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MINIMIZATION OF THE FINAL
VALUE OF AN OUTPUT OF A LINEAR
STOCHASTIC CONTROLLED SYSTEM*
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Abstract

In this work we deal with the problem of minimization of the mean
square of the final value of an output of a controlled stochastic sys-
tem having the state space representation described by a system of
It6 differential equations. We assume that the system is controlled by
piecewise constant controls which are non-anticipative with respect to
the Brownian motion involved in the mathematical model of the con-
trolled system. We provide explicit formulae of the optimal controls
and we show that these are in a state feedback form. For the imple-
mentation of these optimal controls we need only the measured values
of the states at discrete time instances. The gain matrices of the opti-
mal control are computed based on the solution of a matrix backward
differential equation with finite jumps of Riccati type. We also analyze
the dependence of the value of the optimal performance with respect
to the length of the sampling period.
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1 Introduction

The stochastic linear quadratic optimal control problem is one of the most
important optimal control problems and has been playing a central role in
modern control theory. Moreover, the sampled-data systems have scored a
great success in the past decades. In [6, 7], the authors considered Hy and
LQ robust sampled-data control problems under a unified framework. The
problems of stochastic stability and robust control for a class of uncertain
sampled-data systems with random jumping parameters described by finite
state semi-Markov process are studied in [5], where the design procedure
for robust multirate sampled-data control is formulated as linear matrix
inequalities.

In this paper, we consider a stochastic system where the state space rep-
resentation is described by a system of It6 differential equations. We analyze
this system under a new class of controls consisting of the piecewise constant
stochastic processes. For the implementation of these optimal controls we
need only the measured values of the states at discrete time instances. The
gain matrices of the optimal control are computed based on the solution of a
matrix backward differential equation with finite jumps of Riccati type. We
also analyze the dependence of the value of the optimal performance with
respect to the length of the sampling period.

2 The problem formulation

2.1 A short discussion on the minimization of the final value
of an output

Let us consider the controlled system with the state space representation
by:
dz(t) = [Apx(t) + Bou(t)] dt + [A1 2(t) + By u(t)] dw(t)
z(0) = zo (1)
z(t) = Ca(t),
t > 0, where z(t) € R™Z is the controlled output, z(¢) € R™ is the state vec-

tor, u(t) € R™ contains the control parameters at instant time t; {w(t)}+>0
is an one dimensional standard Wiener process (Brownian motion) on a
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given probability space (2, F,P), i.e. w(0) = 0 and for ¢ > 0, E[w(t)] =0
and E[(w(t) —w(0))?] =t —s forall t > s > 0.

In (1), (Ak, Bx) € R xR"™ k = 0, 1 are constant matrices. Through-
out this work E[.] stands for the mathematical expectation.

The admissible initial state zg is an n-dimensional random vector with
the mean E[zg] = %o and covariance E[zgzd] = Xo. We assume also that
the initial state zg is independent of the o-algebras F;,t > 0, where F; =
olw(s),0 < s < t]. We set F; = ofzg, w(s),0 < s < t]. First we consider a
class of the admissible controls U,4,, that consists of all stochastic processes
u : [0,7] x Q@ — R™ with the property that for each ¢ € [0, 7], u(¢) is Fi-
measurable and E[|u(t)|?] < co. Here 7 > 0 is fixed.

The optimization problem which we want to solve ask for the minimiza-
tion of the cost functional J(u) := E[|Cx,(7)|?] over the class of the admis-
sible controls Uygy,. Here z,(.) is the solution of the system (1) determined
by the input z,(.) € Upgm.-

Let R(.) be the solution of the problem with given final value described
by the following Riccati type differential equation:

—R(t) = ATR(t) + R(t) Ao + AT R(t) Ay
—[R(t)Bo + A{ R(t)B1] [B{ R(t)B1]" [B§ R(t) + B{ R(t)A1] ~ (2)
R(t)=CTC.

