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USING AN IMPROVED HSDT-DEFORMATION THEORY IN
ORDER TO BUILD UP A MATHEMATICAL MODEL FOR
THE VIBRATIONS OF AN ORTHOTROPIC COMPOSITE

BAR MAKING A SPATIAL MOTION

Sabin RIZESCU?!, Dumitru EBANCA?Z, Dumitru BOLCU?,
Marcela URSACHE4, Cora MIREA®

Rezumat. Acest articol arata cum se poate construi un model matematic pentru
vibratiile unei bare compozite avind simetrie elastica (ortotropicd) considerand mai
intdai miscarea sa ca un solid rigid si, apoi, considerand o teorie a deformatiilor
HSDT de ordinul al treilea n acord cu conditiile de compatibilitate Saint-Venant §i,
intr-un mod foarte original, a conditiilor Gay pentru miscarea barei ca un corp
deformabil. In final este ardtat un algoritm bazat pe diferente divizate pentru a
rezolva modelul.

Abstract. This workpaper shows how to build up a mathematical model for the
vibrations of a composite bar having elastic symmetry (orthotropic) considering first
its motion as “rigid” body and, next, considering an HSDT-deformation theory of
third order in full respect of Saint-Venant compatibility conditions and — in a very
original way — of Gay conditions for the motion of the bar as a deformable body.
Finally, a divided differences based algorithm designed to solve the mathematical
model is shown.
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1. Introduction

There are a lot of attempts to model the elastic behavior and dynamics of
composite materials [1], [2] and, especially the elastic behavior and dynamics of
composite bars [3], [4].
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In [5] is shown how to build up a mathematical model for the vibrations of an
orthotropic composite bar using the Hamilton’s variation principle and assuming
some new and original hypothesis concerning the calculus of the elastic
coefficients and the elastic displacements in full respect of the well-known Saint-
Venant compatibility conditions of the Gay conditions [6]. We’ll show here how
these results are to be applied in case of a composite bar making a particular
motion. We’ll also show how the mathematical model obtained in this specific
case could be solved using a divided differences based algorythm.

A special focus is made on the motion of the bar as “rigid” body that turns out to
be very important in order to establish the boundary conditions for the
mathematical model.

2. The motion of the bar like “rigid” body

Let’s consider a kinematic linkage having two bars as elements (fig.1). The
couplings from O, and O3 are considered to be spherical.

The linkage is rotating around the O,x; axis with a constant angular velocity
®=10472 rad / sec. The reference system O,x)xJ x5 is accelerated on the

N -0
vertical direction a, =-10,966 sin(104,72t) i, m/s?, corresponding to a vertical

-0

motion described by the following equation: O:O1 =0,001sin(104,72t) i, m.

What really concerns is kinematics of the element No.2, considered as being a
deformable one. We’ll show [7] that a motion that is analog to that when the
element No.2 is considered as being one and the same with the element No.1 is
fully compatible with dynamics of the linkage (considered for now as having rigid
elements) despite the fact that couplings from O, and O, are spherical, so they

are not introducing reaction moments.

The motion of the element No.1 is considered as being imposed the way that:
a=owt, 1)

where: t>0 is time;

w=const., >0 is the angular velocity (its absolute value) of the element No.1

Co'=0i).
The angle o has - obviously - a constant value.

We have established [7], [8] the motion like “rigid body” for the element No.2. In
order to consider it as being deformable and to describe its vibrations we‘ll use the
mathematical model established [8].
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This model has the following form:

o P T ) A o U N

IR S A T 7 T

To

Obviously we have:

Oo

Fig. 1

0 2 Oe 2
w, = w,=0
Oe 2 Oe 2
®, = w,=0

)

={gj};

Well focus on a specific case of a right composite bar having the next elastic

characteristics:
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- length: L, =045m

- dimensions of the its section: B=H =001 m

- elastic coefficients:

Ep=2-7-10° N/ m?
Eyp1,=Eppp =318-10° N/ m?
Eis15= Ejg5,=3,18-10° N/ m?

