x( )]

where © = ©7 having the block elements

O =1 AT XA - X+CTC+ Y1 ATSAA;
O =CTD+Y ATXB; + > _ AT SAB,

O3 = AgA + AgXJT + f_lr‘OrSAf

O =D"D+ 3 Bl XBi — I +Yi_,B] SAB;
O3 = Bl A+ BISAF + BIXF

O33 = AF + FTA + FTSAF + FTXF.

The inequality (17) latter may be, however, written as Fj (x) > 0 where
Fy is a quadratic function with respect to its arguments. According with
the S— procedure based method (see e.g. ([20])), these conditions subject
to the sector constraints (10) are fulfilled if there exist 7; > 0,0 = 1,...,n
such that Fy(x) — > p_y 7E% (z, f) > 0 for all Ly bounded inputs w(t).
Denoting T := diag (71, ..., T,) we, therefore, obtain that (17) is fulfilled if
the following holds:

|
B V() =Vt +1) + (3 = +2) w’ (thu(?)] (19)
X

where
L=L0 L= [‘Cij]i,jzl,Z,?; (20)
with
Lin =Y AT XA — X +CTC+ Y7  ATSAA,
L1 = CTD + Zg:() A;fX:Bi + 22:0 AiTSABi
Lis=ATA + ATXF + ATSAF + 1ST
Loy =D"D+3_oBf XB; — .1 +i_ Bl SAB;
Lo3 :BgA+BgSAf+Bng
Ls3=AF +FIAN+FISAF+FIXF-T

(21)
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where we have used the fact that

Skt T Fk = 2o (T fronar — T f7) (22)
=—fITf + 327STf + LT TSx.
Since the systems (8) and(9) are ESMS,

Jim 2B [V ((0)) ~ V(x(6)] =0,

and, therefore, collecting terms and adding and subtracting v?w” (t)w(t),
the following relation is obtained:

. ¢
limg oo § Yoo E [ly(t)1* — 2 w(t)]?]
< (2= 9?) g § S0 B [w (#u(®)] (23)
+limeseo § Simg BT (DLX ()]
We are now in position to present our main result.

Theorem 1 The system (8), (9) is stochastically stable and its anisotropic
norm s less than v > 0 if there exist a q € (O,min (7*2, HFH&?)), a sym-
metric matriz X > 0, and diagonal matrices A > 0,T > 0, satisfying L <0
with L defined by (20), (21) and

1 1
det (q - 72) v, lL<em2a (24)
1 T T
T, = 51 ~Y BIXB;~D"D - BlSAB; >0. (25)
=0 =0

Proof : We further denote n = [z (¢) fT (z(¢))]T, Mq1 = [ Lu Las ],
L31 L33
L2

Mg = [ r ], Mo = M1T2 and , Mag = Lo = —¥,. Therefore, based
32
n (23) it follows that

limy oo 3 3200 B [Jy(8)]2 — 12|w(t)[?]

< (2 =92 g § oo B [w (8)u(®)]

+1imy oo 2 A E T () Mun(?)] (26)
+E[ () Mizw(t)] + Elw” (1) Mar(t)]

E[wT(t)/\/lggw(t)]} <0
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Completing the right hand side to squares we readily obtain

limg o0 + 4o B [y = 2w (t)?]

< (3 =72) limisoe § 0o B [0 (w(t)]

—lim o0 3 Sy B [w(t) — w (6)] Uy [w(t) — w(1)]
+limy—yo0 ¢ S0 E [T (1) (Mi1 — MiaMay) Moy ) (t)]

(27)

where w™(t) := \Ilgl./\/ll‘lrzn(t). Then, adding and subtracting \11(1_1/21)(25) to
w™ (t) and using the properties of {v(t)};>0 one obtains

1
limy_yo0 3 3310 B [ly(t)? — v?lw(t)|?] +2Tr Dp¥g —m
< (2= 9?) timpoo § S0 B [w (8)w(®)] (28)
—limy_,o0 7 Zf:o EP(t)
where we denoted

P(t) = [w(t) — w*(B)]" ¥q [w(t) — w*(¢)]

with w* () := U MZLn(t) + U, ?o(t). Tt follows that P(t) > 0 and P(t) =
0 for w(t) = w*(t). This latest case corresponds to the situation when
fi(xz;) = 0,4 =1,...,n, the filter G has the state x7(t) equal to the state x(t)
of F' so that

Cf = \I/(;llﬁlgT

Dy = 0,°. (29)

Note that we could, therefore, initially take in (9) and order n rather than
ny for the filter G, without loss of generality.

Based on the expression (29) of Dy and since zf(t) = z(t), from the
second equation in (9) it follows that

E [w(0)a" (0)] = ¥, . (30)

Further it will be shown that under the condition (24) from the statement,
1

for all ESMS filters G € G, having Dy = ¥, ? the following condition is
accomplished

1
- (q —72) 11z <o. (31)
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_1
Indeed, since G € G, and since Dy = ¥, * it follows from (2) that

m
det —21- > 729, (32)

Taking into account (24) and the above inequality it follows that

mU1 1
det 1_ > det ( — 72> \Ilgl

G112 q
from which one directly obtains (31). Using (31), (28), and the equation
for Dy in (29), it follows that ||[FG|[2/||G|l2 < 7 provided that M —
M12M2_21./\/l21 < 0.