As usually the superscript T denotes the pseudo-inverse of a matrix, [9].
Let us assume that the problem with given final values (2) has a positive
semidefinite solution R(t) satisfying the additional condition:

I, — BTR(t) By (BT R(t)B1)!|[BTR(t) + BTR(t)Ay] =0, t € [0,7]. (3)

Applying It6 formula to the function #7 R(t)z one obtains that if (3) is
satisfied, then the control

a(t) = —(B{ R(t)B1)'[Bg R(t) + B R(t) A1 (t)

achieves the minimal value of the performance criterion J(u) with respect
to the class of admissible controls U,g,,. So, the optimal control problem
asking for the minimization of the final value of the mean square of the
output z(t) in the class of admissible controls U4, may be solved under
the restrictive condition (3) which have to be satisfied by the solution of the
Riccati equation (2).

In this work, we show that a change of the class of admissible controls
allows us to solve the problem of minimization of the final value of the output
z(t) without any additional condition like (3). The new class of admissible
controls will be described in the next subsection.
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2.2 The minimization of the final value of an output by piece-
wise constant controls

Now we consider a new class of admissible controls U4, consisting of the
piecewise constant stochastic processes. More precisely, the set Uyg,, con-
tains all stochastic processes u : [0, 7] x @ — R™ with the property:

u(t) =ug, kh<t<(k+1)h, k=0,1,...,N—1, (4)
where u; are m-dimensional random vectors, which are fkh—measurable and
E[Jux|?] < co.

In (4), h > 0 and b > Oare such that b = Nh, N > 1 being a natural
number. We consider the performance criterion:

J(u) = El|za(Nh)], (5)

zu(t) = Cxy(t), where, as before z,(t) is the solution of the problem with
given initial value (1) determined by the control u. The optimal control
problem, which we want to solve, can be stated as follows:
OPTIMIZATION PROBLEM:
For a given admissible initial state zy find an admissible control
Ugpt With the property that

J(topt) = min  J(u). (6)

ueuadm

2.3 An auxiliary control problem

In this work, we shall derive explicit functional of the optimal control wugp;.
To this end we shall transform the optimization problem obtained above (
in (6)) into a new optimal control problem described by a controlled system
with finite jumps. Plugging (4) in (1) one obtains:
dx(t) = [Ap z(t) + Boug] dt + [A1 z(t) + By ug| dw(t)
kh<t<(k+1)h, k=0,1,...,N—1 (7)
z(0) =z .
This system can be written in the form of a system of stochastic differential
equations with finite jumps:

dE(t) = A €(1) dt + Ay () duw(?)
kh <t < (k+1)h,
(kh*t) = Age(kh) + Byug, k=0,1,....N —1 (8)

£0) =& = (« u)",
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where £(t) = (27 (¢) uT(t))T € R,
A, = A By € R(nt+m)x(nt+m) , k=01,
0 0
I, 0
./4 _ n c R(n—i—m)X(n—i—’m) , 9
= ) )

B, = < 0 > c RinHm)x(m)
I,

The class of L{gdm of admissible controls consists of all finite sequences
of m-dimensional random vectors u = {ug, u1,...,un—_1}, where uy is Fieh-
measurable and and E[|ug|?] < co. Employing (4) we obtain that there exists
a one to one correspondence between U4, and Z/lgdm. Applying Theorem
5.2.1 from [8] on each interval [kh, (k + 1)h], we deduce that for each u €
Ugdm the stochastic differential equation with finite jumps (8) has a unique
solution &y(.) with the properties:

o &u(t) is Fi-measurable for every t € [0, Nh],
o {u(t) is left continuous for every ¢ € [0, Nh],
e &u(t) satisfies the initial condition &, (0) = &p.
We associate the performance criterion
Ja(w) = E[|C &a(N )], (10)
where C = (C' 0) € R*2*("+™) _One obtains that

inf J(u) = inf Jy(u).

ueuadm ueugdm

Hence, in order to find the control uyy that solves (6) it is sufficient to
find u e I/Igdm that satisfies

Jd(ﬁ) = minueugded(u) sy (11)

The solution of the optimization problem (11) will be derived in the next
section.
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3 The solution of the auxiliary optimal control
problem

In the developments in this section we need the following extended version
of the Schur Lemma.