- the bar is considered to be an orthotropic one (even a transverse
isotropic in order to make things more simple) and having elastic
homogeneity:

- the bar presents also mass homogeneity having the specific mass:

p=1188 N/m?.

We’ll consider the case of a velocity for the driving element of 1000 rot/min the
way that:
-1000
) =

~10472 rad / sec.
30

Also we consider as known:
- length of the driving element: L, =0,225 m

- components of the acceleration of the origin O, with respect T,
written in the T, reference system:

0 wlzLi_'_aT\/Li_Li. 0 -0

aoz(2)1 e L2 Lz ) aoz(z)z

2 2 2
o’ L TN a0 b o
ag 3 = —————————=T=L exprimed in m/s®
2 L2 L2
- components of the specific mass gravitation force distributed on
length:

N & E
p,=-01188Y 2 : p,=0; p, =0,1188% [N/m]

2 2
3. Study of the vibrations of the composite bar

We are now ready to consider the bar as being deformable. We’ll consider the
following initial conditions [8]:

0

{u} =104 x, €lo,L,]; {u}t

0
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)4, =10

V)t>
DA (V)t>0
91('—2 't)ZO; 92,1('-2 't)ZO; 6’3,1('—2 ,t)=0

3x1’

Having one single bar we’ll drop down the "j" index:

YL el speltuts o + Pelut (1)

®)
blo)eb Y obebohorb Yt s belioy., - ta:
and, of course: xJ = x, = x the way that we have:
uj={u} (x.0); {or=16) (x.1)
xeloL,]; telot, ] @)

The nature of the motion like “rigid body” gives {f } and {g} the following forms
[9]:

{f} ={f}(xt); {g}={eonst} . (5)
The matrix coefficients of the unknowns {u} and {6} are fully described in [8].

4. A divided differences algorithm designed to solve the mathematical model

We are looking at the relation (3). We’ll divide [9] the interval [0, L,] into
n subintervals having the pace on the h axis the way that a x, coordinate will be:
L

X, =ih; h=—%; 0<i<n; (6)
n
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We’ll divide [9] the time interval of our study [O,tf ] t, being a final value, into
m subintervals the way that at a certain moment of time t;:

. t, .
tj:jT,T:H,OSjSm. (7)
The procedure (central differences) leads firstly to the following expression:

[Pl]-iz{{uim}—z{uij}+{uij_l}}+[P2]-2—1T{{uij+l} { ij- 1}} [Ps]{ }
+[P4]{{ |+1J} {9. 1].}}2—1h+[P5]%{{ui+lj}—2{ui1}+{ui_lj}}={fij } (8)

and:
R R R R Pt CP S I
N ZE AR NS
{10.11)-216, )+ 10,4, )}=1o}: ©
where:
u=u (x.t,); 6, =6 (x.t,); f,=F (x.t,).{g}= {const},
1<i<n-1; j>0.

R | R e B | N S g
2P Pl Pl o o
e
B R Rl e B e R AR R R

o A B O B Y T B )

+2_1hbl4]{ui—1j}+{g} ; (10)
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We’ll note:

L) L

—fﬂWP§LFﬂ4&L

e o e S AT (1)
and:

el Hel
1 e A =X
Shlbeke e o 12

With (12) and (11) the system (10) becomes:
aﬂgzmrb]@jJ+Aﬁh]m}rﬁ N[ E

AP o - o AP P o oo AT Pl [T {1
:5.)=[cI"[p, ]{ 6,11+ [e1*(p. o, }—h—z[c]-lbﬁ] i}~

~lePhelon - o el e Mo o o el Ju o 1)