Let us consider now the more general case, for which Dy does not nec-
essarily satisfy (29), for a certain filter G € G, satisfying, therefore, the
condition

1 mD fD ¥

——Indet

T <l 33
2 Tk (33)

From the above condition and from the assumption (24) it follows that
mD;D}

1
det ( - 72) Ul <det— L (34)
q ‘ G113

Assume that Dy is positive semidefinite. This is not a restrictive assumption
since E[y’ (t)y(t)] and E[w” (t)w(t)] depend by (8), (9) and Lemma 1 on
DfD? and therefore the computations remain the same if the arbitrary

matrix Dy is replaced by the semidefinite matrix D ¢ given by the Cholesky
factorization of D fDJ?.

Using the property det(A4) < (Tr(A)/m)™ for any A > 0 ([21]), from
the above inequality one obtains

1 1 2 1
1 (D) = (1-+2) G, (3)
and thus
i 72) IG5 — 2Tr (Df‘l’t%> +m
< (5= 11— 2 (5 ) m Gl + m (30

q
1 N\ 2
2 £
—((5-)" 161 - m?)
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From the above inequality it follows that if

(=) 1618 =m, (37)

the left hand side of (36) is nonpositive and, therefore, from (28) it follows
that |FG|2/||Gll2 < ~ since ||FG|2/||G|l2 and A(G) are invariant under
scalar scaling of G, and and since M1 — M12M2_21M21 <0iff £L <O.

4 An Example

Consider the short period dynamics of an air vehicle at a selected operating

point, ‘
[(;]:[:; _2;)0} [3]+[Oé2]tanh(5)

where « is the angle of attack, ¢ is the pitch rate and ¢ is the elevon angle
commanded by the servo system modelled as:

5 =—100(8 — d.)

and where the control is given by d. = (0.9044+v)a—0.6252g+w. The signal
v represents white noise corrupting gain, due to noise in gain scheduling
parameter (e.g. dynamic pressure). The servo is subject to soft saturation
due to the effect of aerodynamic hinge moments at large elevon angles. Our
aim is to analyze the effect of the measurement noise w on the pitch rate
y = ¢ in the sense of the anisotropic norm. Augmenting the state vector to
be x = col{a, q,0} and taking a sample time of 7' = 0.1 sec and a zero-order
hold, the discrete-time version of the above system is given by (8) where:

0.9881  0.1892 0 0.0039
Ao = | —0.0189 0.9030 0 ],B 0.0190
0.5724 —0.3087 0.3679 —0.0033

0 0.0039
0
0

0
0 0.0190
0 —0.0033

C=[010],D=0,F=

and where f;(x;) = tanh(x;). Therefore, o; = 1. The above gain noise v is
represented by the following matrix

0.15 0 0
A = 0 0.15 0
—0.009482 0 0.05182



Hopfield Networks in an Anisotropic Norm Setup 93

Note that f;,i = 1,2 are multiplied in (8) by zero and, therefore, do not
play any role. The noise w has been simulated as the output of a low-pass
filter with a standard white noise input sequence.

Mean Anisotropy
e
i

08 |

0.6 |

04t -

0.2 —

I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time Constant

Figure 1: Mean Anistoropy of w

Norm

L L L L L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Scale factor

Figure 2: Comparison of Hy, and Anisotropic norms

The mean anisotropy of the noise is depicted in Fig. 1 as a function of the
filter time constant. A time constant of 0.0085sec . has been taken, leading
to the anisotropy of a = 0.05. In Fig. 2. the H.-norm (solid blue line)
is depicted, of the system replacing the non-linearity by a series of ”scale
factors” in [0, 1] which represent the incremental gain of f3(z3) = tanh(xs).
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The global Hy-norm (black dash-dotted line) has been computed using the
results of ([14]) and YALMIP ([22]) for a that tends to infinity, serves, as
could be expected, as an upper bound to the case-wise Hy,-norms (solid
blue line). Similarly the anisotropic norm (dashed red line) for the same
”scale factors” replacing the non-linearity are depicted in Fig. 2, along with
the anisotropic norm-bound 7 (dotted green line) derived from Theorem 1.
Indeed the global anisotropic norm bound -, provides an upper bound for
the case-wise scale factors (red dashed line), and is lower than the global
H,,-norm (black dash-dotted line), demonstrating, therefore, the reduced
conservatism in the anisotropic-norm with respect to the Ho,-norm. The
above system has been simulated, and the results are depicted in Fig. 3,
where Fig. 3a shows § before and after the soft saturation by the tanh
function, and Fig. 3b, depicts the pitch rate y = g. We note that the ratio
0.07 between the standard deviation of y and w, is less than v = 0.363
predicted by Theorem 1.

anis=0.05 y=0.36318 Uy/cw =0.071493

08 L L L L L L
o] 5 10 15 20 25 30 35 40 45 50

a) Time [sec]

[

-3 L L L L L L
o] 5 10 15 20 25 30 35 40 45 50

b) Time [sec]

Figure 3: Simulation Results : a) System output b) Control Input

5 Conclusions

A class of stochastic Hopfield networks subject to state-multiplicative noise
has been considered. Stochastic stability and disturbance attenuation anal-
ysis in an anisotropic-norm setup has been derived. The results can be
applied to e.g. a stick balancing related model, inspired by ([3]) and ([23])



Hopfield Networks in an Anisotropic Norm Setup 95

which includes such state-multiplicative noise. Such application is left as a
topic for future research.
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