Lemma 1 [generalized Schur Lemma [1, 10]] Let (U,V,W) be the given
matrices with real entries with compatible dimension such that U = UL, W =
WT. Then the following are equivalent:

(U Vv
<”<W‘W>2°’

(i) W>0,U—-VWIVT >0, and (I - WWHVT =0.

Let us consider the backward differential equation with finite jumps of
Riccati type on the space Spqm:

—P(t)=  AFP@t)+ P(t) Ao + ATP(t) A1, kh <t < (k+1)h,
P(kh™) = AL P(kh)A,
—AdTP(kh)Bd(BdTP(kh)Bd)TBEP(kh)Ad (12)
k=01,..., N—1
P(Nh™)= C'cC.
Throughout the work S; stands for the linear space of d x d symmetric
matrices.

Proposition 1 The problem with given final value (12) has a unique solu-
tion P : [0, Nh] — Spim having the properties:
(i) P(t) is right continuous and positive semidefinite for all t € [0, Nh];
(ii)
[, — BY P(kh)By(BY P(kh)By) BL P(kh)Aq =0, (13)
forO<k<N-1.

Proof: Let L : Sp+m — Sn+m be the linear operator defined by
LX]=AFX + X Ay + AT X A, .

Let e£t be defined by

‘ ~

<

“ilx) =3 T X, (14)
j=0
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for all t > 0, X € S,4m. applying Corollary 2.2.6 from [3] we deduce that
eFUX) >0, t>0,if X >0. (15)
If t € [(N —1)h, Nh] we obtain from the first equation of (12) that the
solution P(.) is well defined and has the representation:
P(t) = “WNh=01cTe] .
Employing (14) we may infer that P(t) > 0 for all (N —1)h < t < Nh.
) (Pn(t) Pio(t)
) Ph(t)  Palt)
Py (t) € Sp,. By direct calculations one obtains via (9) that

) be the partition of P(t) such that Pj;(t) € S, and

ATP((N —1)h)Ag — ATP((N — 1)h)By
x (BYP((N — 1)h)Ba)T BTP((N — 1)h) Ay
B ( Pii((N = 1)h) = Pia((N = 1)) (Pe2((N = 1)h))T PL((N = 1)k) 0 )
N 0 0
(16)
Invoking the implication (i) — (ii) from Lemma 1, in the case of the
matrix P((N — 1)h) we obtain that
Piy((N = 1)h) = Pia((N = 1)h) (P2 (N = Dh))T PL((N = 1)h) > 0 (17)

and (I, — Pao((N = 1)h)(Paa (N = 1)R))T) (P((N = 1)h) = 0.
The second equation of (12) written for K = N — 1 together with (16)
and (17) yield

P((N —1)h™) > 0.

thus, we obtain via (15) that P(t) = e£(N-"Dr=D[P(N —1)h™)] >0, t €
[(N —2)h, (N —1)h].

Let us assume that for a k < N — 1 we obtained that P((k+1)h~) > 0.
Then, based on (15) we get

P(t) = LD D]+ 1)h7)] > 0, (18)
t € [kh, (k+ 1)h]. Further on, invoking (9) we obtain that
AT P(kh)Ag — A% P(kh)By
x (BY P(kh)By)t BY P(kh)Aq
B ( Py1(kh) — Pya(kh) (Py(kh))T PL(ER) 0 )
0 0
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On the other hand, the implication (i) — (ii) of Lemma 1 applied in the
case of the matrix P(kh) > 0, yields:

Py1(kh) — Pya(kh) (Py(kR))T PL(kR) >0 (20)

and
(Im — Paa(kh) (Paa(kh))") Ply(kh) = 0. (21)

The second equation of (12) together with (19) and (20) lead to P(kh~) > 0.
Thus, we may continue obtaining that (18) holds for every £ =0,1,..., N —
1. So, we have shown that P(t) is well defined and it is positive semidefinite
for any t € [0, Nh].