1<i<n-1;j>0. (13)
We have seen that:
{u}: {Ul;uz s Uz }t
{oj=16.:0,:6:%; (14)
The boundary and the initial conditions leads us to the following conclusions:
{u i0 } = 1. (W)i; (15)
o, }= 0}, (9) (16)
1=}, () §; 17
1
Z{{ui j+1}_ {ui j—l})(j -0 = {0} (18)

So that:
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{ui,—l}: {uil}, (v)i
{6,}1=10}, (v)i (19)
1
Z{{Hi 1) {Hi j-1 })(J -0 = {O}
And more: 0..1=16.}, (v)i (20)
1
Ho-l)| o=
And more 0y =6y, (V) ] (21)
in (46) having, obviously, ascendant differences.
6,(x,.t;)=0 (22)
%[02 (Xn 4 )_ 0, (Xn—l 4 )]: 0
And, still more 0, (xn AS )= o, (xn_1 AS ) (23)
%[6?3 (xn L )—6?3 (xn_l,tj )]: 0
or: 6, (xn Tt ): o, (xnfl,tj) (24)

in (24) and (23) utilizing descending differences.
Let’s putin (13) j=0, and taklng into account (18), (15), (20), (19) we have:

{U.l AT (B, Jua }+ (AT .}

{6.}= [D ] J+[Cl o) 1<i<n-1 (25)

And because t=7:
{uil } = [[I ]3><3 N [A]il [Bl ]Tl [A]_l{fio }

0, =1 -0, ] el fg)s 1<i<n-1 (26)

It becomes useful to make j 1, taking into account (19) and (15):
e b] T TR T S T
TN A B [P4 ] {9i+1 1 }"' ih [A]_l [PA] {ei—l 1 }"‘ [A]_l{fil }

2h
0.}=[cT[p Je. 1c*&ﬂ@HJ7§mr&ﬂ@4J—
el el .m} Sl el He) 1i<n - 27)

2h
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t

We’ll note: {Wn1}= {);6’2'”_11; Osn11 } ;

{an}:{);ezn—lj; Ozt | }t ; J=2,m-1 (28)
Taking into account (28) (21) and (15):
{u, )= [B ] 12 ['A‘]_I[PS]{UM}_2_1h['A‘]_l[lyl]{é)zl}Jr

+ﬁwwm&WWd
(o} =lePp,Jlou)- el helle. - e Joul-

_i C]‘lﬁ/4]{u21}+ [C]fl{g}; 2<i<n-2 (29)

The next values {u,,} and {6, } continuing the algorithm as (27) imposes.
With (17):

T O e P o T R P ] R
L N L TN T
@MﬁszthlJ el belw. - ler bl J+
cl ]{un_z J+[el g} (30)

And for 2 <i<n-2 we have at our disposal (27) putting j=1:
On the other hand for i =1 the system (13) becomes with (21) and (16):

o= LA [ T o (A1 [ o - (AT P2 -
A7 Yo b+ o LA [P o [T )

{‘911+1}= [D ]{‘9 }+[C]_1[D ]{9 }_i Cl 715/5]{‘921'}_
-lerhele, - el Ju, b+ el o) (31)

For 2 <i<n-2 the relations (13) remain available in the algorlthm.
For i=n-1, with (28) and (17) we have:

{un—lm}:[A]_l[Bl]{un—lj—l}““[A]_l[Bz]{un—lj} hz [PS]{ n-2 J}_
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e (YN ) VA RS AR R EC Y R Y S (Y

2h 2h

0.2 )=ler e o+ e DSl - el -
St S 0 X SV FYR Y T R

for 2 <i<n-2 and using the system (13).
This way we can determine the values for {uij } and {Hij }
The algorithm fits nicely to work it using programs like TurboPascal or C++.

Conclusions

We have shown how to build up and to solve a mathematical model for the
vibrations of an orthotropic composite bar. More specific, the mathematical model
will provide the evolutions in function of time for the displacement of the current
point of the medium fiber “u” and for the rotation of the current right section “0”.
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