In the same time, one obtains inductively, that (21) is true for any k =
0,1,...,N — 1. By direct calculations one sees that (21) is just (13). Thus,
the proof is complete.

The main result of this section is inclosed in the next theorem. In order
to simplify the statement of this theorem we are introducing the notations:
gy = (Ure(0) trp(l) ... arxe(N — 1), where

Uy (k) = Fr(k)E(kR) + I — By P(kh)Ba (By P(kh)Ba)T (k) ,  (22)
where ~ ~

Fic(k) = —(B] P(kh)Bq)t BY P(kh) Aq ”
~ [ — B P(kh) By (B P(kh)Ba) '] K (k). )

K(k) € RNWX("””), @(k) € R™ are arbitrary and P(kh) are the values of the
solution P(t) of the problem with given final value (12).

In (22), {(kh) are the values of the solution with given initial values
obtained when 1, (h) is plugged in (8), i.e.

dé(t) = Ag&(t)dt + Ay £(t) dw(t), kh <t < (k+1)h,
E(kIY) = (Aa+ BaFic(k)E(kh) (24)
+Ba L — By Pkh)Ba (Ba P(kh)Ba)! | (k)

k=0,1,....N—1, £0)=¢&.
Theorem 1 Given an initial state &, any control Ui, of type (22)-(23)

achieves the minimum of the cost function (10) with respect to the class of
admissible controls Ugdm. The minimal value of the performance criteria is

Ja(lik,) = E[&] P(07) &) (25)



On the minimization of the mean square value 219

Proof: Applying the Ité formula to the functions &7 P(t)¢ of the form
s}, s3] C [kh, (k + 1)h] and letting s; — kh and s; — (k + 1)h we obtain
via the first equation of (12) that

E[ED((k + 1)) P((k + 1)h7)éu((k + 1)R)] — B[EL (kh*) P(kh)&a (kb))
= E[J&" L (40 + ATP) + Pt Ao + ATP()AL) a(t) df

for all k =0,1,..., N — 1 and any u#(ug, u1,...,uny—1) € U,
Employing the second equation of (8) we further obtain

EE5 ((k + 1)R)P((k + 1)h™)éa((k + 1)h)]
= B[] (kh) AT P(kh)Aau(kh)] + EIEE (kh).AT P(kh)Bus (26)
+ul BY P(kh)Agéu(kh) + ul BY P(kh)Bquy] .

Let
(k) = [Im — BYP(kh)Bg (BY P (kh)By)'|[K (k)&u(kh) + (k)] (27)

where K (k) € R™* (M) (k) € R™ are arbitrary but fixed.
From (13) and (27) we deduce that

AT P(kh)By i, (k) = 0. (28)

On the other hand, invoking some properties of the pseudo-inverse of a
positive semidefinite matrix we may infer that

BYP(kh)Byix,(k) =0, 0<k<N-1. (29)
Further on, (26), (28) and (29) yield:

E[& ((k+ 1)A)P((k + 1)h7)€u((k + 1)h)]

= E[6](kh)A] P(kh) Adga(kh)] + E[E] (kR) AT P(kh)Ba(uw, + trc, (k)
n
n

ug + o (k)T BY P(kh) Agé(kh)

( )
(ur + (k)" BY P(kh)Ba(uk + iy (k)] -
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Using the second equation in (12) we get:

B8 ((k + 1Dh)P((k + 1)h7)&a((k + 1)h)]
—E[£8 (kh) P(kh™)&u (k)]
= E[&] (kh) AL P(kh)Ba(B] P(kh)By)T BY P(kh).Agéu(kh)
+E8 (kh) A P(kR)Ba(up, + tucp (k)
+(up + (k)T BY P(kh)Agéu(kh) (30)
+(up, + Uxp (k)T BY P(kh)Ba(ug + g, (k)]
= E[(up + (BYP(kh)Ba)t BY P(kh)Agbu(kh) + d (k)T
x BY P(kh)Bg
x (uy + (BY P(kh)Ba) B P(kh) Agu(kh) + axcg(k))].

(
)
)
)

To obtain the last equality we have used (13) together with the equality
(B P(kh)Ba)t B P(kh)Ba (B P(kh)Ba)' = (B P(kh)Ba)!

which is obtained directly from the definition of the pseudo-unverse. Sum-
ming up in (30) for £ =0 to N — 1 and taking into account that P(Nh™) =
CT C, we obtain via (10) that

Ja(w) = E[EE(0) P(07)&u(0)]
+ Yo El(uy + (B P(kh)Ba)t BY P(kh) Aa€u(kh) + gy (k)T
x BY P(kh)Bg
x (up + (BY P(kh)Ba)t BY P(kh)Agéu(kh) + (k)] .

(31)

for any u = (ug, u1,...,un—_1) € Ufjdm
From (22), (23) and (27) together the uniqueness of the solution of the
problem(24) one sees that

(Bi P(kh)By)" + BJ P(kh)Aa€u(kh) — i, (k)
reduces to g, (k) when in (31) u is replaced by Gg,. Thus, we obtain

Ja(tig,) = E[& P(07)&] < Ja(u),

for all u € 4%, . Thus, the proof ends.

adm*

Remark 1 From Theorem 1 one sees that the optimal control problem de-
scribed in (11) has an infinite number of optimal controls.
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3.1 Several procedural issues

To compute any of the optimal controls described in (22)-(23) we need the
values P(kh),k = 0,1,...,N — 1 of the solution P(.) of the problem with
given fiscal values (12). To compute the values of P(kh) let us notice that
(18) written for t = kh yields

P(kh) = e“"[P((k +1)h7)]. (32)

Using the second equation of (12) we obtain via (32) the following discrete-
time backward equation:

P(kh™) = AYeLh[P((k + 1)h™)|Ag — AVl [P((k +1)h™))By

X (BT [P((k + 1)h~)Ba) BEeEH [P((k + 1)h )] Aq. )

Hence, the sequence of the values ]S(k‘h*), k=N-1,N-2,...,0o0ne obtains
recursively using (33) together with P(kh~) = CT C. Finally, the values of
P(kh) involved in (22)-(23) are obtained from (32). The values of €[]
involved in (32) and (33) can be computed by truncation of (14), namely,

» ,
W
P EDY ﬁﬁj [X]. (34)
j=0
where p > 1 is sufficiently large such that

p+1
(p+1)!

where tol is a small positive number. Let us recall that £/[X] are obtained
from

Amaz { L7 [XT}

< tol,

LX) = AL 7YX + LI X)Ag + AT 77X AL, (35)
with £0[X] = X.

Remark 2 In the special case when in (1) we have A1 = 0,B1 = 0, then
eCh[X] = eAoh X eAoh - In this case (33) becomes

P(kh=) = ATP((k + 1)h™)A
—ATP((k+ 1)h")B (BT P((k + 1)h")B) BT P((k + 1)h7)]A,
fork=N-—-1,N—-2,...,0, P(Nh~) =CTC, where

A=cthg,, B = e,
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The values P(kh) involved in the computation of the gain matrices of the

optimal controls are obtained now from P(kh) = (e”o")T P((k+1)h~) eAoh,

A reliable approzimation of e”o

p > 1 is sufficiently large.

s obtained computing Z?:o %.Ag, where

. . L < Pri(t) Pio(t) )
Let us consider again the partition : P(t) = [ _ - of the
Pih(t) Po(t)
solution of the problem with given final value (12) such that Pyi(t) € S,
and ]522(75) € S,,. By direct calculations one obtains the following partition
of (12):

i

11 (1) = AT P (t) + Pri(t)Ag + Ay Pry(t) Ay
19(t) = AL Pia(t) + Py1(t) By + Ay Pri(t) By
5o(t) = BE Pia(t) + PL(t)By + BY Py1(t) By
kh <t < (k+1)h, (36)
Pyy(kh™) = Pyy(kh) — Pry(kh)(Paa(kh))T PL(kh)
Piy(kh™) =0, Py(kh™)=0, k=0,1,...,N—1,
P (Nh™)=CTC,Pas(Nh™) =0, Pu(Nh~)=0.

!

§

& gla gl

The integration of the equation (36) may be used as an alternative pro-
cedure to the one described by (32)-(35) to compute P(kh),0 <k < N — 1.

4 The solution of the optimization problem by
piecewise constant controls

Let us consider the controls Ux, = (Uke(0), trp(l),...,dx,(N — 1) of
type (22)-(23) in the special case K (k) = (K (k) = 0), where K (k) € R™*"
is an arbitrary matrix. By direct calculation, employing the structure given
in (9) for the matrices A; and By, we deduce that in the special case we

have
gy (k) = W g (k)E(kh) + [In — Paa(kh) P, (kh))p(k) , (37)

where
U (k) = —Pjy(kh) PL(kh) + [Ly, — Poa(kh) PLy(k)|K (k),  (38)

and (Py(kh), Pia(kh)) € R™*™ x R™ ™ heing the block component of
P(kh). In (37), Z(kh) are the values at the instance time kh of the first
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n-components of the solution & (kh) of the problem with given initial values
(24).

Since the controls (37)-(38) depend upon K (k) € R™*™ and o(k) € R™
we shall write in the following, %z (k) and @ i, instead of @ Ko(k) and Ug,
all the time when we refer to (37) and (38).

Consider now an arbitrary u(t) € Uggm. We set u = (ug,u1,...,un—1),
where uy are the values involved in the definition of wu(t) via (4). It is
obvious that u € L{gdm. Conversely, if u = (ug,u1,...,uny—_1) is an element
of the set L{adm,
control (via (4)). In this way, we have shown that there exists an one to one
correspondence between the classes of admissible controls U, g, and Z/{gdm
Now we are in position to state and proof the main result of this work.

we can associate an unique piecewise constant admissible

Theorem 2 Given an admissible initial state xo, the minimum of the cost
functional (5) in the class of admissible controls Uygym, is achieved by the
piecewise constant controls

Uopt (£) = ® g (K)E(KD) + [I — Poa(kh) Ply(kh))o(k) (39)

kh <t <(k+1)h, k=0,1,...,N — 1, where ®; (k) is described in (38),
and T(kh) being the solution of the closed-loop system obtained plugging (39)
in (1), K € R™" and p(k) € R™ being arbitrary. The minimal value of
the performance criterion (5) is given by

J(uopt) = Tr[P11(07) Xo] - (40)

Proof: Let u(.) € Uygm be arbitrary and let
where uy are the constant values of u(.) Invoking (4
Theorem 1, we obtain

= (up,u1,...,unN—_1),
(), (7), (8), (10) and

);

J(u) = Ja(a) > Ja(ag ) = J(uopt) -

This confirms the optimality of the controls of type (39). The optimal value
of the performance (40) one obtains from (25) because P12(07) = 0, and
Py5(07) = 0. The proof ends.

Remark 3 a) From Theorem 2 one sees that the optimal control problem
described by the cost functional (5) in the class of piecewise constant controls
of type (4) has an infinite number of optimal controls.

The family of the optimal controls is parameterized by the sequences

{K (k) Yo<ke(n-1) C R™" {o(k)Yo<k<mn1) C R™.
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In the special case K (k) =0,p(k) =0,0 <k < N —1 (89) reduces to
Uopt (t) = F(K)E(kh) , kh <t < (k4 1)h, (41)
k=0,1,...,2N — 1, where
F(k) = =Pl (kh) Pl (kh) (42)

and x(kh) are the values at instant time kh of the solution of the problem
with given initial values:

da(t) = [Agz(t) + BoF(k)x(kh))dt + [A1z(t) + BiF (k)z(kh)]dw(t) (43)

forkh<t<(k+1h. k=0,1,....N—1,2(0) = xg.

b) For implementation of an optimal control (37)- (38) or (41)- (42),
respectively, we need to measure the state x(kh) at discrete time instances
tr = kh,0 < k < N — 1. For these reasons h > 0 is named the sampling
period.

5 The dependence of the optimal performance with
respect to the sampling period

The decreasing of the length of the sampling period, could provide an im-
proving of the minimal value achieved by the performance index (5).

In order to illustrate this fact let us assume that in (4) h is replaced by
h/2. Hence, the admissible controls are of the form:

u(t) =i, ko <t< (k)

The problem with given final values (12) is replaced by

k=0,1,...,2N — 1. (44)

—-P
P(k

—~

ty=  ALP@t)+ P(t) Ao+ ATP(t) AL kR <t < (k+1)%,

)= ATP(kY)Ag
— AL P(k%)Ba(B] P(k%)Ba) By P(k%)Aq (45)
k=0,1,...,N—1

PN = c'c.

Sy

Reasoning as in the proof of Proposition 1 one can show that the problem
with given final values (45) has a unique solution P(.) defined on the whole
interval [0, Nh], which is right continuous and positive semidefinite in each
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t € [0, Nh]. Applying Theorem 1 in the case when the length of the sampling
period is % instead of h, we obtain that the minimal value of the cost (5) in
the class of admissible controls of type (44) is achieved by the control

. h h h
Topt(t) = F(k)a(ks), kg <t<(k+ 1)5, E=0,1,...,2N —1, (46)
where " B
F(k) = =Pl (k5) P (ks) (47)

Where(Plg(k:%),I:’gg(k%)) € R™™ x R™*™ being the block components of
P(k:%) The value of the performance (5) achieved by the control (46) is
given by X

J (Uopt) = Tr[P11(07) Xo].

Now, we have
Proposition 2 If P(.) and P(.) are the unique solutions of (12) and (45),

respectively, then we have 0 < P(t) < P(t) for all t € [0,Nh] and 0 <
P(O7) < P(07).

The proof may be done using the positivity properties of the operator
eF].] together with Lemma 1 from above and Corollary 4.5 from [4].

Corollary 1 We have J(lopt) < J(uopt)-

So, decreasing the length of the sampling period one obtains an improv-
ing of the value of the optimal performance. However, the implementation
of the control (46)-(47) needs a greater number of measurements.

6 Numerical experiments

We execute numerical simulation to compute uop(t) via (41).
Example 1. A deterministic case. Consider again (43):

dz(t) = [Aoz(t) + BoF(k)x(kh)]dt + [Ayz(t) + BiF(k)x(kh)]dw(t),
kh<t<(k+1)h. k=0,1,...,N —1,2(0) = xo

in the special case of A; = 0,B; = 0. One may compute the values of the
solutions Z(kh),k = 0,1,..., N as follows. To this end, the obtained version
of (43) is

dz(t) = [Aoz(t) + BoF(k)z(kh)]dt .
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It is rewritten as:

h ~
z((k+1)h) = [ + / e03ds By F(k)]x(kh)
0

k=0,1,...,N — 1, where
eh = I, + Agh + A2h% /2 + ...
and N
/ e0%ds = hI, + h?/240 + h3/6A2 + ...
0

We take Ag = np.matriz([[—1.5,0.17],[0.07, —1.42]]), and C = np.matriz
([[0.5,0.004],[0.01,0.42]]) and h = 0.1. We compute

[ 0.8608 0.0147 /h B 0.0861 0.0015
e ~ ) e?%%ds ~ .
0.0060 0.8677 0 0.0006 0.0868

Further on, we take By = np.matriz([[1.5,0.7],[0.3,0.4]]) , and z¢ =

np.matriz([[0.02],[0.035]]), and compute F'(k),k =0,1,..., N — 1 via (42).
Here, the notation "np.matrix” is used to define the corresponding matrices

in Python. Experiments in this example are executed in Python.
We compute for h = 0.1 and N = 10(Nh =7 =1):

0.02 0.124 0.009
z(0) = , x(h) = , (2h) = ) s
0.035 0.265 0.203
—0.004 —0.003 —0.002
x(8h) = , x(9h) = , x(10h) = .
0.043 0.033 0.025
In addition, we compute for h = 0.05 and N =20(Nh =7 =1)
0.02 0.2685 0.0819
z(0) = , z(h) = , (2h) = Yo
0.035 0.3017 0.2622
—0.0029 —0.0026 —0.0023
x(18h) = , x(19h) = , (20h) = .
0.0306 0.0268 0.0234
Moreover, we apply (41) to find wuep(t), kh < t < (kK + 1)h, k =

0,1,....,N — 1.
Example 2. A stochastic case with a zero matrix Aj.
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The matrices for system (1) are

Ao =[1.5, 0.17; 0.07, -1.42]; ,

A1=[0.0, 0; 0, 0.0]; ,

Bo =[1.5, 0.7; 0.3, 0.4]; ,

B1=[0.2,0.04; 0.02, 0.01]; , and

C=[0.5, 0.004; 0.01, 0.42]; .

Note that n = 2 and x(t) = (z1(t) z2(t))T. Here we use the Matlab
description.

In this example we approximate the deterministic part as in Example 1.
For the stochastic part we use Matlab procedures sde and simByFuler.

Thus we obtain the values of x(kh),k =0,1,..., N,z(0) = x¢[0.04;0.02]
and h =0.1,(Nh=7=1):

0.04 0.0339 0.0286
z(0) = , z(h) = , ©(2h) = Yo
0.02 0.0141 0.0081

( 0.0057 > < 0.0026 ) ( —0.0003 >
x(8h) = , x(9h) = , z(10h) = .
—0.0514 —0.0715 —0.0978

Example 3. A stochastic case.

The matrices for system (1) are

Ao=[7.5, 9.7; -0.35, 7.0]; ,

A=[3.5, 7.0; 1.4, 4.5]; ,

Bo =[1.5, 0.7; 0.3, 0.4]; ,

B1=[0.2,0.04; 0.02, 0.01]; , and

C=[0.5, 0.004; 0.01, 0.42]; .

We take 2(0) = zo = [0.04;0.02] and h =0.1,(Nh =71 = 1).

We approximate the values of z(kh),k = 0,1,..., N, applying the Mat-
lab procedures sde and simByFEuler.

0.04 —0.2469 —0.5902
z(0) = , x(h) = , (2h) = ) s
0.02 0.1136 0.2240

—3.4765 —3.8312 —3.7486
x(8h) = , x(9h) = , z(10h) = .
1.1144 1.2231 —1.3059
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7 Conclusions

In this paper, the problem of minimization of the mean square of the value
of the final instance time of a signal generated by a linear controlled system
subject to multiplicative white noise perturbations was solved.

The class of admissible controls consists of all piecewise constant stochas-
tic processes that are adapted to the filtration generated by the Brownian
motion affecting the considered controlled system. We have shown that the
considered optimal control problem is well possed, but it has an infinite
number of optimal controls.

Explicit formulae of the optimal controls were obtained. These formulae
are in the affine state feedback form. The gain matrices of the optimal
controls are computed based on the unique solution of a backward matrix
differential equation with finite jumps.

It remains as an open problem the minimization of the variance of the
final value of an output of a linear stochastic system.

Another problem of interest could be the problem of minimization of
the mean square of the deviation of the final value of the output of a given
system from a target value.
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